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BDwbU- 4                      Awa‡ekb- 49 

 

MvwYwZK Av‡ivn c×wZ (1) 

 

MwYZ welq mwVKfv‡e ü`q½g Ki‡Z n‡j MwY‡Zi mgm¨v mgvav‡bi wewfbœ c×wZ m¤ú‡K© 

-Rvb‡Z n‡e| mgm¨v mgvav‡bi wewfbœ c×wZi g‡a¨ ỳÕwU D‡j L‡hvM¨ c×wZ n‡jv: 

Av‡ivnx Ges Ae‡ivnx c×wZ| A‡bK †¶‡Î mgm¨v mgvav‡bi GKwU c×wZ Avi GKwU 

c×wZi cwic~iK wn‡m‡e KvR K‡i| Z‡e cÖ‡Z¨KwU c×wZi GKwU wbR¯ ̂ˆewkó¨ i‡q‡Q| 

we‡kl we‡kl †¶‡Î we‡kl we‡kl c×wZ Ab¨vb¨ c×wZ A‡c¶v AwaK Kvh©Kix| GB 

Awa‡ek‡b MvwYwZK Av‡ivn c×wZ, Av‡ivnx c×wZ I MvwYwZK Av‡ivn c×wZi g‡a¨ 

cv_©K¨ Ges wewfbœ ai‡bi MvwYwZK c×wZ m¤ú‡K© Av‡jvPbv Kiv n‡e| 

 

D‡Ïk¨ 

GB Awa‡ekb †k‡l Avcwb 

 MvwYwZK Av‡ivn c×wZ e¨vL¨v Ki‡Z cvi‡eb| 

 Av‡ivnx c×wZ eY©bv Ki‡Z cvi‡eb| 

 Av‡ivnx c×wZ I MvwYwZK Av‡ivn c×wZi g‡a¨ cv_©K¨ mbv³ Ki‡Z cvi‡eb| 

 wewfbœ ai‡bi MvwYwZK Av‡ivn c×wZi e¨vL¨v Ki‡Z cvi‡eb|   

 

ce©mg~n 

ce©-K: Av‡ivnx c×wZ I MvwYwZK Av‡ivn c×wZ  

 

KZK¸‡jv we‡kl we‡kl „̀óvšÍ †_‡K mvaviY wm×v‡šÍ †cuŠQv‡bvi c×wZ n‡jv Av‡ivnx 

c×wZ| G c×wZ‡Z †Kvb wm×v‡šÍ DcbxZ n‡jB Zv‡K me©̀ v mZ¨ ejv hvq bv| Av‡ivnx 

c×wZ‡Z cÖvß m~Î‡K ev wm×všÍ‡K †h c×wZ Øviv cÖgvY Kiv nq Zv‡K MvwYwZK Av‡ivn 

c×wZ e‡j| Av‡ivnx c×wZ‡Z cÖvß wm×všÍ ev m~Î‡K m¤¢vebvc~Y© ejv †h‡Z cv‡i| 

Acic‡¶ MvwYwZK Av‡ivn c×wZ‡Z cÖwZwôZ m~ÎwU n‡jv wbfy©j| 

 

f‚wgKv 
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wcÖq wk¶v_x©e„›`, Avmyb GLb Avgiv Av‡ivnx c×wZ I MvwYwZK Av‡ivn c×wZi Zzjbvg~jK 

cv_©K¨ wb‡gœi Q‡K †jLvi †Póv Kwi Ges Avcbvi DËi g~j wkLbxq wel‡qi mv‡_ wgwj‡q 

†bb| 

 

Av‡ivnx c×wZ MvwYwZK Av‡ivn c×wZ 

.  

.  

.  

.  

. 

. 

. 

. 

.  

. 
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ce©- L: wewfbœ ai‡bi MvwYwZK Av‡ivn   

 

MvwYwZK hyw³ MV‡bi †KŠkj¸‡jv n‡jv: Av‡ivnx, Ae‡ivnx, ms‡kølY I we‡kølY| Av‡ivn 

†KŠk‡ji gva¨‡g wm×všÍ †bIqv n‡j G c×wZwU‡K ejv nq Av‡ivnx c×wZ| hyw³we`¨v 

Av‡ivnx c×wZ‡K eûfv‡M wef³ K‡i‡Q| MwY‡Z Av‡ivnx c×wZ‡K cÖavbZ wZb fv‡M fvM 

Kiv hvq| †hgb- mvaviY Av‡ivn, weKí Av‡ivn I MvwYwZK Av‡ivn| 

 

Avmyb, GLb Avgiv wb‡¤œi mgm¨vwU †h †Kvb GKwU c×wZ‡Z mgvav‡bi †Póv Kwi| 

 

mgm¨v: 

xn yn  

ivwkwU x  y Øviv wefvR¨| 

 

mgvavb: 
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BDwbU- 4                      Awa‡ekb- 49 

 

g~j wkLbxq welq  

MvwYwZK Av‡ivn c×wZ (1) 

 

MvwYwZK I ˆeÁvwbK wm×všÍ MÖn‡Yi Rb¨ ỳwU c×wZi hyw³aviv Av‡Q| c×wZ¸‡jv n‡”Q 

Av‡ivnx I Ae‡ivnx c×wZ|  

 

Avgiv Rvwb †h cÖ_g n msL¨K ¯v̂fvweK msL¨vi e‡M©i mgwó n‡”Q 

6
)12)(1(  nnn
 GwU 

GKwU mvaviY djvdj| GLvb †_‡K Avgiv D`vniY wn‡m‡e cÖ_g 10wU ¯v̂fvweK msL¨vi 

†hvMdj wbY©q Ki‡Z cvwi 385
6

)120)(110(10



 mvaviY djvdj †_‡K Gfv‡e we‡kl 

djvdj cÖwµqv‡K e‡j Ae‡ivn c×wZ| 

 

we‡kl we‡kl „̀óvšÍ †_‡K mvaviY m~‡Î ‡cŠQv‡bvi c×wZ‡K e‡j Av‡ivnx c×wZ| Av‡ivnx 

c×wZ‡Z cÖvß wm×v‡šÍ wKQzUv m‡›`n ev ~̀e©jZv †_‡K hvq| †Kvb NUbv ỳB/wZbwU †¶‡Î 

mZ¨ n‡jI mKj †¶‡Î mZ¨ bvI n‡Z cv‡i|  

Av‡ivnx c×wZi mvnv‡h¨ †h mg¯Í m~Î wbYx©Z nq Zv wbf©yj GK_v ejv hvq bv| m~Î¸wj 

MvwYwZK cÖgv‡Yi A‡c¶v iv‡L| ÒAv‡ivnx c×wZ Øviv cÖvß m~Î‡K †h c×wZ Øviv cÖgvY 

Kiv nq Zv‡K ejv nq MvwYwZK Av‡ivn (Mathematical Induction)Ó|  

 

Av‡ivn Abygv‡bi mZ¨Zv wbY©q Kiv nq MvwYwZK Av‡ivn c×wZ‡Z| c×wZwU Ggb nIqv 

cÖ‡qvRb hvi Øviv ejv †h‡Z cv‡i m~ÎwU me©‡¶‡Î cÖ‡hvR¨|  

 

n = 1 Gi Rb¨ GKwU evK¨ mZ¨ n‡j n = m Gi Rb¨ evK¨wU‡K mZ¨ a‡i hLb m + 1 

Gi Rb¨I Zv mZ¨ nq ZLb m = 1 Gi Rb¨ evK¨wU mZ¨ e‡j (m + 1) ev 1 + 1 = 2 Gi 

Rb¨I mZ¨ nq|  

MvwYwZK 

Av‡ivn 
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Avevi m = 2 Gi Rb¨ evK¨wU mZ¨ e‡j (m + 1) ev 2 + 1 = 3 Gi Rb¨I mZ¨ nq| 

m = 3 Gi Rb¨ evK¨wU mZ¨ e‡j (m + 1) ev 3 + 1 = 4 Gi Rb¨I mZ¨ nq| 

Giƒ‡c †h †Kvb ¯v̂fvweK msL¨vi Rb¨ evK¨wU mZ¨ nq|  

 

AZGe n = 1 Gi Rb¨ ‡Kvb MvwYwZK evK¨ mZ¨ n‡j n = m Gi Rb¨ evK¨wU‡K mZ¨ a‡i 

†h kZ© cvIqv hvq, G kZ© cÖ‡qvM K‡i n = m + 1 Gi Rb¨I hw` evK¨wU‡K mZ¨ cÖgvY 

Kiv hvq Z‡e mKj n  N Gi Rb¨ Zv mZ¨ cÖgvwYZ nq G‡KB MvwYwZK Av‡ivn 

(Mathematical Induction) e‡j|  

 

n Gi gvb 1 †_‡K 4 ch©šÍ ci ci a‡i wb‡q 1 †_‡K n ch©šÍ ¯v̂fvweK msL¨vi †hvMd‡ji 

†h m¤¢ve¨ m~ÎwU cvIqv hvq Zvi †_‡K ejv hv‡e bv †h, 1 †_‡K n msL¨K ¯v̂fvweK msL¨vi 

†hvMdj  

2
)1( nn
 n‡e|  

 

n Gi †h †Kvb GKwU wbw ©̀ó gv‡bi Rb¨ m~ÎwU mZ¨ a‡i wb‡q hw` cÖgvY Kiv hvq †h, n Gi 

Ab¨ †h †Kvb gv‡bi Rb¨ m~ÎwU mZ¨, Zvn‡j m~ÎwUi MvwYwZK mZ¨Zv cÖgvwYZ n‡e| GwUB 

nj MvwYwZK Av‡ivn|  

 

n Gi gvb 1, 2, 3, 4 a‡i n msL¨K ¯v̂fvweK msL¨vi †hvMdj KZ nq Zv wbY©q Kiv hvK| 

n Gi DcwiD³ gvbmg~‡ni Rb¨ †hvMd‡ji m‡½ I‡`i AbycvZI wbY©q K‡i †`L‡Z n‡e| 

KviY n Gi gv‡bi m‡½ m‡½ †hvMdj¸‡jvI cwiewZ©Z nq| n Gi gvb 1, 2, 3 Ges 4 

ewm‡q †h ZvwjKv cvIqv hvq Zv nj:  

 

n Gi gvb †kªYx †hvMdj †hvMdj I n Gi AbycvZ 

1 1 1 1/1 ev 2/2 

2 1 + 2  3 3/2 

3 1 + 2 + 3 6 6/3 ev 2 ev 4/2 

4 1 + 2 + 3 + 4 10 10/4 ev 5/2 

MvwYwZK 

Av‡ivn 

c×wZi 

e¨vL¨v 
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†`Lv hv‡”Q †h, n = 1 n‡j †hvMdj Ges n Gi AbycvZ 

2
2

 

  n = 2 n‡j †hvMdj Ges n Gi AbycvZ 

2
3

 

  n = 3  n‡j †hvMdj Ges n Gi AbycvZ

2
4

  

  n = 4 n‡j †hvMdj Ges n Gi AbycvZ 

2
5

  

myZivs n = n n‡j †hvMdj I n Gi AbycvZ=

2
1n

  

AZGe ejv hvq, n msL¨K ¯v̂fvweK msL¨vi †hvMdj 

2
)1( nn
 nIqv m¤¢e|   

GLv‡b n Gi †h †Kvb we‡kl gv‡bi Rb¨ m~ÎwU mZ¨ n‡e a‡i wb‡q hw` cÖgvY Kiv hvq †h, 

n Gi †h †Kvb gv‡bi Rb¨ m~ÎwU mZ¨, Z‡e cÖgvwYZ n‡e †h m~ÎwU mZ¨|  

aiv hvK, n = p Gi Rb¨ m~ÎwU mZ¨|  

1 + 2 + 3 + ......................... + p = 
2

)1( pp  

1 + 2 + 3 + .......................... + p + (p + 1) =
2

)1( pp + (p + 1) 

1 + 2 + 3 + .......................... + (p + 1) =
2

)2)(1(  pp
   

myZivs cÖgvwYZ nj †h, n = p Gi Rb¨ m~ÎwU mZ¨ n‡j n = (p + 1) Gi Rb¨I m~ÎwU 

mZ¨| wKš‘ c~‡e© †`Lv †M‡Q †h, n = 1, 2, 3 Ges 4 Gi Rb¨ m~ÎwU mZ¨ n‡q‡Q| myZivs n 

= 4 + 1 ev 5 Gi Rb¨ m~ÎwU mZ¨| Abyiƒcfv‡e n = 6 Gi Rb¨ m~ÎwU mZ¨| Gfv‡e cÖgvY 

Kiv hvq †h, n Gi mKj abvZ¥K gv‡bi Rb¨ m~ÎwU mZ¨| m~Î cÖgv‡Yi GB c×wZwU nj 

MvwYwZK Av‡ivn|  

wew”Qbœ KwZcq D`vniY †_‡K mvaviY wm×v‡šÍ DcbxZ nIqvi c×wZ‡K e‡j Av‡ivnx 

c×wZ| Av‡ivnx c×wZ‡Z cÖvß wm×v‡šÍ wKQzUv m‡›`n ev ỳe©jZv †_‡K hvq| †Kvb NUbv 

ỳB/wZbwU †¶‡Î mZ¨ n‡jI mKj †¶‡Î mZ¨ bvI n‡Z cv‡i| ZvB Av‡ivnx c×wZ‡Z cÖvß 

wm×všÍ‡K mvaviY †¶‡Î cÖ‡qvM K‡i hvPvB K‡i wb‡j m‡›`n gy³ nIqv hvq| hyw³ we`¨v 

†_‡K D`vniY w`‡q ejv hvq: ciï mKv‡j m~h© c~e©w`‡K Dw`Z n‡q‡Q, MZKvj mKv‡j m~h© 

c~e©w`‡K Dw`Z n‡q‡Q AvR mKv‡j m~h© c~e© w`‡K Dw`Z n‡q‡Q| myZivs Av‡ivnx c×wZ‡Z 

mvaviY wm×všÍ nj m~h© c~e© w`‡K Dw`Z nq; Giƒc wm×všÍ me©̀ v MÖnY †hvM¨ bq|      
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†hgb: ciï mKv‡j e„wó n‡q‡Q, MZKvj mKv‡j e„wó n‡q‡Q, AvR mKv‡j e„wó n‡q‡Q- G 

†_‡K hw` wm×všÍ †bIqv nq †h, cÖZ¨n mKv‡j e„wó nq| Giƒc wm×v‡šÍ †h fyj i‡q‡Q 

MwY‡Zi †Kvb †Kvb †¶‡ÎI Av‡ivnx c×wZi Giƒc wm×všÍ weåvwšÍ m„wó Ki‡Z cv‡i| ZvB 

wbwðZ mvaviY wm×všÍ †bIqvi c~‡e© mvaviY †¶‡Î cÖ‡qvM K‡i wm×v‡šÍi AåvšÍZv hvPvB 

K‡i wb‡Z nq| †hgb m~h© DVvi †¶‡Î ejv hvq, AvR, MZKvj, ciïi mv‡_ wgwj‡q hw` 

ejv nq hZw`b †`‡LwQ m~h© c~e©w`‡KB Dw`Z n‡q‡Q| Zvn‡j Òm~h© c~e©w`‡K Dw`Z nqÓ 

K_vwU m‡›`nvZxZfv‡e cÖgvwYZ nq| wKš‘ weMZ ỳB, wZb, Pvi ev K‡qKw`‡bi mKv‡j e„wó 

nIqvi mv‡_ hZw`b †`‡LwQ mew`bB mKv‡j e„wó n‡q‡Q cÖ‡qvM Kivi gZ mZ¨ cvIqv 

hv‡”Qbv| Kv‡RB GLv‡b e„wó nIqvi e¨vcviwU mvaviY mZ¨ bq| ZvB MwYZ, hyw³we`¨vi 

Av‡ivnx c×wZ‡Z cÖvß mZ¨‡K mvaviY †¶‡Î cÖ‡qvM K‡i hvPvB K‡i wm×všÍ †bq|  

†Kvb MvwYwZK cÖKí, Dw³ ev evK¨ hLb n = 1 Gi Rb¨ mZ¨ nq, n = m Gi Rb¨ mZ¨ 

a‡i cÖvß kZ© Øviv hw` n = m + 1 Gi Rb¨I cÖKíwU mZ¨ e‡j cÖZxqgvb nq, ZLb mKj 

n  N Gi Rb¨ cÖKíwU mZ¨ nq| MvwYwZK cÖKí ev evK¨ cÖgv‡Yi GB bxwZ‡KB ejv nq 

MvwYwZK Av‡ivn|  

†mUZ‡Ë¡ MvwYwZK Av‡iv‡ni msÁv nj: hw` S  N Ggb nq †h,  

 1  S,  
 m  S = > m + 1  S mZ¨ nq 

 Z‡e S = N  
 

MvwYwZK Av‡ivn bxwZ‡Z 

m = 1 Gi Rb¨ evK¨wU mZ¨ e‡j (m + 1) ev 1 + 1 = 2 Gi Rb¨I mZ¨ nq|  

Avevi m = 2 Gi Rb¨ evK¨wU mZ¨ e‡j (m + 1) ev 2 + 1 = 3 Gi Rb¨I mZ¨ nq|  

m = 3 Gi Rb¨ evK¨wU mZ¨ e‡j (m + 1) ev 3 + 1 = 4 Gi Rb¨I mZ¨ nq|  

Giƒ‡c †h †Kvb ¯v̂fvweK msL¨vi Rb¨ evK¨wU mZ¨ nq|  

 

mvaviY Av‡ivnx c×wZ‡Z MvwYwZK Av‡ivn c×wZ Aej¤̂b Kiv m¤¢e bq| ZK©kv‡¯¿ M„nxZ 

GKwU Av‡iv‡ni D`vniY †bIqv hvK| D`vniYwU‡Z ejv n‡q‡Q- Ôm~h© G ch©šÍ cÖwZw`b 

mKv‡j c~e©w`‡K Dw`Z n‡q‡QÕ| myZivs ÔAvMvgxKvj m~h© c~e©w`‡K Dw`Z n‡eÕ| wKš‘ 

MwY‡Zi †Kvb QvÎB cÖ`Ë kZ© †_‡K Giƒc wm×všÍ †g‡b †b‡eb bv| MwYZkv¯¿ Abyhvqx 

Giƒc wm×v‡šÍ DcbxZ nIqvq evav Av‡Q| MwY‡Z ïay GKgvÎ ejv †h‡Z cv‡i †h, wm×všÍwU 

Av‡ivnx 

c×wZ I 

MvwYwZK 

Av‡ivn 

c×wZ 
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m¤¢vebvc~Y©| wm×všÍwU AåvšÍ n'‡Z n‡j K‡qKwU cÖKwíZ kZ© (Hypothetical 

Conditions) †g‡b wb‡Z nq| GB kZ©̧ wj n‡”Q- (1) m~h© I c„w_exi Av‡cw¶K Ae¯’vb 

Kvj ch©šÍ eZ©gvb _vK‡e| (2) c„w_ex Zvi A‡¶i Pviw`‡K AvMvgxKvj ch©šÍ Nyi‡Z 

_vK‡e| MwYZ wecixZ m¤¢vebv¸‡jv‡K Dwo‡q w`‡Z ev A¯x̂Kvi Ki‡Z cv‡i bv| MvwYwZK 

Av‡ivn cÖwZwU we‡kl †¶‡ÎB m~ÎwU cÖ‡hvR¨ n‡e| Gi †Kvb e¨wZµg n‡e bv| GKwU 

MwY‡Zi D`vniY †`qv hvK, n2n+11 m~Î n = 1, 2…. BZ¨vw` gv‡bi Rb¨ †gŠwjK msL¨v 

Drcbœ Ki‡jI n = 11 Gi ‡¶‡Î AK…ZKvh© nq|  

 

MvwYwZK Av‡ivn m~Î mKj Gi Rb¨ Kvh©Ki n‡Z n‡j Zv‡K ỳ‡Uv kZ© cvjb Ki‡Z nq, 

h_v- 

 

(K) m~ÎwU Aek¨B 1 Gi Rb¨ mZ¨ n‡e, Ges 

(L) m~ÎwU hw` †Kvb msL¨v k Gi Rb¨ mZ¨ nq, Z‡e k + 1 Gi Rb¨I mZ¨ n‡e| 

 

- -hyw³MVb ev †gŠwjK †hŠw³K c×wZ PviwU : Av‡ivnx, Ae‡ivnx, ms‡k lY I we‡k lY| 

Av‡ivnx c×wZ‡K wbgœiƒ‡c †kªYxwefvM Kiv hvq|  

 

 

 

 

 

 

Av‡ivnx c×wZi GKUv we‡kl iƒc nj MvwYwZK Av‡ivn| †Kvb Rvbv m‡Z¨i Av‡jv‡K 

ARvbv †Kvb Z‡_¨i mZ¨Zv m¤ú‡K© wm×všÍ †bIqvi hyw³‡K Av‡ivnx hyw³ e‡j|  

†h hyw³i gva¨‡g we‡kl we‡kl D`vniY †_‡K mvaviY wm×v‡šÍ DcbxZ nIqv hvq ZvnvB 

Av‡ivnx c×wZ| GK K_vq we‡kl †_‡K mvaviY ev me©vqb Kivi c×wZB Av‡ivnx c×wZ| 

Av‡ivnx c×wZi gva¨‡g m~Î MwVZ nq|  

MvwYwZK Av‡ivn  

†mU MVb  

mgZv cÖgvY 

m~PKxq mgZv 

wewfbœ 

ai‡bi 

MvwYwZK   

c×wZ 
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MvwYwZK hyw³ MV‡bi †KŠkj¸‡jv nj- - -Av‡ivn, Ae‡ivn, ms‡k lY I we‡k lY| Av‡ivn 

†KŠkj Aej¤̂b K‡i wm×všÍ †bIqv n‡j G c×wZwU‡K ejv nq Av‡ivnx c×wZ| hyw³we`¨v 

Av‡ivnx c×wZ‡K eûfv‡e fvM K‡i| MwY‡Z Av‡ivnx c×wZ‡K cÖavbZ wZbfv‡M fvM Kiv 

hvq| mvaviY Av‡ivn, weKí Av‡ivn I MvwYwZK Av‡ivn| 

GKwU mvaviY mZ¨‡K ev Z_¨‡K ¯x̂Kvi K‡i wb‡q we‡kl we‡kl mZ¨Zv cÖgvY Kiv nj 

Ae‡ivnx c×wZ| GB c×wZ‡Z e¨eüZ m~Îvejx ev wm×všÍmg~n c~‡e©B mZ¨ e‡j cÖgvwYZ ev 

M‡elYvjä djvdj| 

AZGe ejv †h‡Z cv‡i Ae‡ivnx c×wZ nj Av‡ivnx c×wZi D‡ëvµg| 

D`vniY¯îƒc ejv †h‡Z cv‡i †h †Kvb †RvomsL¨v 2 Øviv wefvR¨| msL¨v †kªYx `k wfwËK 

nIqvq `kK, kZK, nvRvi BZ¨vw` ¯’vbxq msL¨v¸‡jv 2 Øviv wefvR¨| GKK ¯’vbxq AsK 2 

Øviv wefvR¨ n‡j †h †Kvb msL¨v 2 Øviv wefvR¨ hv †Rvo msL¨v n‡e|  

KwZcq mgm¨v mgvav‡b wewfbœ c×wZi D`vni‡Yi gva¨‡g c×wZ¸‡jvi m¤ú‡K© aviYv wb‡gœ 

eY©bv Kiv nj|  

D`vniY- 1: xn – yn
  ivwkwU x – y Øviv wefvR¨Zvi cÖgvY, hLb n  N  

 

(K) Av‡ivnx c×wZ:  

 

x1 – y1 = x – y       hv x – y Øviv wefvR¨  

x2 – y2 = (x + y) (x – y),    Bnv x – y Øviv wefvR¨ 

x3 – y3 = (x - y) (x2 + xy + y2),   Bnv x – y Øviv wefvR¨ 

x4 – y4 = (x - y) (x3 + x2y + xy2 + y2),  Bnv x – y Øviv wefvR¨ 

 

Gfv‡e AMÖmi n‡q xn – yn = (x - y) (xn-1 + xn-1y + xn-2y2 + xn-3y3 + … +yn1), hv   

(x - y) Øviv wefvR¨|   
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(L) Ae‡ivnx c×wZ:  

 (xn – yn)  (x – y) 

 
)(

)(
yx
yx nn


 = (x – y )         xn – yn                (xn-1 + xn-1 y …. 

              xn – xn-1y   

                                 xn-1y – yn  

       xn-1y – xn-2 y2 

       xn-2y2 –  yn 

       ……………………….. 

 (xn – yn)  (x – y) 

=> xn1 + xn1y + xn2y2 + ………………. + yn1 

 (xn – yn) ivwkwU (x – y) Øviv wefvR¨|   

 

 

-(M) ms‡k lY c×wZ:  

xn – yn
 ivwkwU GKwU eûc`x hvi NvZ n| mKj c‡`i Aw¯ÍZ¡ _vK‡j n NvZ wewkó 

eûc`xi c`msL¨v n1 eûc`xi AbywjøwLZ c`¸‡jv †hvM-we‡qvM AvKv‡i ms‡kølY K‡i 

cvIqv hvq:  

 

xn – yn = xn – (xn-1 y- xn-1y) - (xn-2 y2- xn-2y2) -………… - yn 

 = xn – xn-1 y + xn-1y - xn-2 y2 + xn-2y2 - ………..… - yn 

 = xn-1(x–y)+xx-2y2(x–y)+xn-3y2(x–y) + .. + yn-1 (x – y) 

 = (x – y) ( xn-1 + xx-2 y + xn-3y2 +…………….  + yn-1 ) 

  (x – y), xn – yn
 Gi GKwU Drcv`K|  

xn – yn
  ivwkwU x – y Øviv wefvR¨|  
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-(N) we‡k lY c×wZ:  

xn – yn
 ivwkwU x – y Øviv wefvR¨ n‡e|  

hw` xn – yn = (x – y) Q (x, y) mZ¨ nq Ges  

Q (x, y) GKwU n–1 Nv‡Zi eûc`x nq|  

A_©vr hw` Q (x, y)  = 
yx
yx nn




 ivwkwU GKwU (n – 1) Nv‡Zi eûc`x nq|  

= > Q (x, y) = xn-1 + xn-2 y +  x n-3  y2 + ……….. + yn-1  

fvM cÖwµqvq cÖvß fvMdj eûc`x| Bnv (n – 1) Nv‡Zi eûc`x|  

xn – yn
 ivwkwU x – y Øviv wefvR¨|  

 

 

(O) weKí Av‡ivn:  

awi xn – yn
 ivwkwUi x – y Øviv wefvR¨ bq, xn – yn †K x–y Øviv fvM Kiv n‡j awi 

fvMdj nq Q ( x, y) Ges fvM‡kl nq r  0 

 xn – yn = (x-y) Q (x,y) + r, Bnv GKwU A‡f`; Dfqc‡¶ x = y ewm‡q cvB r = 0 

A_©vr xn – yn 
†K x-y Øviv fvM Ki‡j fvM‡k‡li gvb nq k~b¨| 

myZivs cÖ_‡g a‡i ‡bIqv cÖKíwU mZ¨ bq e‡j Zvi weKíwU mZ¨|  

A_©vr xn – yn 
ivwkwU x - y Øviv wefvR¨| 
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(P) MvwYwZK Av‡ivn:  

cÖKí: xn – yn 

 ivwkwU x - y Øviv wefvR¨ hLb n  N  

hLb n = 1, xn –yn = x1–y1 =  x–y hv x–y Øviv wefvR¨|  

awi, n = m Gi Rb¨ cÖKíwU mZ¨|  

A_©vr xn – yn = xm – ym = ( x – y) Q (x, y) GLv‡b x – y GKwU  

GKNvZ Drcv`K e‡j Q (x, y) Aek¨B m–1 Nv‡Zi eûc`x|  

hLb n = m + 1, m Gi ’̄‡j m + 1 ewm‡q cvIqv hvq:  

Xm+1 – ym+1 =( x–y) Q( x, y) hLb Q( x, y) GKwU m NvZ wewkó eûc`x  

myZivs Wvb c‡¶ ( x – y) GKwU Drcv`K i‡q‡Q e‡j Zv x – y Øviv wefvR¨|  

mKj n  N Gi Rb¨ xn – yn  
ivwkwU x – y Øviv wefvR¨|  

 

g~j¨vqb: 

1.  †kªYxK‡¶ MvwYwZK Av‡ivn c×wZi gva¨‡g mgm¨v mgvav‡bi myweav I Amyweavmg~n 

eY©bv Kiæb| 

2.  †kªYxK‡¶ MvwYwZK Av‡ivn c×wZi gva¨‡g mgm¨v mgvav‡bi †hŠw³KZv e¨vL¨v 

Kiæb| 





gva¨wgK wkÿK cÖwkÿY- weGW 

 177

 

 

 

 BDwbU- 4 

 

 

Awa‡ekb- 50:  MvwYwZK Av‡ivn c×wZ (2)                           

Awa‡ekb- 51:  MvwYwZK Av‡ivn c×wZ (3)                           

Awa‡ekb- 52:  AvswkK fMœvsk (cÖK…Z)  

Awa‡ekb- 53:  AvswkK fMœvsk (AcÖK…Z)  
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Awa‡ekb- 57:  †f±i (1)   

Awa‡ekb- 58:  †f±i (2)   

Awa‡ekb- 59:  wÎ‡KvYwgwZ (1)   

Awa‡ekb- 60:  wÎ‡KvYwgwZ (2)      

Awa‡ekb- 61:  wÎ‡KvYwgwZ (3)    
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BDwbU- 4                      Awa‡ekb- 50 

 

MvwYwZK Av‡ivn c×wZ (2) 

 

MvwYwZK Av‡ivn c×wZ‡Z ev¯ÍewfwËK Z‡_¨i gva¨‡g MvwYwZK mgm¨vi mgvavb Kiv m¤¢e 

nq| Gi gva¨‡g †Kvb mgm¨v mgvav‡bi †¶‡Î ÔÔ†Kb I wKfv‡eÕÕ Gme cÖ‡kœi DËi †c‡Z 

cv‡i d‡j gyL¯Í Ki‡Yi we‡kl Pvc _v‡K bv| wk¶v_x©iv cvV`vb Kvh©vejx‡Z mwµqfv‡e 

AskMÖnY Ki‡Z cv‡i| DcwiwjøwLZ ¸Yvewji Kvi‡Y MvwYwZK mgm¨v mgvav‡b MvwYwZK 

Av‡ivn c×wZi ¸iæZ¡ Acwimxg| GB Awa‡ek‡b MvwYwZK Av‡iv‡ni cÖ‡qvRbxqZv I Zvi 

cÖgvY, MvwYwZK Av‡iv‡ni cÖwZÁv Ges wewfbœ mgm¨v mgvavb m¤ú‡K© Av‡jvPbv Kiv n‡e| 

 

D‡Ïk¨ 

GB Awa‡ekb †k‡l Avcwb 

 MvwYwZK Av‡iv‡ni cÖ‡qvRbxqZv e¨vL¨v Ki‡Z cvi‡eb| 

 MvwYwZK Av‡iv‡ni cÖgvY Ki‡Z cvi‡eb|  

 MvwYwZK Av‡iv‡ni cÖwZÁv m¤ú‡K© aviYv e¨³ Ki‡Z cvi‡eb| 

 MvwYwZK Av‡iv‡ni mgm¨v mgvavb Ki‡Z cvi‡eb| 

 

ce©mg~n 

ce©-K: MvwYwZK Av‡iv‡ni cÖ‡qvRbxqZv I Zvi cÖgvY   

MwYwZK Av‡iv‡ni gva¨‡g †Kvb mgm¨v mgvav‡bi †¶‡Î ÔÔ†Kb I wKfv‡eÕÕ Gme cÖ‡kœi 

DËi cvIqv hvq weavq wk¶v_x©iv MwYZ‡K fq bv †c‡q eis MwY‡Zi cÖwZ AvMÖnx n‡q 

D‡V| myZivs †Kvb b~Zb MvwYwZK mgm¨v †evSvi Rb¨ MvwYwZK Av‡ivn c×wZ AbymiY 

KivB DËg| 

 

f‚wgKv 
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MvwYwZK Av‡iv‡ni cÖgv‡Yi Rb¨ ỳBwU avc AbymiY Ki‡Z nq| 

cÖ_g avc: P(1) Gi Rb¨ mZ¨ cÖgvY| 

wØZxq avc: P(m) Gi Rb¨ mZ¨ n‡j P(m+1) Gi Rb¨ mZ¨ n‡e †hLv‡b mN.  

Avmyb eÜziv, S †mUwU ÔÔ2 Øviv n(n+1) wefvR¨ÕÕ Zv wb‡gœi Q‡K cÖgv‡Yi †Póv Kwi Ges 

c‡i g~j wkLbxq wel‡qi mv‡_ wgwj‡q †bB|  

 

cÖ_g avc:   

 

 

 

 

 

 

wØZxq avc:   
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ce©- L: MvwYwZK Av‡iv‡ni cÖwZÁv Ges mgm¨vi mgvavb   

 

MvwYwZK Av‡iv‡ni cÖwZÁv ej‡Z, ¯v̂fvweK msL¨v PjK n m¤̂wjZ †Kvb †Lvjv evK¨ mKj 

n  N Gi Rb¨ mZ¨ n‡e hw`  

(1) evK¨wU n = 1 Gi Rb¨ mZ¨ nq Ges  

(2) evK¨wU n = m Gi Rb¨ mZ¨ n‡j Zv n = m + 1 Gi Rb¨I mZ¨ nq, †hLv‡b mN. 

Avmyb, GLb Avgiv Dc‡iv³ cÖwZÁv Abymv‡i wb‡¤œi mgm¨vwU Q‡K mgvav‡bi †Póv Kwi 

Ges c‡i g~j wkLbxq wel‡qi mv‡_ wgwj‡q †bB| 

 

mgm¨v: 1 + 2 + 3 + .......... + n = 
2

)1( nn  

mgvavb:  

cÖ_g avc: cÖwZÁvwU n = 1 Gi Rb¨ mZ¨ cÖgvY Ki“b| 

 

 

 

wØZxq avc: cÖwZÁvwU n = m+1 Gi Rb¨I mZ¨ cÖgvY Kiæb Zvn‡jB cÖwZÁvwU cÖgvwYZ 

n‡e|  
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BDwbU- 4                      Awa‡ekb- 50 

g~j wkLbxq welq 

MvwYwZK Av‡ivn c×wZ (2) 

 

MvwYwZK mgm¨v mgvav‡b MvwYwZK Av‡iv‡ni cÖ‡qvRbxqZv Acwimxg| GB c×wZ‡Z ev¯Íe 

wfwËK Z‡_¨i gva¨‡g MvwYwZK mgm¨vi mgvavb Kiv m¤¢e nq| Gi gva¨‡g we¯ÍvwiZ e¨vL¨v 

mnKv‡i cÖwk¶Yv_x©‡`i/wk¶v_x©‡`i MvwYwZK Z_¨, cÖwµqv Ges m~Î Dc¯’vcb Kiv nq| 

d‡j cÖwk¶Yv_x©iv/wk¶v_x©iv †Kvb mgm¨v mgvav‡bi †¶‡Î Ò†Kb I wKfv‡eÓ Gme cÖ‡kœi 

DËi cvIqv m¤¢e nq| GB c×wZ‡Z cvV`v‡bi mgq cÖwk¶Yv_x©iv/wk¶v_x©iv mwµqfv‡e 

cvV`vb Kvh©vejx‡Z AskMÖnY Ki‡Z cv‡i Ges Zviv wb‡RivB cixw¶Z Z‡_¨i gva¨‡g 

mgm¨v mgvav‡b wm×všÍ wb‡Z cv‡i| Gi gva¨‡g cÖwk¶Yv_x©‡`i/wk¶v_x©‡`i mgm¨v 

mgvav‡bi `¶Zv I wm×všÍ MÖn‡Yi ¶gZvi DbœwZ N‡U| †h‡nZz GB c×wZ‡Z ev¯Íe wfwËK 

ev cixw¶Z Z‡_¨i gva¨‡g mgm¨vi mgvavb Kiv nq †m‡nZz cÖwk¶Yv_x©‡`i/wk¶v_x©‡`i 

gyL¯ÍKi‡Yi cÖ‡qvRb nq bv| 

 

S †mUwU Ò2 Øviv n (n + 1) wefvR¨Ó 

 

†Lvjv ev‡K¨i mgvavb †mU, †hLv‡b n Pj‡Ki †Wv‡gb ev e¨vwß †mU N Gi~c †Lvjv evK¨‡K 

P(n) Øviv m~wPZ K‡i n ¯’‡j ¯v̂fvweK msL¨v 1, 2 BZ¨vw` cÖwZ¯’vcb K‡i P(1), P(2) 

BZ¨vw` MvwYwZK Dw³ cvIqv hvq| †hgb Dc‡i DwjøwLZ †Lvjv evK¨wU‡K P(n) a‡i Avgiv 

cvB, 

 

P(n): Ò2 Øviv n(n+1) wefvR¨Ó G‡Z n ¯’‡j 1, 2 BZ¨vw` ewm‡q cÖvß Dw³¸‡jv nj, 

P(1): Ò2  Øviv 1(1+1) wefvR¨Ó 

P(2): Ò2 Øviv 2(2+1) wefvR¨Ó BZ¨vw`|  

MvwYwZK 

Av‡iv‡ni 

cÖ‡qvRbxqZ

v 

MvwYwZK 

Av‡iv‡ni 

cÖgvY 
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D‡jøwLZ D`vniYwU‡Z †`Lv hvq †h, P(n) †Lvjv ev‡K¨i mgvavb †mU S=N. G †_‡K ejv 

hvq †h, mKj nN Gi Rb¨ P(n) cÖwZÁvwU cÖgvwYZ nj| mgvavbwU ch©v‡jvPbv Ki‡j 

†`Lv hv‡e †h, GRb¨ wb†gœv³ ỳBwU avc cÖgvY KivB h‡_ó|  

 

cÖ_g avc: P(1) mZ¨|  

wØZxq avc: P(m) mZ¨ n‡j P(m+1) mZ¨, †hLv‡b mN. 

 

MvwYwZK Av‡ivn wewa Gi~c cÖgv‡Yi wfwË e‡j G‡K MvwYwZK Av‡ivn c×wZi cÖgvY ejv 

nq| 

 

¯v̂fvweK msL¨v PjK n m¤̂wjZ †Kvb †Lvjv evK¨ mKj n  N Gi Rb¨ mZ¨ n‡e hw`  

 

(1) evK¨wU n = 1 Gi Rb¨ mZ¨ nq Ges  

(2) evK¨wU n = m Gi Rb¨ mZ¨ n‡j Zv n = m + 1 Gi Rb¨I mZ¨ nq, †hLv‡b m  

N. 

D`vniY- 1: MvwYwZK Av‡ivn c×wZi mvnv‡h¨ cÖgvY Kiæb †h,  

1 + 3 + 5 + .......... + (2n – 1) = n2; †hLv‡b n †h †Kvb ¯v̂fvweK msL¨v|  

cÖgvY: (cÖ_g avc): GLv‡b 1 + 3 + 5 + ....... + (2n – 1) = n2 .... (1) 

n = 1 n‡j, (1)Gi evgc¶ = 1 Ges Wvbc¶ = 12 = 1  

n = 1 Gi Rb¨ (1) evK¨wU mZ¨| 

(wØZxq avc): awi, n = m Gi Rb¨ (1) evK¨wU mZ¨|  

A_©vr 1 + 3 + 5 + .......... + (2m – 1) = m2 .............. (2) 

GLb (1) evK¨wU n = m + 1 Gi Rb¨ mZ¨ n‡e hw`  

1 + 3 + 5 + ..... + (2m + 1) = (m + 1)2 ............. (3) mZ¨ nq|  

(2) Gi Dfqc‡¶ 2m + 1 †hvM K‡i cvB, 

1 + 3 + 5 + ... + (2m1) + (2m + 1) =  m2 + (2m + 1) = (m + 1)2 

 

MvwYwZK 

Av‡iv‡ni 

cÖwZÁv 
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GLb (1) Gi Dfqc‡¶ n = m + 1  emv‡j (1) Gi evgc¶ Ges Wvbc¶ h_vµ‡g (3) 

Gi evgc¶ I Wvbc‡¶i mv‡_ wg‡j hvq| myZvivs m~ÎwU n = m Gi Rb¨ mZ¨ n‡j Zv n 

= m + 1 Gi Rb¨I mZ¨|  

(3) mZ¨, A_©vr n = m + 1 Gi Rb¨ (1) evK¨wU mZ¨|  

myZivs MvwYwZK Av‡ivn c×wZ Abyhvqx mKj n  N Gi Rb¨ (1) mZ¨|  

 

D`vniY- 2: MvwYwZK Av‡ivn c×wZi mvnv‡h¨ cÖgvY Kiæb †h, mKj n  N Gi Rb¨ 1 + 

2 + 3 + .......... + n = 
2

)1( nn
 

cÖgvY: (cÖ_g avc): GLv‡b, 1 + 2 + 3 + .......... + n = )1.(..........
2

)1( nn
        

  

n = 1 Gi Rb¨ (1) evK¨wU mZ¨, KviY ZLb evgc¶ =1 Ges Wvbc¶ = 1
2

)11(1



  

(wØZxq avc): awi, n = m Gi Rb¨ (1) evK¨wU mZ¨, A_©vr  

1 + 2 + 3 + .......... + m = )2...(..........
2

)1( mm     

GLb (1) evK¨wU n = m + 1 Gi Rb¨I mZ¨ n‡e hw` 

1 + 2 + 3 + .......... + (m + 1)  = )3(..........
2

)2)(1(  mm
 mZ¨ nq|  

GLb (2) Gi Dfqc‡¶ (m + 1) †hvM K‡i cvB, 

1 + 2 + 3 + .......... + m + (m + 1)   

2
)2)(1(

2
)1(2)1()1(

2
)1( 








mmmmmmmm  
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 (3)  cÖgvwYZ nj A_©vr n = m +1 Gi Rb¨ (1) evK¨wU mZ¨|  

myZivs MvwYwZK Av‡ivn c×wZ Abyhvqx mKj nN Gi Rb¨ (1) Dw³wU mZ¨|  

D`vniY- 3: MvwYwZK Av‡ivn c×wZi mvnv‡h¨ cÖgvY Kiæb †h, n †h †Kvb ¯v̂fvweK msL¨v 

n‡j, x2n–y2n
 ivwkwU x + y Øviv wefvR¨|  

cÖgvY: (cÖ_g avc) cÖwZÁvwU n = 1 Gi Rb¨ mZ¨| KviY x2 – y2 = (x + y) (x – y)  hv 

(x + y) Øviv wefvR¨|  

(wØZxq avc): awi, cÖwZÁvwU n=m Gi Rb¨ mZ¨| A_©vr x2m–y2m
 ivwkwU x + y Øviv 

wefvR¨|  

GLb cÖwZÁvwU n = m + 1 Gi Rb¨ mZ¨ n‡e hw` 

x2(m+1) – y2(m+1) = x2m+2 – y2m+2
 ivwkwU x + y Øviv wefvR¨ nq|  

GLv‡b, x2m+2 – y2m+2 = (x2m+2 – x2y2m) + (x2y2m – y2m+2)  

 =x2 (x2m – y2m) + y2m (x2 - y2)…………(K) 

 

GLb (K) Gi Wvbc‡¶i cÖ_g I wØZxq c` x + y Øviv wefvR¨| myZivs (K) Gi evgc¶ 

x + y Øviv wefvR¨ A_©vr cÖwZÁvwU n = m + 1 Gi Rb¨ mZ¨| myZivs MvwYwZK Av‡ivn 

c×wZ Abyhvqx †h †Kvb n  N Gi Rb¨ cÖwZÁvwU mZ¨|  

 

mgwó wbY©q: 

 

D`vniY- 1: 

2222 ..........321 n  

mgvavb: g‡b Kiæb, S= 2222 ..........321 n  

Avgiv Rvwb, 

    1331 23333  pppppp  

 = 133 233  pppp  

 = 133 2  pp  

GLb, p=1, 2, 3, ... n ewm‡q cvB 

MvwYwZK 

Av‡iv‡ni 

mgm¨v 

mgvavb 
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13 03 = 3.12  3.1 +1 

23 13 =3.22  3.2 +1 

33 23 =3.32  3.3 +1 

................................... 

................................... 

n3  (n 1)3 = 3n2  3n + 1 

 †hvM K‡i cvB-  

 n3   = 3 ( 2222 ..........321 n ) 3 (1 + 2 + ........ + n) +   (1 + 

1+.........+1) 

 = 3S  



 




2
)1(

.............321
2

)1(3 nnnnnn
  

 3S= nnnn 



2

)1(33  

  = 
2

2332 23 nnnn 
 

 = 
2
32 23 nnn 

 

 = 
2

)132( 2  nnn
 

 =
2

)12)(1(  nnn
 

   S = 
6

)12)(1(  nnn
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D`vniY- 2: 

3333 ..........321 n  

mgvavb: g‡b Kiæb, 

 S= 3333 ..........321 n  
Avgiv Rvwb, 

     2222222 11()1.)1(  ppppppp  

       = pp 4.2
 

                    = 

34 p  

GLb, p=1, 2, 3, ... n ewm‡q cvB 

22 .12 12.02 = 4.13 

32 .22 22.12 = 4.23  

42 .32 32.22 = 4.33 

................................... 

................................... 

(n +1)2.n2  n2 (n 1)2=4.n3 

 †hvM K‡i cvB-  

  (n +1)2.n2 = 4 ( 3333 ..........321 n ) 
    ev, (n +1)2.n2 = 4S 

         S =
222

2
)1(

4
)1(







 


 nnnn

 

 

g~j¨vqb: 

MvwYwZK Av‡iv‡ni cÖwZÁvi mvnv‡h¨ cÖgvY Kiæb: 

1. 1+2+22+ ............ + 2n1=2n1 

2. 2 +4+6+ ..............+2n=n(n+1) 
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BDwbU- 4                      Awa‡ekb- 51 

 

MvwYwZK Av‡ivn c×wZ (3) 

 

  

MvwYwZK Av‡ivn c×wZ‡Z mgm¨v mgvav‡bi †¶‡Î mgm¨vi ¯îƒc Abyhvqx cvV`v‡bi Ges 

mgm¨v mgvav‡bi †KŠkj wVK Ki‡Z nq| MvwYwZK Av‡ivn c×wZi cÖ‡qvM †KŠkj mKj 

†¶‡Î mgvb n‡jI mgm¨v mgvav‡bi †KŠk‡j wfbœZv i‡q‡Q| GB Awa‡ek‡b MvwYwZK 

Av‡ivn c×wZi cÖ‡qvM †KŠkj, cvV`v‡bi †KŠkj Ges wewfbœ mgm¨v mgvavb m¤ú‡K© 

Av‡jvPbv Kiv n‡e| 

 

D‡Ïk¨ 

GB Awa‡ekb †k‡l Avcwb 

 †kªYxK‡¶ MvwYwZK Av‡ivn c×wZ cÖ‡qvM †KŠkj e¨vL¨v Ki‡Z cvi‡eb| 

 MvwYwZK Av‡ivn c×wZi cvV`v‡bi †KŠkj eY©bv Ki‡Z cvi‡eb| 

 MvwYwZK Av‡ivn c×wZ cÖ‡qvM K‡i mgm¨v mgvavb Ki‡Z cvi‡eb| 

 

ce©mg~n 

ce©- K: †kªYxK‡¶ MvwYwZK Av‡ivn c×wZ cÖ‡qvM †KŠkj   

 

MvwYwZK Av‡ivn wewa cÖ‡qvM K‡i †h †Kvb MvwYwZK ev‡K¨i mZ¨Zv cÖgv‡Yi Rb¨ ỳÕwU avc 

AbymiY Ki‡Z nq| 

 

cÖ_g av‡c, n=1-Gi Rb¨ MvwYwZK evK¨wU mZ¨ cÖgvY Ki‡Z nq| 

 

wØZxq av‡c, MvwYwZK evK¨wU n=m+1-Gi Rb¨I mZ¨ n‡e| Zv n‡jB MvwYwZK Av‡ivn 

c×wZ Abyhvqx MvwYwZK evK¨wU mKj ¯v̂fvweK msL¨v n-Gi Rb¨I mZ¨ n‡e|  

f‚wgKv 
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Avmyb, GLb Avgiv Dc‡iv³ †KŠkj Aej¤̂b K‡i wb‡¤œi mgm¨vwU Q‡K mgvav‡bi †Póv 

Kwi Ges c‡i g~j wkLbxq wel‡qi mv‡_ wgwj‡q †bB|  

mgm¨v: 13 + 33 + 53 + ........................ + (2n – 1)3 = n2 (2n2 – 1) 

mgvavb:  

 

 

cÖ_g avc:   

 

 

 

 

 

 

wØZxq avc:   

 

 

 

 

 

 

 



MwYZ wkÿY- 2 

 

 190

 

ce©- L: MvwYwZK Av‡ivn c×wZi cvV`v‡bi †KŠkj Ges wewfbœ mgm¨vi 

mgvavb  

 

MvwYwZK Av‡ivn c×wZ‡Z gva¨wgK ch©v‡q wewfbœ avivi †hvMdj wbY©‡q GKwU we‡kl 

†KŠkj Aej¤̂b Ki‡Z nq| †hgb- cÖ_g n msL¨K ¯v̂fvweK msL¨vi †hvMdj, e‡M©i 

†hvMdj, mgvšÍi avivi †hvMdj, ¸‡YvËi avivi †hvMd‡ji †¶‡Î wfbœ wfbœ †KŠkj 

Aej¤̂b Ki‡Z nq| 

 

cÖ_g n msL¨K ¯v̂fvweK msL¨vi †hvMdj wbY©‡qi †¶‡Î,  

awi,  

S = )1.(............................................321 n   

Avevi, GLb S †K D‡ëvfv‡e mvwR‡q †bB- 

S = )2.(..........1..................)2()1(  nnn  

 

GLb (1) I (2) †hvM Ki‡jB cÖ_g n msL¨K ¯v̂fvweK msL¨vi †hvMdj cvIqv hv‡e| 

 

Avmyb, GLb Avgiv mgm¨vwUi evwK Ask wb‡æi Q‡K Kivi †Póv Kwi Ges c‡i g~j wkLbxq 

wel‡qi mv‡_ wgwj‡q †bB| G iKg AviI wKQy mgm¨v mgvav‡bi †KŠkj g~j wkLbxq welq 

†_‡K †R‡b †bB| 
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BDwbU- 4                      Awa‡ekb- 51 

g~j wkLbxq welq 

MvwYwZK Av‡ivn c×wZ (3) 

 

wb‡Pi aviv¸‡jvi n c` ch©šÍ †hvMdj †`qv Av‡Q| me¸‡jvi †¶‡ÎB MvwYwZK Av‡ivn 

wewa cÖ‡qvM K‡i n c` ch©šÍ †hvMd‡ji mZ¨Zv hvPvB Kiv n‡q‡Q|  

 

D`vniY- 1: MvwYwZK Av‡ivn c×wZi mvnv‡h¨ cÖgvY Kiæb †h, mKj n  N Gi Rb¨, 1.2 

+2.5 + 3.8 + ............................ + n (3n – 1) = n2 (n + 1)  
 

cÖgvY: 

1.2 +2.5 + 3.8 + ................ + n (3n – 1) = n2 (n + 1)  ... ... ... (1)  

n = 1 n‡j (1) Gi evg c¶ = 2 Ges Wvbc¶ = 12.2 = 2 

AZGe, n = 1 n‡j (1) MvwYwZK evK¨wU mZ¨|  

GLb g‡b Kwi, n = m Gi Rb¨ (1) mZ¨|  

A_©vr 1.2 +2.5 + 3.8 + ........ + m (3m – 1) = m2 (m + 1)  ... ... (2)  

GLb (1) evK¨wU n = m + 1 Gi Rb¨ mZ¨ n‡e hw` 

1.2 +2.5 + 3.8 + ........................ +  (m + 1)(3m + 2) = 

 (m + 1)2 (m + 2)  ... ... ... (3) 

mZ¨ nq| 

(2) Gi Dfq c‡¶ (m + 1) (3m + 2) †hvM K‡i cvB  

1.2 +2.5 + 3.8 + ....................... +  m(3m 1)+(m + 1) (3m + 2) 

  = m2 (m + 1) + (m+1) (3m + 2)= (m+1) (m2 +3m+2) 

 = (m + 1) (m + 1) (m + 2) 

 = (m + 1)2 (m + 2) 
 

AZGe, (3) cÖgvwYZ nj A_©vr, m~ÎwU n = m Gi Rb¨ mZ¨ n‡j Zv n = m + 1 Gi 

Rb¨I mZ¨|  

MvwYwZK 

Av‡ivn 

c×wZ 

cÖ‡qvM 

mgvavb 
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AZGe, MvwYwZK Av‡ivn c×wZ Abyhvqx (1) mKj ¯v̂fvweK msL¨v n Gi Rb¨ mZ¨|  

D`vniY- 2: MvwYwZK Av‡ivn c×wZ‡Z cÖgvY Kiæb †h, mKj n  N Gi Rb¨,  

13 + 33 + 53 + ........................ + (2n – 1)3 = n2 (2n2 – 1) 

cÖgvY: 

13 + 33 + 53 + ........... + (2n – 1)3 = n2 (2n2 – 1)      ....     .... (1) 

n = 1 n‡j (1) Gi evgc¶ = 1 Ges Wvbc¶ = 1.1 = 1 

AZGe, n = 1 n‡j (1) evK¨wU mZ¨|  

GLb g‡b Kwi, n = m  Gi Rb¨ (1) evK¨wU mZ¨| A_©vr 

13 + 33 + 53 + .......... + (2m – 1)3 = m2 (2m2 – 1)   ....       .... (2) 

GLb (1) evK¨wU n = m + 1 Gi Rb¨ mZ¨ n‡e, hw`  

13 + 33 + 53 + ...................... + (2m + 1)3 =   

(m + 1)2 {2 (m + 1)2 – 1}      ....       .... (3) 

mZ¨ nq|  

(2) Gi Dfq c‡¶ (2m + 1)3
 †hvM K‡i cvB,  

13 + 33 + 53 + ................. + (2m – 1)3 + (2m + 1)3= m2 (2m2 – 1) + (2m + 1)3 

 = 2m4 +8m3 +11m2 + 6m + 1 

 = (m + 1) (2m3 + 6m2 + 5m + 1) 

 = (m + 1)2 (2m2 + 4m +1) 

= (m + 1)2 { 2 (m+1)2 – 1} 

 

AZGe, (3) cÖgvwYZ nj| A_©vr m~ÎwU n = m Gi Rb¨ mZ¨ n‡j, Zv n = m + 1 Gi 

Rb¨I mZ¨| AZGe, MvwYwZK Av‡ivn c×wZ Abyhvqx (1) mKj ¯v̂fvweK msL¨v n Gi 

Rb¨ mZ¨|  
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wewfbœ Aby‡”Q`mg~‡n gva¨wgK ch©v‡q cwVZ K‡qKwU avivi †hvMdj cÖvqkB cÖ‡qvRb n‡e| 

†kªYxK‡¶ wb‡gœv³ D`vniYmg~n wKfv‡e cvV`vb Kiv n‡e †m m¤ú‡K© Av‡jvPbv Kiv nj| 

avivi †hvMdj GKwU we‡kl †KŠkj Aej¤̂b K‡i mn‡R wbY©q Kiv hvq|  

 

(i) cÖ_g n msL¨K ¯v̂fvweK msL¨vi †hvMdj:  

 

g‡b Kwi,  

S = )1.(............................................321 n   

S = )2.(..........1..................)2()1(  nnn  

(1) Ges (2) †hvM K‡i cvB,  

2S = ( n + 1) + (n + 1) + (n + 1) +  ...... ..... + (n + 1) = n (n + 1)  

S =   

 

(ii) cÖ_g n msL¨K ¯v̂fvweK msL¨vi e‡M©i †hvMdj:  

g‡b Kwi, S = 12 + 22 + 32 + ...         ... + n2 

 

Avgiv cvB, 

(n + 1)3 – n3 = 3n2 + 3n + 1 

n3 – (n - 1)3 = 3(n – 1)2 + 3 (n –1) + 1  

(n - 1)3 – (n – 2)3 = 3(n – 2)2 + 3 (n –2) + 1 

........     .........     ..........        ........... 

33 – 23 = 3.22 + 3.2 + 1 

23 – 13 = 3.12 + 3.1 + 1 

 

†hvM K‡i cvB, 

(n + 1)3 – 13 = 3 (12 + 22 + 32 + ...    ...  n2) + 3 ( 1+ 2 + 3 + .. .. .. + n) + n  

ev, n3 + 3n2 + 3n = 3S + 
2

)1(3 nn + n  

n(n + 1) 
2 

MvwYwZK 

Av‡ivn 

c×wZ‡Z 

cvV`v‡bi 

†KŠkj   
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  3S = n3 + 3n2 + 3n – 
2
3 n2  – 

2
3 n  n 

 = 
2
1 (2n3 + 3n2 + n) 

 =
2
1 n (n + 1) (2n + 1)  

 S = 
6
1 n (n + 1) (2n + 1)  

 

(iii) mgvšÍi aviv:   

mgvšÍi avivi cÖ_g c` a, mvaviY AšÍi d Ges †kl c` m n‡j cÖ_g n msL¨K c‡`i 

†hvMdj  

    S  = a + ( a + d) + (a + 2d) + ... ... ... + {a +(n – 1)d}  

= na + d ( 1 + 2 + 3 + ............. + n–1 )  

= na + d 
2

)1( nn  

= 
2
1  dna )1(2   

= 
2
1  dnaa )1(   

 =  

2
1 )( man   [†hLv‡b, †kl c`  dnam )1(  ] 

 

(iv) My‡YvËi aviv  

cÖ_g c` a Ges mvaviY AbycvZ r n‡j, ¸‡YvËi avivi cÖ_g n msL¨K c‡`i †hvMdj, 

S = a + ar + ar2 + ar3 + ... ... .. + arn−1 ............................. (1) 

r Øviv Dfqc¶‡K ¸Y K‡i cvB,  
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Sr = ar + ar2 + ar3 + .. ... ... .. + arn−1 + arn .................. (2) 

(1) †_‡K (2) we‡qvM K‡i cvB, 

S – Sr = a − arn 

ev, S (1 – r) = a (1 – rn) 

S=
r
ra n




1
)1( , GLv‡b r  1  

hLb r < 1 ZLb 

S = 1;
1

1



 r

r
ra

n

 

Avevi, hLb r >1 ZLb 

S = ;
1
1




r
ra

n

 r  1 

j¶Yxq †h, r = 1 n‡j cÖ‡Z¨KwU c`B a Ges S = na n‡e|   

hLb, n Ges r < 1, ZLb 

r
aS



1

 

D`vniY- 1: n msL¨K c` ch©šÍ †hvMdj wbY©q|  

1.2 + 2.5 + 3.8 + .....  ...... ....... 

 

mgvavb: 

n Zg c`,  

un = n (3n – 1) = 3n2 – n  

u1 = 3.12 – 1 

  u2 = 3.22 – 2 

  u3 = 3.32 – 3  

  ........      .........       ......... 

 

AZGe, avivwUi n Zg c` ch©šÍ †hvMdj, 

Sn = 3 (12 + 22 + 32 ....  ..... + n2) – (1 + 2 + 3 + ....  ..... .... + n) 

MvwYwZK 

Av‡ivn 

c×wZ 

cÖ‡qvM K‡i 

mgm¨v 

mgvavb 
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     = 

2
)1(

6
)12)(1(.3 


 nnnnn
  

     = 

2
)1(

2
)12)(1( 


 nnnnn
    

 

  = )1()112(
2

)1( 2 
 nnnnn

   

AšÍi cÖwµqvi avivi mgwó wbY©q: 

g‡b Kwi cÖ`Ë avivwU  

u1 + u2 + u3 .................... + un + .......... 

avivi nZg c` un †K hw` vn – vn1 i~‡c cÖKvk Kiv hvq Z‡e n Zg c` ch©šÍ cÖ`Ë 

avivi mgwó Sn mn‡RB wbY©q Kiv hvq, †Kbbv un = vn – vn1 

un1  = vn1 - vn2 

  .......... ............  ..................  

  u2 = v2 – v1  

  u1 = v1 – v0  

AZGe, Sn = u1 + u2 + ...   ...   ...  ...  ...  + un 

 = v1 – v0 + v2 – v1 + v3 – v2 + ...   ...   ...    ... +vn – vn1  

 = vn – v0 
 

D`vniY- 2: n Zg c` ch©šÍ †hvMdj wbY©q|   

.........
)41)(31(

1
)31)(21(

1
)21)(1(

1








 xxxxxx
 

mgvavb: 

)1(
1

21
2

)21)(1(
1

xxxx 






  

xxxx 21
2

31
3

)31)(21(
1








  

- - - - - - 

- - - - - - 
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  nx
n

xn
n

xnnx 






 1)1(1

1
)1(1)1(

1  

         

 Sn =   )1()1(11
1

)1(1
1

xxn
n

xxn
n










    

 

msL¨K Drcv`‡Ki ¸Ydj Ges c`¸‡jvi cÖ_g Drcv`K GKB mgvšÍi †kªYxfy³: 

aiv hvK, avivwU u1 + u2 + u3 ..  ...  ... .... +un  

†hLv‡b, un = (a + nb) {a +(n+ 1)b} ....   ....   ... {a +(n + r – 1)b} 

a, b Ges r wZbwU aªæeK|   

GLb, 

   
br

ubnaubrna
U nn

n )1(
)1()(




  

 = 

   
br

ubna
br

ubrna nn

)1(
)1(

)1(
)(








  

 = vn – vn1,
 

 †hLv‡b 

 
br

ubrnav n
n )1(

)(



  

  Sn = u1 + u2 + u3 + ...    ....     .....   ... + un 

 = v1 - v0 + v2 – v1 + v3 – v2 + ...   ...   .... + vn – vn1 

 = vn – v0  

†hLv‡b, v0 GKwU aªæeK hv n Gi Dci wbf©ikxj bq| AZGe, cÖ̀ Ë avivi nZg c` ch©šÍ 

†hvMdj D‡jøwLZ m~Î Øviv wbY©q Kiv hv‡e|  

gšÍe¨: n-Zg c‡` me©‡kl Drcv`‡Ki cieZx© mgvšÍi †kªYxfy³ Drcv`K AšÍfy©³ Kiæb 

Ges Drcv`‡Ki msL¨v I mgvšÍi †kªYxi mvaviY AšÍ‡ii ¸Ydj Øviv fvM K‡i GKwU 

aªæeK †hvM Kiæb| aªæeKwUi gvb n = 1 A_ev n = 0 ewm‡q wbY©q Kiv hv‡e|  

 

D`vniY- 3: nZg c` ch©šÍ †hvMdj wbY©q| 

1.3.5 + 3.5.7 + 5.7.9 + ...   ...   ...  ...  

GLv‡b, un = (2n – 1) (2n + 1) (2n + 3)  
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AZGe, CnnnnSn 



8

)52)(32)(12)(12(
    

n = 1 ewm‡q cvB,  

 C
8

7.5.3.115  

AZGe, 

8
15

C  

 
8

15
8

)52)(32)(12)(12(





nnnnSn  

 = n(2n3 + 8n2 + 7n – 2)  

 

n Zg c` ch©šÍ Giƒc avivi †hvMdj wbY©q, hvi cÖwZwU c` mgvšÍi †kªYxfy³ r msL¨K 

Drcv`‡Ki ¸Yd‡ji wecixZ Ges c`¸‡jvi cÖ_g Drcv`K GKB mgvšÍi †kªYxfy³: 

g‡bKwi avivwU, u1 + u2 + u3 + ...   ...   ...   ....  +un 

†hLv‡b,     brnabnabnanba
U n )1(.......)2()1()(

1


  

GLb    

 
   brnabnanba

nbabrna
br

U n )1(......)1()(
)()1(.

)1(
1





  

    brnabnanbabr )2(......)1()(
1.

)1(
1




 

      =     brnabnabnabr )1(...)2()1(
1.

)1(
1


 

 = vn1vn 

   Sn     = u1 + u2 + u3 + ...   ...   ...   ....  +un 

 = v0  v1 + v1 – v2 + v2  v3 +  ...   ...   ... + vn1 – vn 

= v0–vn,
 

†hLv‡b 

br
unbav n

n )1(
)(




  Ges v0
 

GKwU aªæeK hv n Gi Dci 

wbf©ikxj bq|
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D`vniY- 4: n Zg c` ch©šÍ †hvMdj wbY©q|  

 

...
9.7.5

1
7.5.3

1
5.3.1

1
  

GLv‡b,   

)32)(12)(12(
1




nnn
un  

 

)32)(12(4
1




nn
CSn  

 n = 0 ewm‡q cvB, 

12
10 C , ev 

12
1

C  

)32)(12(4
1

12
1




nn
S n  

 

g~j¨vqb: 

wbgœwjwLZ mgm¨v¸‡jv mgvav‡bi †¶‡Î cvV`v‡bi †KŠkj eY©bv Kiæb Ges Zv‡`i GKwU 

ZvwjKv cȪ ‘Z Kiæb|  

 

1| 12+22+32 + ................... + 402 = KZ 

2| 13+23+33 + ................... + 153 = KZ 

3| 10 + 15 + 20 + ............ avivwUi 30Zg c` KZ? 

4| ..........
27
1

9
1

3
11   avivwUi cÖ_g 10wU c‡`i mgwó KZ? 
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BDwbU- 4   Awa‡ekb- 52 

AvswkK fMœvsk (cÖK…Z) 

  

MwY‡Z e¨envwiK †¶‡Î AvswkK fMœvs‡ki e¨envi e¨vcK| ˆ`bw›`b Rxe‡bi bvbv 

MvwYwZK mgm¨vi mgvavb Kivi Rb¨ fMœvs‡ki e¨envi Ki‡Z nq| fMœvsk mvaviYZ 

`yB cÖKvi cÖK…Z fMœvskI AcÖK…Z fMœvsk| fMœvs‡ki †hvM, we‡qvM, fMœvsk wbY©‡qi 

Í̄i, fMœvsk wefw³Ki‡Yi c×wZ, cÖK…Z fMœvsk‡K AvswkK fMœvs‡k iƒcvšÍi Kivi 

cªwµqv m¤ú‡K© wk¶v_x©‡`i ¯̂”Q aviYv _vKv AZ¨vek¨K| cÖK…Z fMœvsk‡K AvswkK 

fMœvs‡k wefw³Ki‡Yi c×wZ m¤ú‡K© my¯úó aviYv Qvov wk¶v_x©‡`i c‡¶ A‡bK 

mgq MwY‡Zi bvbviKg e¨envwiK mgm¨vi mgvavb Kiv m¤¢e bq| G Awa‡ek‡b 

AvswkK fMœvsk wbY©‡qi Í̄i, AvswkK fMœvsk wefw³KiY I cÖK…Z fMœvsk‡K AvswkK 

fMœvs‡k cÖKvk Kivi c×wZ wb‡q Av‡jvPbv Kie| 

D‡Ïk¨  

GB Awa‡ekb †k‡l Avcwb- 

 AvswkK fMœvsk wbY©‡qi Í̄i e¨vL¨v Ki‡Z cvi‡eb| 

 AvswkK fMœvsk wefw³Ki‡Yi c×wZ eY©bv Ki‡Z cvi‡eb| 

 cÖK…Z fMœvsk‡K AvswkK fMœvs‡k cÖKvk Ki‡Z cvi‡eb| 

ce©mg~n  

ce©-K: AvswkK fMœvsk wbY©‡qi Í̄i   

hw` je, ni A‡c¶v wb¤œNv‡Zi nq Zvn‡j fMœvskwU cÖK…Z fMœvsk| Avevi je, ni 

A‡c¶v D”P Nv‡Zi nq Zvn‡j fMœvskwU AcÖK…Z fMœvsk| hw` †Kvb fMœvsk‡K 

GKvwaK fMœvs‡ki †hvMdjiƒ‡c cÖKvk Kiv hvq Z‡e †k‡lv³ fMœvsk¸‡jvi 

cÖ‡Z¨KwU‡K cÖ_‡gv³ fMœvs‡ki AvswkK fMœvsk e‡j| AvswkK fMœvsk wbY©‡qi 

Í̄i¸‡jv n‡jv: 

f‚wgKv 
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1. cÖ_gZ fMœvs‡ki cÖK…wZ wbY©q Ki‡Z n‡e| A_©vr fMœvskwU cÖK…Z bv AcÖK…Z Zv wba©viY 

Ki‡Z n‡e| 

2. fMœvskwU AcªK…Z fMœvsk n‡j Zv‡K cÖK…Z fMœvs‡k iƒcvšÍi Ki‡Z n‡e| 

3. n‡ii Drcv`K wbY©q Ki‡Z n‡e| 

4. n‡ii Drcv`‡Ki msL¨v I cÖK…wZ †`‡L aªæeK I mgZv MVb Ki‡Z n‡e| 

5. mgZv‡K A‡f‡` cÖKvk Ki‡Z n‡e| 

6. A‡f` †_‡K KwíZ aªæe‡Ki gvb wbY©q Ki‡Z n‡e Pj‡Ki gvb ¯’vcb K‡i| 

7. mnM mgxK…Z K‡i KwíZ aªæe‡Ki gvb wbY©q Ki‡Z n‡e| 

ce©- L: cÖK…Z fMœvsk‡K AvswkK fMœvs‡k cÖKvk 

ce©-K G AvswkK fMœvsk wbY©‡qi Í̄i m¤ú‡K© †R‡bwQ| Gevi Avgiv wb‡gœi mgm¨vwU 

mgvav‡bi gva¨‡g Kxfv‡e cÖK…Z fMœvsk‡K AvswkK fMœvs‡k cÖKvk Kiv Kiv hvq Zv 

†`Le| 

mgm¨v: (3x2-8x-4) / (x3 + x2 – 2x) 

mgvavb: 

GLb x3+x2-2x=x(x-1)(x+2) 

g‡b Kwi, (3x2-8x-4) / (x3+x2-2x) = A/x + B/(x-1)+C/(x+2) 

x(x-1)(x+2) Øviv Dfq c¶‡K ¸Y Kwiqv 

(3x2-8x-4x-4) = A(x-1)(x+2) + Bx(x+2)+Cx (x-1) .......(1) 

†h‡nZz Bnv GKwU A‡f`, myZivs Bnv x Gi mKj gv‡bi Rb¨B mZ¨| x-Gi †h 

mKj gv‡bi Rb¨ n‡ii cÖ‡Z¨KwU Drcv`K k~b¨ µgvMZ fv‡e x Gi H gvb¸wj 

e¨envi Kiv nj| 

(1) G x = 0 emv‡j -4=-2A AZGe A = 2 

(1) G x = 1 emv‡j 3-8-4=3B AZGe B =-3 

(1) G x =-2 emv‡j 12+16-4=6C AZGe C = 4 

myZivs (3x2-8x-4) / (x3+x2-2x)=2/x-3/(x-1) + 4/(x+2) 
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BDwbU- 4        Awa‡ekb- 52 

 

g~j wkLbxq welq 

AvswkK fMœvsk (cÖK…Z) 

  

cÖK…Z fMœvsk: hw` je, ni A‡c¶v wbgœ Nv‡Zi nq Zvn‡j fMœvskwU cÖK…Z fMœvsk| 

AcÖK…Z fMœvsk: hw` je, ni A‡c¶v D”P Nv‡Zi nq Zvn‡j fMœvskwU AcÖK…Z fMœvsk| 

AvswkK fMœvsk: hw` †Kvb fMœvsk‡K GKvwaK fMœvs‡ki †hvMdj iƒ‡c cÖKvk Kiv hvq Z‡e 

†k‡lv³ fMœvsk¸‡jvi cÖ‡Z¨KwU‡K cÖ_‡gv³ fMœvs‡ki AvswkK fMœvsk e‡j| 

 

1. cÖ_gZ fMœvs‡ki cÖK…wZ wbY©q Ki‡Z n‡e| A_©vr fMœvskwU cÖK…Z bv AcÖK…Z Zv wba©viY 

Ki‡Z n‡e| 

2. fMœvskwU AcªK…Z fMœvsk n‡j Zv‡K cÖK…Z fMœvs‡k iƒcvšÍi Ki‡Z n‡e| 

3. n‡ii Drcv`K wbY©q Ki‡Z n‡e| 

4. n‡ii Drcv`‡Ki msL¨v I cÖK…wZ †`‡L aªæeK I mgZv MVb Ki‡Z n‡e| 

5. mgZv‡K A‡f‡` cÖKvk Ki‡Z n‡e| 

6. A‡f` †_‡K KwíZ aªæe‡Ki gvb wbY©q Ki‡Z n‡e Pj‡Ki gvb ¯’vcb K‡i| 

7. mnM mgxK…Z K‡i KwíZ aªæe‡Ki gvb wbY©q Ki‡Z n‡e| 

 

cÖK…Z fMœvsk‡K AvswkK fMœvs‡k wefw³Ki‡Yi c×wZ: 

je f(x) Gi NvZ ni (x) Gi NvZ A‡c¶v Kg n‡j f(x) / (x) fMœvsk‡K AvswkK 

fMœvs‡k wefw³Ki‡Yi c×wZ wbgœiƒc: 

 

 fMœvs‡ki 

cÖK…wZ 

AvswkK 

fMœvsk 

wbY©‡qi  

¯—i 
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1.   cÖ̀ Ë fMœvskwU‡K KZK¸‡jv aªæeK mgš̂‡q MwVZ mnRZi fMœvs‡ki †hvMd‡j cÖKvk 

Ki‡Z n‡e|  

2.  (x) Gi cÖwZwU (x  a) Acybive„Ë GK NvZ Drcv`‡Ki Rb¨ A/( x a) AvKv‡ii 

AvswkK fMœvsk _vK‡e| 

 

3.  (x) Gi cÖwZwU n ( x  b)n  
evi cybive„Ë GKNvZ Drcv`K A_©vr cÖwZwU

 ( x  b)n 

 

 

Drcv`‡Ki Rb¨ B1 /( x –b) + B2 / (x  b)2 + ----------+Bn /( x  b)n AvKv‡i 

n-msL¨K AvswkK fMœvs‡ki GKwU `j _vK‡e|

   

 

   

4.  (x) Gi cÖwZwU Acybive„Ë wØNvZ Drcv`K x2 + px + q Gi Rb¨ (Cx + D)/(x2 

+ px + q) AvKv‡i GKwU AvswkK fMœvsk _vK‡e| 

 

5. (x) Gi m evi cybive„Ë cÖwZwU wØNvZ Drcv`K, A_©vr (x2 + px + q)m
 

Drcv`‡Ki Rb¨ 

       (C1x +D1) / (x2 + px + q) + (C2x +D2)  / (x2 + px + q)2  +---------+ (Cmx 

+Dm) /(x2 + px + q)m  AvKv‡i n-msL¨K AvswkK fMœvs‡ki GKwU `j _vK‡e|

 

 

 

cÖK…Z fMœvsk‡K AvswkK fMœvs‡k cÖKvk: 

mgm¨v- 1: 

)3()1(
16

2  xx
 †K AvswkK fMœvs‡k cÖKvk Kiæb| 

mgvavb:  

aiæb,  

)3()1(
16

2  xx
=

3)1(1 2 





 x
C

x
B

x
A

 

g‡b Kwi, (3x28x4)/(x3 + x22x) ≡ A/ x + B/ (x1)+ C/ ( x + 2) 
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Dfq c¶‡K )3()1( 2  xx  Øviv ¸Y K‡i 

16 ≡ ).....(..........)1()3()3)(1( 2 ixCxBxxA   

GwU GKwU A‡f` e‡j x Gi mKj gv‡bi Rb¨B mZ¨, x = 3 ewm‡q  

16 = 2)13(00  CBA  A_ev 16C = 16 1 C Avevi 1x  ewm‡q  

16 = 0)31(0  CBA  A_ev 4B = 16 4 B  

GB A‡f`wUi Wvb cv‡k¦© 

2x
Gi mnM A I C Ges evgc¶ 

2x  gy³|  

)(i  bs G 

2x Gi mnM mgxK…Z K‡i cvB,  

0 = A + C 

A_ev 0 = A + 1 [C Gi gvb ewm‡q]  

1 A  

AZGe, wb‡Y©q AvswkK fMœvsk 

3
1

)1(

4
1

1

)3()1(

16
22 












 xxxxx
 

mgm¨v- 2: 

)1)(1(
13
2 


xx

x  †K AvswkK fMœvs‡k cÖKvk Kiæb| 

mgvavb:  

aiæb,  

)1)(1(
13
2 


xx

x
=

11 2 



 x

CBx
x

A
 

Dfq c¶‡K )1)(1( 2  xx  w`‡q ¸Y Ki‡j  

)1)(()1(13 2  xCBxxAx  

 †h‡nZz GwU GKwU A‡f`, x Gi †h †Kvb gv‡bi Rb¨ GwU mZ¨ 

G‡Z, 1x  ewm‡q  

3(1)1=A{(1)2 + 1} + B×0 A_ev 2A =4 2 A  

Avevi Dfq c¶ n‡Z

2x Gi mnM mgxK…Z K‡i cvB,  

A + B = 0 A_ev B  2 = 0  2 B  
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Avevi Dfq c¶ n‡Z x Gi mnM mgxK…Z K‡i cvB,  

B +C = 3 ev 2+C = 3  1 C  

AZGe, wb‡Y©q AvswkK fMœvsk 

1
12

1
2

)1)(1(
13

22 










x

x
xxx

x
 

 

mgm¨v- 3: 

)3)(2(
1

22

23




xx
xx  †K AvswkK fMœvs‡k cÖKvk Kiæb| 

mgvavb:  

aiæb,  

)3)(2(
1

22

23




xx
xx

=

32 22 






x
DCx

x
BAx

 

Dfq c¶‡K )3)(2( 22  xx  Øviv ¸Y K‡i  

)..(..........).........2)(()3)((1 2223 ixDCxxBAxxx   

)(i G 22 x  ewm‡q cvB 

)32)((122  BAxx  

ev,  )......(....................12 iiBAxx   

)(ii bs A‡f` n‡Z h_vµ‡g x Gi mnM Ges aªæeK c` mgxK…Z K‡i cvB,   

A =2, B= 1  

Avevi )(i  G 32 x  ewm‡q cvB,  

 )23)((133  DCxx  

ev,  ).......(....................23 iiiDCxx    

)(iii bs A‡f` n‡Z h_vµ‡g x Gi mnM Ges aªæeK c` mgxK…Z K‡i cvB,   

C = 3,   D = 2 

     
2
12

3
23

)3)(2(
1

2222

23














x
x

x
x

xx
xx      
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g~j¨vqb: 

1. cÖK…Z fMœvsk‡K AvswkK fMœvs‡k cÖKv‡ki c×wZ eY©bv Kiæb| 

2. AvswkK fMœvs‡k cÖKvk Kiæb: 

K) 
xxx

xx
82
8143

23

2


    

L) 22 )1(
1



xx
x

 

M) 
)1)(2(

125
2 


xx

x
 

 

m¤¢ve¨ DËi: 

g~j¨vqb- 2: 

K) 
4

4
2

21






xxx

   

L) 22 )1(
2

)1(
313







xxxx
 

M) 
)1(6

7
)1(2

17
)2(3

22









xxx
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BDwbU- 4  Awa‡ekb- 53 

AvswkK fMœvsk (AcÖK…Z) 

  

fMœvsk g~jZ `yB cÖKvi: cÖK…Z fMœvsk I AcÖK…Z fMœvsk| ‡h fMœvs‡ki je †QvU 

wKš‘ ni eo Zv‡K e‡j cÖK…Z fMœvsk| Ab¨w`‡K †h fMœvs‡ki je eo wKš‘ ni †QvU 

Zv‡K e‡j AcÖK…Z fMœvsk| c~e©eZx© Aa¨v‡q Avgiv cÖK…Z fMœvsk‡K AvswkK fMœvs‡k 

cwieZ©‡bi c×wZ wb‡q Av‡jvPbv K‡iwQ| cÖK…Z fMœvs‡ki gZ AcÖK…Z fMœvk‡KI 

AvswkK fMœvs‡k iƒcvšÍi Kiv m¤¢e Ges e¨envwiK I ZvwË¡K MwY‡Zi bvbv cÖwµqvq 

G ai‡bi iƒcvšÍi cÖvqkB cÖ‡qvRbxq n‡q `vovq| eZ©gvb Awa‡ek‡b AcÖK…Z 

fMœvsk‡K AvswkK fMœvs‡k iæcvšÍi cÖwµqv Av‡jvPbv Kiv n‡jv- 

 

D‡Ïk¨  

GB Awa‡ekb †k‡l Avcwb- 

 cÖK…Z I AcÖK…Z fMœvsk e¨vL¨v Ki‡Z cvi‡eb| 

 AcÖK…Z fMœvsk‡K AvswkK fMœvs‡k iæcvšÍi Ki‡Z cvi‡eb| 

 

ce©mg~n 

ce©- K: cÖK…Z I AcÖK…Z fMœvsk 

hw` †Kvb g~j` exRMwYZxq fMœvs‡ki je ni A‡c¶v wbgœgvÎvi bv nq Z‡e 

fMœvskwU‡K AcÖK…Z fMœvsk e‡j| GKwU AcÖK…Z fMœvsk fv‡Mi cÖwµqvq GKwU c~Y© 

Ask I GKwU cÖK…Z fMœvs‡ki mgwóiƒ‡c cÖKvk Kiv hvq| †hgb, AcÖK…Z fMœvsk 

 (x)/ (x) = (x2 + 1)/ (x - 1 ) = x + 1 +  

 

f‚wgKv 
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ce©- L: AcÖK…Z fMœvsk‡K AvswkK fMœvs‡k iƒcvšÍi 

hw` †Kvb fMœvsk‡K GKvwaK fMœvs‡ki †hvMdj iƒ‡c cÖKvk Kiv nq, Z‡e †k‡lv³ 

fMœvsk¸‡jvi cÖ‡Z¨KwU‡K cÖ_‡gv³ fMœvs‡ki AvswkK fMœvsk (Partial fraction) 

ejv nq| 

Avgiv GLb  AvKv‡ii KwZcq mnR fMœvsk‡K wKfv‡e AvswkK fMœvs‡k 

wef³ Kiv nq Zv wb‡q Av‡jvPbv Kie, †hLv‡b  I  DfqB  Pj‡Ki 

eûc`x|  AvKv‡ii g~j`xq fMœvsk‡K cÖK…Z fMœvsk ejv nq hw` je  

Gi gvÎv ni  Gi gvÎv A‡c¶v †QvU nq| je  Gi gvÎv ni  Gi 

gvÎvi mgvb A_ev Zv A‡c¶v eo n‡j fMœvskwU‡K AcÖK…Z fMœvsk (Improper 

fraction) ejv nq| 

†hgb,  GKwU cÖK…Z fMœvsk Ges  I   DfqB 

AcÖK…Z fMœvsk| 

 

D‡jøL¨ †h, AcÖK…Z fMœvs‡ki je‡K ni Øviv mvaviY wbq‡g fvM K‡i A_ev j‡ei 

c`¸‡jv‡K myweavRbKfv‡e cybwe©b¨vm K‡i fMœvskwU‡K GKwU eûc`x (fvMdj) 

Ges GKwU cÖK…Z fMœvs‡ki †hvMdj iƒ‡c cÖKvk Kiv hvq| †hgb, 

  

 

Gevi Avgiv wb‡gœi AcÖK…Z fMœvskwU‡K AvswkK fMœvs‡k cÖKvk Kwi: 

  (2x2+5x-11)/ (x2+2x-3) 

aiv hvK, (2x2+5x-11)/ (x2+2x-3) =
)1)(3(

1152 2




xx
xx = 

     A + B/ (x+3) + C/ (x-1) 

Dfq c¶‡K x2+2x-3 Øviv ¸Y K‡i cvB, 
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(2x2+5x-11) = A(x+3) (x-1) + B (x-1) + C (x+3) 

x = -3 n‡j, 

18- 15 – 11 = -4B       ev, -4B = -8       ev, B = 2 

x = 1 n‡j, 

2+ 5 – 11 = 4C     ev, 4C= -4     ev, C = -1 

Dfq c¶ n‡Z x2
 Gi mnM mgvb wj‡L, A = 2 

AZGe, (2x2+5x-11)/ (x2+2x-3) = 2 + 2/ (x+3) - 1/ (x-1) 

 

Dc‡iv³ wbqgvbymv‡i 

)2)(1(
75



xx

x
†K AvswkK fMœvs‡k cÖKv‡ki †Póv Kwi: 
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BDwbU- 4   Awa‡ekb- 53 

g~j wkLbxq welq 

AvswkK fMœvsk (AcÖK…Z) 

 

cÖK…Z I AcÖK…Z fMœvsk  

 je f(x) Gi NvZ ni (x) Gi NvZ A‡c¶v †ekx n‡j 

 
)(x

xf


 fMœvsk‡K AcÖK…Z 

fMœvsk e‡j| †hgb: 8/5 

 je f(x) Gi NvZ ni (x) Gi NvZ A‡c¶v Kg n‡j  

 
)(x

xf


 fMœvsk‡K cÖK…Z fMœvsk 

e‡j| †hgb: 

8

5

 

 

je f(x) Gi NvZ ni (x) Gi NvZ A‡c¶ †ekx n‡j 

 
)(x

xf


  fMœvsk‡K AcÖK…Z fMœvsk 

e‡j| 

 

 1. AcÖK…Z fMœvsk fv‡Mi cÖwµqvq GKwU c~Y© Ask I GKwU cÖK…Z fMœvs‡ki mgwóiƒ‡c 

cÖKvk Kiv hvq| †hgb: 

 AcÖK…Z fMœvsk, f(x) /  (x) =( x2 +1)/(x - 1) = x + 1 +  

2. hLb AcÖK…Z fMœvs‡ki je I n‡ii NvZ mgvb: 

 AcÖK…Z fMœvs‡ki je I n‡ii NvZ mgvb n‡j fvM cÖwµqvi mvnv‡h¨ Bnv‡K 

f(x)/(x)Ξ A+Ψ(x)/φ(x) AvKv‡i †jLv hvq, †hLv‡b A GKwU aªæeK Ges Ψ (x) 

Gi NvZ φ(x) Gi NvZ A‡c¶v Kg A_©vr Ψ(x)/ (x) GKwU cÖK…Z fMœvsk| 

     †hgb: (2x2 +5x-11)/(x 2 + 2x - 3) Ξ A + B/( x + 3) + C/(x - 1) 

 

AcÖK…Z 

fMœvsk‡K 

AvswkK 

fMœvs‡k 

iƒcvšÍi 

AcÖK…Z 

fMœvsk‡K 

AvswkK 

fMœvs‡k 

wefw³Ki‡Yi 

c×wZ 
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3. hLb AcÖK…Z fMœvs‡ki j‡ei NvZ n‡ii gvÎv A‡c¶v GK †ekx: 

 GBiƒc †¶‡Î fMœvskwU‡K fvM cÖwµqvi mvnv‡h¨ f(x) / (x) Ξ Ax + B + 

Ψ(x)/φ(x) AvKv‡i ‡jLv hvq †hLv‡b Ψ(x)/φ(x) GKwU cÖK…Z fMœvsk Ges A I B 

ỳBwU aªeK|  

†hgb: x4/(x3 +1) Ξ A x + B + C/(x+1)+(Dx+E)/(x2–x+1) 

mgm¨v- 1: 

92

3

x
x

 †K AvswkK fMœvs‡k cÖKvk|  

mgvav‡bi c×wZ: 

92

3

x
x

 †K †f‡½ †c‡Z cvwi,  

9
9
2 


x

xx   

GLb 92 x Gi Drcv`K †ei Kwi| 

)3()3(92  xxx  

    33
9

9
9

9 22

3







 xx
xx

x
xx

x
x

........................ (1) 

g‡b Kwi,  

    3333
9







 x
B

x
A

xx
x

...................... (2) 

 
33

9






x

B
x

Ax .................................... (3) 

†h‡nZz Bnv GKwU A‡f`, myZivs Bnv x Gi mKj gv‡bi Rb¨B mZ¨| x-Gi †h mKj 

gv‡bi Rb¨ n‡ii cÖ‡Z¨KwU Drcv`K k~Y¨ µgvMZfv‡e x-Gi H gvb¸‡jv e¨envi Kiv 

nj| 

(3) G x = 3 emv‡j 27 = 6A  A = 
2
9

 

(4) G x =3 emv‡j B = 
2
9

 

AcÖK…Z 

fMœvsk‡K 

AvswkK 

fMœvs‡k 

cÖKvk 
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 (2) bs n‡Z  

       













 3
1

3
1

2
9

33
9

xxxx
x

 

GLb (1) bs n‡Z cvB, 

   













 )3(
1

3
1

2
9

92

3

xx
x

x
x

 

 

mgm¨v- 2|   †K AvswkK fMœvs‡k cÖKvk Kiæb| 

mgvavb: awi,      .........................(1) 

(1) Gi Dfqc¶‡K (x-1)(x-2) Øviv ¸Y Ki‡j cvB, 

5x-7≡ A(x-2) + B (x-1)                      (2) 

hv x Gi mKj gv‡bi Rb¨ mZ¨| GLb (2) Gi Dfq c‡¶ x=1 ewm‡q cvB, 

5-7=A(1-2)+B(1-1)  ev, -2=-A  A=2 

Avevi (2) Gi Dfqc‡¶ x=2 ewm‡q cvB, 

10-7=A(2-2)+B(2-1)  ev, 3=B  B=3 

GLb A Ges B Gi gvb (1) G ewm‡q cvB, 

    

G‡ZB cÖ̀ Ë fMœvskwU AvswkK fMœvs‡k wef³ nj| 

 

mgm¨v- 3:    †K AvswkK fMœvs‡k cÖKvk Kiæb| 

mgvavb: awi,   ..................(1) 

(1) Gi Dfqc¶‡K (-2)(x+3) Øviv ¸Y Ki‡j cvB, 

x+8≡ A(x+3) + B (x-2)                      (2) 
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hv x Gi mKj gv‡bi Rb¨ mZ¨| GLb (2) Gi Dfq c‡¶ x = 2 ewm‡q cvB, 

10=5A+0  ev, A = 2 

Avevi (2) Gi Dfqc‡¶ x =-3 ewm‡q cvB, 

5 = 0 +B(-5)  ev, B =-1 

GLb A Ges B Gi gvb (1) G ewm‡q cvB,  

  

G‡ZB cÖ̀ Ë fMœvskwU AvswkK fMœvs‡k wef³ nj| 

 

mgm¨v- 4:    †K AvswkK fMœvs‡k cÖKvk Kiæb| 

mgvavb:  

   awi,    ..........(1) 

(1) Gi Dfqc¶‡K (x-2)(x+3) Øviv ¸Y Ki‡j cvB, 

12x+11≡ A(x+3) + B (x-2)   ..................  (2) 

hv x Gi mKj gv‡bi Rb¨ mZ¨| GLb (2) Gi Dfq c‡¶ x = 2 ewm‡q cvB, 

24+11=5A+0  ev, 35=5A A=7 

Avevi (2) Gi Dfqc‡¶ x =-3 ewm‡q cvB, 

-36+11=0 +B(-5)  ev, B = 5 

GLb A Ges B Gi gvb (1) G ewm‡q cvB,  

   ev,  

G‡ZB cÖ̀ Ë fMœvskwU AvswkK fMœvs‡k wef³ nj| 

 

g~j¨vqb  

1|  †K AvswkK fMœvs‡k iƒcvšÍwiZ Kiæb| 
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BDwbU- 4  Awa‡ekb- 54 

e„Ë m¤úwK©Z mgm¨v (1) 

  

AwZ cÖvPxbKvj †_‡KB bvbviKg MvwYwZK mgm¨v mgvav‡bi Rb¨ e„Ë m¤úwK©Z 

aviYv I Dccv`¨ e¨envi Kiv n‡”Q| MwY‡Zi Ab¨Zg †gŠwjK aviYv wn‡m‡e 

MwY‡Zi wewfbœ †¶‡Î e„Ë m¤úwK©Z aviYv e¨envi Kiv n‡”Q| e„‡Ëi cwiwa, †¶Îdj, 

e¨vm, e¨vmva©, R¨v, e„‡Ëi Awew”QbœZv BZ¨vw` bvbv welq gvby‡li MvwYwZK aviYv‡K 

mg„× Ki‡Q| ZvB wk¶v_x©‡`i e„‡Ëi †gŠwjK welqmg~n Rvbv GKvšÍ cÖ‡qvRb| Avi 

G j‡¶¨B eZ©gvb Awa‡ek‡b e„Ë m¤úwK©Z mgm¨vmg~n mgvav‡bi †KŠkj eY©bv Kiv 

n‡q‡Q| 

 

D‡Ïk¨  

GB Awa‡ekb †k‡l Avcwb- 

 e„Ë I mge„Ë e¨vL¨v Ki‡Z cvi‡eb| 

 e„‡Ëi †K›`ª, e¨vm, e¨vmva© I R¨v wPÎmn e¨vL¨v Ki‡Z cvi‡eb| 

 e„‡Ëi Awew”QbœZv welqK `yBwU m~‡Îi eY©bv I e¨vL¨v Ki‡Z cvi‡eb| 

 e„Ë m¤úKx©q wewfbœ mgm¨vmg~‡ni Dci DcKiY ˆZwi Ki‡Z cvi‡eb|  

 e„Ë m¤úKx©q wewfbœ mgm¨vmg~‡ni †kªYxK‡¶ cvV`vb m¤ú‡K© aviYv e¨³ Ki‡Z 

cvi‡eb| 

 

ce©mg~n 

ce©- K: e„Ë, mge„Ë, †K›`ª, e¨vm, e¨vmva© I R¨v wPÎmn e¨vL¨vKiY  

 

 

 

f‚wgKv 

e„Ë: 

msÁv (†mU): †Kvb wbw ©̀ó we› ỳ †_‡K mg ~̀ieZ©x †Kvb we› ỳi †mU‡K e„Ë e‡j| 

msÁv (R¨vwgwZK): GKwU wbw ©̀ó we› ỳ †_‡K mg ~̀ieZ©x we› ỳmg~‡ni ms‡hvM †iLv 

Øviv Ave× †¶Î‡K e„Ë e‡j| 
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mge„Ë: mgZj¯’ KwZcq we› ỳ‡K mge„Ë ejv nq hw` we› ỳ¸‡jv w`‡q GKwU e„Ë hvq| 

A_©vr Ggb GKwU e„Ë _v‡K hv‡Z we› ỳ¸‡jv Aew¯’Z nq| 

cÖ̀ Ë wPÎ Abyhvqx e„‡Ëi †K› ª̀, e¨vm, e¨vmva© I R¨v e¨vL¨v Kiæb: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D 

A 

P C 

E 
B 

R¨v 

e¨vm    e¨vmva© 

e„Ë 

†K› ª̀ O 
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ce©- L: e„‡Ëi Awew”QbœZv welqK `yBwU m~‡Îi eY©bv 

e„‡Ëi Awew”QbœZvi m~Î ỳBwU nj: 

 

(K) †Kvb e„‡Ëi Af¨šÍi¯’ GKwU we› ỳ I ewnt¯’ GKwU we› ỳi ms‡hvRK †iLvsk e„ËwU‡K 

GKwU I †Kej GKwU we› ỳ‡Z †Q` K‡i| 

 

(L) hw` †Kvb e„‡Ëi GKwU we› ỳ Aci GKwU e„‡Ëi Af¨šÍ‡i _v‡K Ges cÖ_‡gv³ e„‡Ëi 

Aci GKwU we› ỳ †k‡lv³ e„‡Ëi ewnf©v‡M _v‡K, Z‡e e„ËØ‡qi ỳBwU I †Kej ỳBwU †Q` 

we› ỳ _v‡K| 

 

ce©- M:  e„Ë m¤úKx©q Dccv`¨ Gi Abykxjbxi mgm¨vmg~‡ni DcKiY 

ˆZix I †kªYxK‡¶ cvV`vb| 

 

Ò`yBwU wbw`©ó we› ỳ w`‡q hvq Ggb me e„‡Ëi †K›`ª̧ ‡jv GK mij‡iLvq Aew ’̄ZÓ 

mgm¨vwU †kªYxK‡¶ cvV`v‡bi Rb¨ DcKi‡Yi cÖ‡qvRb n‡e †cv÷vi, KKkxU Ges 

miæKvwV|  

 

wk¶v_x© eÜziv, Avmyb GLb Avgiv Dc‡iv³ mgm¨vwUi †kªYxK‡¶ cvV Dc ’̄vcb I 

g~j¨vqb (DcKiY e¨envi K‡i) wb‡¤œi Q‡K †jLvi †Póv Kwi| 
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BDwbU- 4      Awa‡ekb- 54 

g~j wkLbxq welq 

e„Ë m¤úwK©Z mgm¨v (1) 

 

e„Ë  

msÁv (†mU): †Kvb wbw ©̀ó we› ỳ †_‡K mg ~̀ieZ©x †Kvb we› ỳi †mU‡K e„Ë e‡j| 

msÁv (R¨vwgwZK): GKwU wbw`©ó we› ỳ †_‡K mg ~̀ieZ©x we› ỳmg~‡ni ms‡hvM †iLv Øviv Ave× 

†¶Î‡K e„Ë e‡j| 

R¨v: †Kvb mij †iLv hw` GKwU e„Ë‡K ỳBwU As‡k wef³ K‡i Z‡e H mij †iLvi e„Ëw¯’Z 

Ask‡K R¨v e‡j| 

†K› ª̀: ‡h we› ỳ †_‡K e„‡Ëi cwiwa¯’ mKj we› ỳi ~̀iZ¡ mgvb Zv‡K H e„‡Ëi †K› ª̀ e‡j| 

e¨vm: ‡Kvb e„‡Ëi me©e„nr R¨v‡K e¨vm e‡j| 

e¨vmva©: cwiwa †_‡K †K‡› ª̀i ~̀iZ¡‡K e¨vmva© e‡j| 

cwiwa: e„‡Ëi cwimxgvi ˆ`N©¨‡K cwiwa e‡j| 

e„ËPvc: ‡Kvb e„‡Ëi LwÛZ cwiwa‡K e„ËPvc e‡j| 

e„‡Ëi †¶Îdj: 

2r  eM© GKK| 

gvÎv: e„Ë wØgvwÎK 

 

mge„Ë: mgZj¯’ KwZcq we› ỳ‡K mge„Ë ejv nq hw` we› ỳ¸‡jv w`‡q GKwU e„Ë hvq| 

A_©vr Ggb GKwU e„Ë _v‡K hv‡Z we› ỳ¸‡jv Aew¯’Z nq| 

  

D 

A 

P C 

E 
B 

R¨v 

e¨vm    e¨vmva© 

e„Ë 

†K› ª̀ O 
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e„‡Ëi Awew”QbœZvi m~Î ỳBwU| G¸‡jv nj: 

(K)  †Kvb e„‡Ëi Af¨šÍi¯’ GKwU we› ỳ I ewnt¯’ GKwU we› ỳi ms‡hvRK †iLvsk 

e„ËwU‡K GKwU I †Kej GKwU we› ỳ‡Z †Q` K‡i|  

(L) hw` †Kvb e„‡Ëi GKwU we› ỳ Aci GKwU e„‡Ëi Af¨šÍ‡i _v‡K Ges cÖ_‡gv³ 

e„‡Ëi Aci GKwU we› ỳ †k‡lv³ e„‡Ëi ewnf©v‡M _v‡K, Z‡e e„ËØ‡qi ỳBwU I 

†Kej ỳBwU †Q` we› ỳ _v‡K|  

 

g~j¨vqb: 

1. e„‡Ëi †K›`ª Kv‡K e‡j? 

2. msÁv w`b- R¨v, e¨vm, e¨vmva©, mge„Ë BZ¨vw`| 

3. e„‡Ëi Awew”QbœZv welqK m~Î `yBwU Kx Kx? 

 

 

e„‡Ëi 

Awew”QbœZvi 

m~Î 
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BDwbU- 4  Awa‡ekb- 55 

 

e„Ë m¤úwK©Z mgm¨v- 2 

 

MwY‡Zi Ab¨Zg †gŠwjK aviYv n‡”Q e„Ë m¤úKx©q aviYv| †KejgvÎ e„‡Ëi wewfbœ 

Ask m¤ú‡K© h‡_ó aviYv _vKvB h‡_ó bq| eis e„Ë m¤úKx©q wewfbœ Dccv`¨ Ges 

Zvi gva¨‡g cÖvß m~Îmg~n cÖ‡qvM K‡i MwY‡Zi bvbviKg mgm¨vi mgvavb Kiv m¤¢e| 

†m Rb¨ cÖ‡qvRb e„Ë m¤úwK©Z Dccv`¨ Gi wewfbœ mgm¨v I Zvi †hŠw³K cÖ‡qvM 

m¤ú‡K© mvwe©K Ávb I `¶Zv| MwY‡Zi cÖvq mKj kvLvqB e„Ë m¤úwK©Z Dccv`¨ 

Gi aviYvmg~n cÖ‡qvM Kiv nq| evsjv‡`‡ki wk¶K‡`i MvwYwZK aviYv‡K AviI 

¯̂”Q Ki‡Z eZ©gvb Awa‡ek‡b ZvB e„Ë m¤úwK©Z Dccv`¨-Gi wewfbœ mgm¨v I 

†hŠw³K cÖ‡qvM m¤ú‡K© Av‡jvPbv Kiv n‡jv: 

 

D‡Ïk¨  

GB Awa‡ekb †k‡l Avcwb- 

 e„ËPvc, Aa©e„Ë, DcPvc I AwaPvc-Gi wPÎmn e¨vL¨v Ki‡Z cvi‡eb| 

 e„Ë ’̄ †KvY I †K›`ª ’̄ †KvY m¤úwK©Z wewfbœ Z_¨vejx cyb:ch©v‡jvPbv I e¨vL¨v 

Ki‡Z cvi‡eb| 

 e„Ë m¤úKx©q wewfbœ mgm¨vmg~‡ni mgvavb ˆZix Ki‡Z cvi‡eb| 

 e„Ë m¤úKx©q wewfbœ mgm¨vmg~‡ni Dci cvV`vb m¤ú‡K© aviYv e¨³ Ki‡Z 

cvi‡eb| 

 

f‚wgKv 
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ce©mg~n 

ce©- K: e„ËPvc, Aa©e„Ë, DcPvc I AwaPvc  

 

e„ËPvc, Aa©Pvc, DcPvc I AwaPvc Gi A¼b cÖwµqv wb‡gœ Av‡jvPbv Kiv n‡jv:  

e„ËPvc 

1. GKwU KKkx‡U O we› ỳ wPwýZ Kiæb| 

2. O-†K †K› ª̀ K‡i GKwU e„Ë AvuKzb| 

3. e„‡Ëi †K› ª̀ eivei cwiwa¯’ ỳwU we› ỳ A, B wPwýZ Kiæb| 

4.  A, B †hvM Kiæb| 

5. AB †iLvsk e„‡Ëi e¨vm| 

6. e„‡Ëi cwiwa‡Z GKwU we› ỳ C wPwýZ Kiæb| 

7. AB e¨vm eivei †K‡U †djyb| 

8. Zvn‡j ACB e„ËwUi GKwU Pvc| 

9. evKx  AskwU e„‡Ëi Av‡iKwU Pvc| 

 

Aa©e„Ë 

1. GKwU KKkx‡U O we› ỳ wPwýZ Kiæb| 

2. O-†K †K› ª̀ K‡i GKwU e„Ë AvuKzb| 

3. e„‡Ëi †K› ª̀ eivei cwiwa¯’ ỳwU  

        we› ỳ A, B wPwýZ Kiæb| 

4.  A, B †hvM Kiæb| 

5. AB †iLvsk e„‡Ëi e¨vm| 

6. e„‡Ëi cwiwa‡Z GKwU we› ỳ C wPwýZ Kiæb| 

7. AB e¨vm eivei †K‡U †djyb| 

8. Zvn‡j ACB e„ËwUi GKwU Pvc| 

9. GB ACB †K Aa©e„Ë ejv nq| 

A 

C 

D 

B 

E 

F 

           

         

. 

DcPvc 

AwaPvc 
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DcPvc 

1. GKwU KKkx‡U O we› ỳ wPwýZ Kiæb| 

2. O-†K †K› ª̀ K‡i GKwU e„Ë AvuKzb| 

3. e„‡Ëi †K› ª̀ eivei cwiwa¯’ ỳwU we› ỳ A, B wPwýZ Kiæb| 

4.  A, B †hvM Kiæb| 

5. AB †iLvsk e„‡Ëi e¨vm| 

6. e„‡Ëi cwiwa¯’ ỳBwU we› ỳ C, D wPwýZ Kiæb| 

7. C, D †hvM Kiæb| 

8. e„‡Ëi †K‡› ª̀i wecixZ cv‡k¦© E we› ỳ wPwýZ Kiæb| 

9. CD †iLvsk eivei e„ËwU‡K †K‡U †djyb| 

10. Zvn‡j CDE GKwU DcPvc| 

 

AwaPvc 

1. GKwU KKkx‡U O we› ỳ wPwýZ Kiæb| 

2. O-†K †K› ª̀ K‡i GKwU e„Ë AvuKzb| 

3. e„‡Ëi †K› ª̀ eivei cwiwa¯’ ỳwU e› ỳ A, B wPwýZ Kiæb| 

4.  A, B †hvM Kiæb| 

5. AB †iLvsk e„‡Ëi e¨vm| 

6. e„‡Ëi cwiwa¯’ ỳBwU we› ỳ C, D wPwýZ Kiæb| 

7. C, D †hvM Kiæb| 

8. e„‡Ëi †K› ª̀ AB Gi GKB cv‡k¦©  F wPwýZ Kiæb| 

9. CD †iLvsk eivei e„ËwU‡K †K‡U †djyb| 

10. CDF GKwU AwaPvc| 
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wk¶v_x© eÜziv, Dc‡iv³ Av‡jvPbv †_‡K e„ËPvc, Aa©e„Ë, DcPvc I AwaPvc 

msÁvwqZ Kivi †Póv Kwi| 
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ce©- L : e„Ë ’̄ †KvY I †K›`ª̄ ’ †KvY  

  

†K› ª̀̄ ’ †KvY 

1. KKkx‡U O we› ỳ wPwýZ Kiæb| 

2. O-†K †K› ª̀ K‡i GKwU e„Ë AvuKzb| 

3. e„‡Ëi cwiwa¯’ A, B we› ỳ wPwýZ Kiæb| 

4. O, A Ges O, B †hvM Kiæb| 

5.  OAB eivei KKkxUwU †K‡U wbb| 

6.  OAB-B e„‡Ëi †K› ª̀̄ ’ †KvY| 

 

e„Ë¯’ †KvY  

 

1. KKkx‡U O we› ỳ wPwýZ Kiæb| 

2. O-†K †K› ª̀ K‡i GKwU e„Ë AvuKzb| 

3. e„‡Ëi cwiwa eivei †K‡› ª̀i GKcv‡k A we› ỳ wPwýZ Kiæb| 

4. †K‡› ª̀i Aci cv‡k B, C ỳwU we› ỳ wPwýZ Kwi| 

5. A, B Ges A, C †hvM Kiæb| 

6.  BAC eivei †K‡U wbb| 

7.  BAC-B e„‡Ëi e„Ë¯’ †KvY| 

  

 

 

 

 

B A 
P 

†K› ª̀̄ ’ †KvY 

.O 

A 

B C 

           

         

e„Ë¯’ †KvY 
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wk¶v_x© eÜziv, Dc‡iv³ Av‡jvPbv †_‡K e„Ë ’̄ †KvY I †K›`ª̄ ’ †KvY‡K msÁvwqZ 

Kivi †Póv Kwi| 
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ce©- M: e„Ë m¤úKx©q wewfbœ mgm¨vmg~‡ni cvV`vb  

 

Òe„‡Ëi GKB Pv‡ci Dci `Ûvqgvb e„Ë ’̄ †KvY †K›`ª̄ ’ †Kv‡Yi A‡a©KÓ Dccv`¨wUi 

wPÎ wbævbymv‡i A¼b Kiv †h‡Z cv‡i- 

 

 

 

 

 

 

  

 

                                   

     wPÎ-1       wPÎ-2    wPÎ-3 

GLb Avgiv Dc‡iv³ mgm¨vwUi cvV`vb †KŠkj I mgvavb wb‡gœi Q‡K †jLvi †Póv 

Kwi| c‡i gyj wkLbxq welq †_‡K †R‡b †bB| 

 

 

 

 

 

 

  

 

B 

A 

D 

C 

A 

 O B 

C 

C 
D 

A 

B 

O 
O 
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BDwbU- 4  Awa‡ekb- 55 

g~j wkLbxq welq 

e„Ë m¤úwK©Z mgm¨v (2) 

 

e„ËPvc, DcPvc, Aa©e„Ë I AwaPvc: 

†Kvb e„‡Ë P I Q ỳBwU wbw ©̀ó we› ỳ n‡j P, Q Ges PQ Gi 

GKB cv‡k¦© Aew¯’Z e„‡Ëi we› ỳmg~‡ni †mU‡K e„ËwUi GKwU 

Pvc ejv nq| P I Q GB Pv‡ci cÖvšÍwe› ỳ Ges Pv‡ci Ab¨ 

mKj we› ỳ Zvi AšÍt¯’ we› ỳ| PvcwUi AšÍt¯’ we› ỳ R n‡j 

PvcwU‡K PRQ Pvc ejv nq Ges 



PRQ  cÖZxK Øviv cÖKvk 

Kiv nq| GUv‡K PQ PvcI ejv †h‡Z cv‡i| 

myZivs †Kvb e„‡Ëi ỳBwU wbw ©̀ó we› ỳ Ges H we› ỳØ‡qi GK 

cv‡k Aew¯’Z e„‡Ëi we›`ymg~‡ni †mU‡K e„ËwUi GKwU Pvc ejv 

nq| 

wPÎ- 1 G 



PRQ  Pv‡ci AšÍt¯’ we› ỳmg~n PQ Gi †h cv‡k 

†K› ª̀ Av‡Q Zvi wecixZ cv‡k Aew¯’Z| myZivs 



PRQ
 

Pvc‡K DcPvc ejv nq|  

wPÎ- 2 G PQ †iLvsk †K› ª̀ w`‡q hvq| myZivs 



PRQ
 

Pvc‡K Aa©e„Ë ejv nq| 

wPÎ- 3 G 



PRQ
 

Pv‡ci mKj we› ỳ Ges †K› ª̀ PQ Gi GKB cv‡k 

Aew¯’Z| myZivs 



PRQ
 

Pvc‡K AwaPvc ejv nq|  

 

 

 P Q 

wPÎ- 1 

R 

wPÎ- 2 

 P 

R 

wPÎ- 3 

 
P 

R 

Q 

 

Q
Q 

Q
Q 
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GKwU †Kv‡Yi kxl©we› ỳ †Kvb e„‡Ëi GKwU we› ỳ n‡j 

Ges †KvYwUi cÖ‡Z¨K evû‡Z kxl©we› ỳ QvovI 

e„‡Ëi GKwU we› ỳ _vK‡j †KvYwU‡K GKwU e„Ë¯’ †KvY 

ev e„‡Ë AšÍwj©wLZ †KvY ejv nq|  

  

 

 

GKwU †Kv‡Yi kxl©we› ỳ †Kvb e„‡Ëi †K‡› ª̀ Aew¯’Z n‡j †KvYwU‡K H e„‡Ëi GKwU †K› ª̀̄ ’ 

†KvY ejv nq Ges †KvYwU e„‡Ë †h Pvc LwÛZ K‡i †mB Pv‡ci Dci Zv Aew¯’Z ev 

`Ûvqgvb ejv nq| 

 

 

 

 

 

 

†Kvb eûfy‡Ri kxl©we› ỳ¸‡jv GKwU e„‡Ë Aew¯’Z n‡j eûfyRwU H e„‡Ë AšÍwj©wLZ n‡q‡Q 

ejv nq| †m †¶‡Î e„ËwU‡K eûfyRwUi cwie„Ë ejv nq Ges eûfyRwU‡K H e„‡Ë e„Ë¯’ 

eûfyR e‡j| 

 

 

 

 

 

 
A 

C 

B 
P 

e„Ë¯’ †KvY 

B 

A C 

e„Ë¯’ wÎfyR 

B 
C 

A 
D 

e„Ë¯’ PZy©fyR 

P 

†K› ª̀̄ ’ †KvY 

e„Ë ’̄ †KvY 

 †K›`ª̄ ’ †KvY 

e„Ë ’̄ eûfyR 

B A 

 
 O 
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e„‡Ëi GKB Pv‡ci Dci `Ûvqgvb e„Ë¯’ †KvY †K›`ª̄ ’ †Kv‡Yi A‡a©K| 

 

 

 

 

 

 

 

     wPÎ- 1       wPÎ- 2    wPÎ- 3 

 

g‡b Kwi, O †K› ª̀wewkó ABC GKwU e„Ë Ges Zvi GKB Pvc BC Gi Dci `Ûvqgvb 

e„Ë¯’ BAC Ges †K› ª̀̄ ’ BOC| 

cÖgvY Ki‡Z n‡e †h, BAC  
2
1
BOC 

cÖgvY: (1) cÖ_‡g g‡b Kwi, AC †iLvsk †K› ª̀ w`‡q hvq (wPÎÑ 1) 

G †¶‡Î, OAB G 

OA  OB (GKB e„‡Ëi e¨vmva©) 

OAB  OBA 

wKš‘ AOB Gi  

         ewnt ’̄ BOC=OAB+OBA=OAB+OAB=2OAB             

OAB = 
2
1
BOC 

A_©vr BAC = 
2
1
BOC 

(2) GLb g‡b Kwi, AC †iLvsk †K› ª̀Mvgx bq (wPÎÑ 2 I wPÎÑ 3)| G †¶‡Î A we›`y 

w`‡q e¨vm AD AvuwK| 

 

 

B 

A 

D 

C 

A 

 O B 

C 

C 
D 

A 

B 

O 

O 

Dccv`¨ 
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      GLb, CD Pv‡ci Dci `Ûvqgvb e„Ë¯’ CAD Gi AD evû †K› ª̀Mvgx| 

myZivs (1) Abyhvqx, CAD = 
2
1

 †K› ª̀̄ ’ COD 

Avevi, BD Pv‡ci Dci `Ûvqgvb e„Ë¯’ BAD Gi AD evû †K› ª̀Mvgx| 

myZivs (1) Abyhvqx 

BAD = 
2
1

 †K› ª̀̄ ’ BOD   

GLb, wPÎÑ 2 G (†hLv‡b B I C we› ỳ AD †iLvs‡ki wecixZ cv‡k¦©  

Aew¯’Z) 

CAD+BAD = 
2
1  (COD+BOD) 

ev, BAC = 
2
1
BOC 

Avevi, wPÎ- 3 G (†hLv‡b B I C we› ỳ AD ‡iLvs‡ki GKB  cv‡k¦© Aew¯’Z) 

CAD BAD =
2
1 (COD BOD) 

ev, BAC = 
2
1
 BOC 

 mKj †¶‡ÎB, BAC = 
2
1
BOC (cÖgvwYZ) 

 

g~j¨vqb: 

1.  e„ËPvc Kv‡K e‡j? 

2.  DcPvc I AwaPvc Gi wPÎmn msÁv w`b| 

3.  e„Ë ’̄ I †K› ª̀̄ ’ †KvY Kv‡K e‡j? 
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m¤¢ve¨ DËi: 

ce©- K: 

e„ËPvc: †Kvb e„‡Ë A I B `yBwU wfbœ we›`y n‡j A, B Ges AB Gi GK cv‡k¦© 

Aew ’̄Z e„‡Ëi we›`ymg~‡ni †mU‡K e„ËwUi GKwU Pvc ejv nq|   

                                                                           

 

 

 

 

 

A I B GB Pv‡ci cÖvšÍ we› ỳ Ges Pv‡ci Ab¨ mKj we›`y Zvi AšÍt ’̄ we› ỳ| Pv‡ci 

AšÍt ’̄ GKwU we›`y C wbw`©ó K‡i PvcwU‡K ACB Pvc e‡j AwfwnZ Kiv nq Ges 

ACB cÖZxK Øviv cÖKvk Kiv nq| 

 

Aa©e„Ë: †Kvb e„‡Ë ACB †K GKwU Aa©e„Ë ejv nq hw` AB  †K› ª̀ w`‡q hvq|  

  

 DcPvc: DcPvc ejv nq hw` PvcwUi AšÍt ’̄ we›`ymg~n AB  Gi †h cv‡k¦© e„‡Ëi 

†K› ª̀ Aew ’̄Z Zvi wecixZ cv‡k¦© _v‡K| 

     AwaPvc:  AwaPvc ejv nq hw` PvcwUi AšÍt ’̄ we› ỳmg~n I e„‡Ëi †K›`ª AB  Gi 

GKB cv‡k¦© _v‡K| 

  

 

 

 

 

A 

C 
GKwU Pvc 

B 

Aci GKwU Pvc 

A 

C 

D 

B 

E 

F 

           

         

. 

DcPvc 

AwaPvc 
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ce©- L 

e„Ë ’̄ †KvY: GKwU †Kv‡Yi kxl©we›`y †Kvb e„‡Ëi GKwU we› ỳ n‡j Ges †KvbwUi 

cÖ‡Z¨K evû‡Z kxl©we›`y QvovI e„‡Ëi GKwU we› ỳ _vK‡j †KvYwU‡K GKwU e„Ë ’̄ †KvY 

ev e„‡Ë AšÍwj©wLZ †KvY ejv nq|  

 

†K›`ª̄ ’ †KvY: GKwU †Kv‡Yi kxl©we›`y †Kvb e„‡Ëi †K‡›`ª Aew ’̄Z n‡j †KvYwU‡K H 

e„‡Ëi GKwU †K›`ª̄ ’ †KvY ejv nq Ges †KvYwU e„‡Ë †h Pvc LwÛZ K‡i †mB Pv‡ci 

Dci Zv Aew ’̄Z ev `Ûvqgvb ejv nq|  
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BDwbU- 4                       Awa‡ekb- 56 

 

e„Ë m¤úwK©Z mgm¨v (3) 

  

e„‡Ëi †Kvb we› ỳ‡Z GKwU gvÎ ¯úk©K A¼b Kiv hvq| ¯úk© we› ỳ‡Z ¯úk©‡Ki Dci AswKZ 

j¤̂ †K› ª̀Mvgx| e„‡Ëi †K› ª̀ †_‡K Gi †Kvb ¯úk©‡Ki Dci AswKZ j¤ ̂ ¯úk©we› ỳ w`‡q 

hvq| G Awa‡ek‡b e„‡Ëi †Q`K, ¯úk©K, mvaviY ¯úk©K, ¯úk© R¨v, ¯úk© †iLvsk Ges 

e„‡Ëi ¯úk©K m¤úKx©q wewfbœ mgm¨vmg~n Av‡jvPbv Kiv n‡e| 

 

D‡Ïk¨ 

GB Awa‡ekb †k‡l Avcwb- 

 †Q`K, ¯úk©K, mvaviY ¯úk©K, ¯úk© R¨v Ges ¯úk© †iLvsk wPÎmn e¨vL¨v  Ki‡Z 

cvi‡eb| 

 e„‡Ëi ¯úk©K m¤úKx©q wewfbœ mgm¨vmg~‡ni mgvavb ˆZwi Ki‡Z cvi‡eb| 

 e„‡Ëi ¯úk©K m¤úKx©q wewfbœ mgm¨vmg~‡ni  †kªYxK‡¶ cvV`vb m¤ú‡K© aviYv e¨³ 

Ki‡Z cvi‡eb| 

 

ce©mg~n  

ce©- K: †Q`K, ¯úk©K, mvaviY ¯úk©K, ¯úk© R¨v I ¯úk© †iLvsk 

mgZj¯’ GKwU e„Ë I GKwU mij †iLvi hw` ỳBwU †Q`we› ỳ _v‡K Z‡e †iLvwU‡K e„ËwUi 

GKwU †Q`K ejv nq Ges hw` GKwU I †Kej GKwU †Q`we› ỳ _v‡K Z‡e †iLvwU‡K e„ËwUi 

GKwU ¯úk©K ejv nq| Avevi, GKwU mij †iLv hw` ỳBwU e„‡Ëi ¯úk©K nq Z‡e Zv‡K e„Ë 

ỳBwUi GKwU mvaviY ¯úk©K ejv nq| 

 

 

f‚wgKv 
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Avmyb GLb Avgiv wb‡Pi wPÎ †_‡K ¯úk© R¨v Ges ¯úk© †iLvsk wPwýZ K‡i Zvi 

msÁv ˆZwi Kivi †Póv Kwi| 

 

Q 

P 

R 
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ce©- L: e„‡Ëi ¯úk©K m¤úKx©q wewfbœ mgm¨vmg~‡ni mgvavb I †kªYxK‡¶ 

cvV`vb   

 

ÔÔe„‡Ëi ewn:¯’ †Kvb we› ỳ †_‡K e„‡Ë ỳBwU ¯úk©K Uvb‡j, H we› ỳ †_‡K ¯úk© we› ỳØ‡qi 

~̀iZ¡ mgvb n‡eÓ Dccv`¨wUi wPÎ wb¤œvbymv‡i A¼b Kiv †h‡Z cv‡i- 

 

GLb Avgiv Dc‡iv³ mgm¨vwUi cvV`vb †KŠkj I mgvavb wb‡Pi Q‡K †jLvi †Póv Kwi| 

c‡i g~j wkLbxq welq †_‡K mgvavb †R‡b †bB| 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A 

P 
B 

C O 
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BDwbU- 4                      Awa‡ekb- 56 

 

g~j wkLbxq welq 

e„Ë m¤úwK©Z mgm¨v (3) 

 

†Q`K:  

mgZj¯’ GKwU e„Ë I GKwU mij †iLvi hw` ỳBwU †Q`we› ỳ _v‡K Z‡e †iLvwU‡K e„ËwUi 

GKwU †Q`K ejv nq Ges hw` GKwU I †Kej GKwU †Q`we› ỳ _v‡K Z‡e †iLvwU‡K e„ËwUi 

GKwU ¯úk©K ejv nq| mvaviY we› ỳwU‡K ¯úk©‡Ki ¯úk© we› ỳ ejv nq| wP‡Î 



MOMN , e„ËwUi †Q`K Ges 



MQ e„ËwUi GKwU ¯úk©K| M GB ¯úk©‡Ki ¯úk©we› ỳ| 

 

 

 

 

                                                            Q 

  

 

†Kvb †iLv †Kvb e„Ë‡K mgvcwZZ we› ỳ‡Z †Q` Ki‡j mij‡iLv‡K e„‡Ëi ¯úk©K ejv nq| 

mgvcwZZ we› ỳ‡K ¯úk© we› ỳ ejv nq| †Kvb e„‡Ëi ¯úk© we› ỳMvgx ¯úk©‡Ki Dci j¤ ̂

†iLv‡K H we› ỳ‡Z e„‡Ëi Awfj¤̂ ejv nq| 

 

GKwU mij‡iLv hw` ỳBwU e„‡Ëi ¯úk©K nq Z‡e Zv‡K e„Ë ỳBwUi GKwU mvaviY ¯úk©K 

ejv nq| wP‡Î PQ Dfq e„‡Ëi mvaviY ¯úk©K| 

 

M 

N 

O 
 

 

e„‡Ëi 

¯úk©K 

mvaviY 

¯úk©K 
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wPÎ-4 

Q 

P 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ỳBwU e„‡Ëi †Kvb mvaviY ¯úk©‡Ki ¯úk©we› ỳ ỳBwU wfbœ n‡j ¯úk©KwU‡K- 

 

(1) mij mvaviY ¯úk©K ejv nq hw` e„Ë ỳBwUi †K› ª̀Øq ¯úk©‡Ki GKB cv‡k¦© _v‡K Ges  

(2) Zxh©K mvaviY ¯úk©K ejv nq hw` e„Ë ỳBwUi †K› ª̀Øq ¯úk©‡Ki wecixZ cv‡k¦© _v‡K| 

wPÎ 1 Ges wPÎ 3 mij mvaviY ¯úk©K| wPÎ 2 Ges wPÎ 4 Zxh©K mvaviY ¯úk©K| 

 

†Kvb e„‡Ëi ewnt¯’ †Kvb we› ỳ n‡Z e„‡Ë Aw¼Z ỳBwU ¯úk©‡Ki ¯úk© we› ỳØ‡qi ms‡hvRK 

†iLvsk‡K e„ËwU‡Z H we› ỳi ¯úk© R¨v ejv nq| wP‡Î QR, P we› ỳi ¯úk© R¨v|  

 

†Kvb e„‡Ëi ewnt¯’ †Kvb we› ỳ Ges H we› ỳ w`‡q hvq Ggb ¯úk©‡Ki ¯úk©  we› ỳi ms‡hvRK 

†iLvsk‡K H e„‡Ë AswKZ GKwU ¯úk© †iLvsk ejv nq|  

 

wP‡Î PQ Ges PR †iLvsk P we› ỳ †_‡K e„‡Ë Aw¼Z ¯úk© †iLvsk|   

 

                   

  

  

 

P Q 
wPÎ-1 

P 

Q 

wPÎ-2 

P 

Q 

wPÎ-3 

Q 

P
Q 

R
Q 

¯úk© R¨v 

¯úk© 

†iLvsk 
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e„‡Ëi Dci¯’ †Kvb we› ỳ‡Z Aw¼Z ¯úk©K Ges H we› ỳMvgx †h ‡Kvb R¨v Gi AšÍM©Z †KvY 

Zvi GKvšÍi e„Ëvsk¯’ †h †Kvb †Kv‡Yi mgvb| 

 

 

 

 

 

 

 

 

g‡b Kwi, O †K› ª̀wewkó e„‡Ëi Dci¯’ A we› ỳ‡Z PAQ GKwU ¯úk©K Ges H we› ỳMvgx  

AC GKwU R¨v| g‡b Kwi, AC R¨v e„ËwU‡K ABC Ges AEC Pv‡c wef³ K‡i‡Q †hLv‡b 

B we› ỳ Q Gi w`‡K Ges E we› ỳ P Gi w`‡K Av‡Q| Zvn‡j AEC, QAC Gi GKvšÍi 

e„Ëvsk¯’ †KvY Ges ABC, PAC Gi GKvšÍi e„Ëvsk¯’ †KvY|  

cÖgvY Ki‡Z n‡e †h, QAC= GKvšÍi e„Ëvsk¯’ AEC  

Ges PAC= GKvšÍi e„Ëvsk¯’ ABC| 

A¼b: A we› ỳMvgx e¨vm AD AvuwK Ges D, C †hvM Kwi| 

cÖgvY: †h‡nZz A ¯úk© we› ỳ‡Z PAQ ¯úk©K Ges AD e¨vm| 

AZGe, DAQ = GK mg‡KvY 

Ges ACD = GK mg‡KvY [Aa©e„Ë ’̄ †KvY] 

DAC+ADC = GK mg‡KvY 

Ges DAC+QAC = DAQ = GK mg‡KvY 

AZGe, DAC+ADC = DAC+QAC 

. 

A 

D 

E 

C 

O 
B 

P Q 

Dccv`¨ 
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ADC = QAC. 

wKš‘ ADC=AEC [†h‡nZz GKB Pvc Gi Dci `Ûvqgvb e„Ë¯’  †KvY] 

QAC = AEC. 

†h‡nZz ABCE PZzf©~RwU e„‡Ë AšÍw©j©wLZ, 

ABC+AEC = ỳB mg‡KvY 

Avevi, PAC+QAC = ỳB mg‡KvY| [ˆiwLK hyMj †KvY] 

AZGe, PAC+QAC=ABC+AEC 

PAC=ABC [‡h‡nZz QAC=AEC] (cÖgvwYZ) 

e„‡Ëi ewnt¯’ †Kvb we› ỳ †_‡K e„‡Ë ỳBwU ¯úk©K Uvb‡j, H we› ỳ †_‡K ¯úk©we› ỳØ‡qi ~̀iZ¡ 

mgvb n‡e| 

 

g‡b Kwi, O †K› ª̀wewkó ABC e„‡Ë P GKwU we› ỳ| PA I PB †iLvØq e„‡Ëi ỳBwU 

¯úk©K| cÖgvY Ki‡Z n‡e, PA= PB. 

A¼b: O, A; O, B Ges O, P †hvM Kiæb| 

cÖgvY: OAP=OBP= GK mg‡KvY 

GLb, PAO I PBO mg‡KvYx wÎfyRØ‡q 

OA evû = OB evû [GKB e„‡Ëi e¨vmva©] 

Ges AwZfyR PO mvaviY evû 

 

A 

P 
B 

C O 

Dccv`¨ 
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 PAO  PBO 

myZivs PA = PB (cÖgvwYZ)  

g~j¨vqb: 

 

1.wPÎmn e¨vL¨v Kiæb: †Q`K, ¯úk©K, mvaviY ¯úk©K, ¯úk© R¨v I ¯úk© †iLvsk| 

 

m¤¢ve¨ DËi: 

ce©- K 

 

†Kvb e„‡Ëi ewnt¯’ †Kvb we› ỳ n‡Z e„‡Ë Aw¼Z ỳBwU ¯úk©‡Ki ¯úk© we› ỳØ‡qi ms‡hvRK 

†iLvsk‡K e„ËwU‡Z H we› ỳi ¯úk© R¨v ejv nq| wP‡Î QR, P we› ỳi ¯úk© R¨v|  

 

†Kvb e„‡Ëi ewnt¯’ †Kvb we› ỳ Ges H we› ỳ w`‡q hvq Ggb ¯úk©‡Ki ¯úk©  we› ỳi ms‡hvRK 

†iLvsk‡K H e„‡Ë AswKZ GKwU ¯úk© †iLvsk ejv nq|  

 

wP‡Î PQ Ges PR †iLvsk P we› ỳ †_‡K e„‡Ë Aw¼Z ¯úk© †iLvsk|   

 

                   

  

  

 

Q 

P
Q 

R
Q 

¯úk© R¨v 

¯úk© 

†iLvsk 
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 BDwbU- 4                     Awa‡ekb- 57 

†f±i (1) 

  

GZw`b gva¨wgK †kªYx‡Z MwY‡Z exRMwYZ, cvwUMwYZ, R¨vwgwZ, wÎ‡KvYwgwZ BZ¨vw` 

†kLv‡bv n‡q‡Q| eZ©gv‡b MwY‡Zi bZzb wm‡jev‡m Ô†f±iÕ kvLvwU hy³ Kiv n‡q‡Q| 

weÁv‡bi wewfbœ MvwYwZK mgm¨v mgvav‡b we‡kl K‡i MwYZ kv‡¯¿i A‡bK mgm¨v mgvav‡b 

†f±‡ii cÖ‡qvM LyeB Acwinvh© weavq ¯‹zj n‡ZB †f±i wk¶v`v‡bi GKwU we‡kl c`‡¶c 

†bqv n‡q‡Q| G c`‡¶cwU MwYZ wk¶ve¨e¯’vi GKwU gnZx D‡`¨vM ejv P‡j| 

 

D‡Ïk¨  

GB Awa‡ekb †k‡l Avcwb- 

 ivwk wK Zv ej‡Z cvi‡eb| 

 ivwki †kªYxwefvM Ki‡Z cvi‡eb| 

 †f±i ivwk, †¯‹jvi ivwk I aviK †iLv wK Zv ej‡Z cvi‡eb|  

 wewfbœ cÖKvi †f±‡ii e¨vL¨v Ki‡Z cvi‡eb| 

 †f±‡ii †hvM I we‡qvM wewa ej‡Z cvi‡eb| 

 †f±‡ii †hvM I we‡qvM wewa cÖgvY Ki‡Z cvi‡eb| 

 

ce©mg~n 

ce©- K: ivwk I †f±‡ii eY©bv Ges Zv‡`i †kªYxwefvM ivwk ỳB cÖKvi| h_v: (1) †¯‹jvi 

ivwk  I (2) †f±i ivwk   

f‚wgKv 
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wb‡Pi ivwk¸‡jv †¯‹jvi bv †f±i Zv wPwýZ K‡i wbw ©̀ó N‡i emvb| 

 

 †eM, Z¡iY, AvqZb, fi, IRb, ª̀æwZ, ej, ZvcgvÎv, KvR, mgq| 

 

†¯‹jvi ivwk †f±i ivwk 

ˆ`N© 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

miY 

 



gva¨wgK wkÿK cÖwkÿY- weGW 

 243

 

ce©- L: †f±‡ii †hvM I we‡qvM wewa   

                               

 

Dc‡ii wÎfyR †_‡K †f±‡ii †hvM I we‡qvMwewa wK n‡Z cv‡i? wPšÍv Kiæb Ges Zv wjL‡Z 

†Póv Kiæb| 

 

 

 

 

 

 

 

 

 

 

 

u 

u 

v 

A B 

C 
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BDwbU- 4                      Awa‡ekb- 57 

g~j wkLbxq welq 

†f±i (1) 

 

ivwk: †fŠZ RM‡Zi hv wKQy cwigvc Kiv hvq, Zv msL¨vi ga¨‡g cÖKvk Ki‡j ivwk cvIqv 

hvq| †hgb: ~̀iZ¡ cwigvc, †eM, cwigvc BZ¨vw`|  

     ivwk 2 cÖKvi| h_v- 1| †¯‹jvi ivwk, 2| †f±i ivwk  

†¯‹jvi ivwk: †h mKj ivwki ïay gvb Av‡Q Zv‡`i‡K †¯‹jvi ivwk e‡j| †hgb: ~̀iZ¡, fi 

BZ¨vw`| 

 

†f±i ivwk: †h mKj ivwki gvb I w`K DfqB we`¨gvb Zv‡`i‡K †f±i ivwk e‡j| †hgb: 

ej, IRb BZ¨vw`| 

 

aviK †iLv: †Kvb †f±‡ii w`K wb‡ ©̀kK †iLvsk †h Amxg mij‡iLvi Ask we‡kl, Zv‡K 

H †f±‡ii aviK †iLv ev  aviK ejv nq| 

 

 
†f±‡ii ˆ`N¨©: †Kvb †f±‡ii hZUzKz ˆ`N¨© Øviv m~wPZ nq ZZUzKz ˆ`‡N©̈ i cwigvc‡K 

†f±‡ii ˆ`N¨© e‡j| †hgb: AB †f±‡ii ˆ`N¨© │AB │Øviv cÖKvk Kiv nq|  

D`vniY:  

                                   A 
 

                                  B 
mgvb †f±i: hw` ỳBwU †f±‡ii gvb mgvb, aviK †iLv GKB ev mgvšÍivj Ges †f±i ỳBwUi 

w`K GKB AwfgyLx nq Z‡e †f±iØq‡K mgvb †f±i ejv nq| †hgb: ỳBwU †f±i         

│A│=│B│ 

A B 
u 
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wecixZ †f±i: hw` ỳBwU †f±‡ii gvb mgvb, aviK‡iLv Awfbœ ev mgvšÍivj Ges †f±i 

ỳBwUi w`K wecixZ gyLx nq Z‡e †f±i ỳBwUi GKwU‡K AciwUi wecixZ †f±i ejv nq| 

†hgb: U =  U 

D`vniY:  

                                   u 

 

                                  − u 

k~b¨ †f±i: †h †f±‡ii ciggvb k~b¨ Ges hvi w`K ˆ`N¨© wbY©q Kiv hvq bv Zv‡K k~b¨ 

†f±i ejv nq Zv 0 cÖZxK Øviv m~wPZ nq| 

 

m „̀k †f±i: ỳBwU †f±‡ii aviK †iLv Awfbœ ev mgvš—ivj n‡j Ges w`K GKB n‡j 

Zv‡`i‡K m „̀k †f±i ejv nq| 

D`vniY:  

                                   A 

 

                                  B 

GKK †f±i: †h †f±‡ii ˆ`N¨© GK GKK Zv‡K GKK †f±i e‡j|  

 

†Kvb wÎfy‡Ri mwbœwnZ ỳwU evû GKB µ‡g ỳwU GKB RvZxq †f±i‡K wb‡ ©̀k K‡i, Zvn‡j 

wÎfy‡Ri Z…Zxq evûwU wecixZµ‡g †f±‡ii jwäi gvb I w`K wb‡ ©̀k K‡i| †Kvb u 

†f±‡ii cÖvšÍ we› ỳ †_‡K Aci GKwU †f±i v AuvKv n‡j u + v Øviv Giƒc †f±i †evSvq 

hvi Avw`we› ỳ u Gi Avw`we› ỳ Ges hvi cÖvšÍwe› ỳ v Gi cÖvšÍwe› ỳ| 

 

 

 
v 

A 
B 

C 
 

 

u 

†f±‡ii 

†hv‡Mi 

wÎfyR wewa 
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u Gi cÖvšÍwe› ỳ A n‡Z Aci GKwU †f±i v m~wPZ n‡j u Gi Avw` we› ỳ Ges v Gi cÖvšÍ 

we› ỳ ms‡hvM mij†iLv OC, (u + v) †K D³ †f±iØ‡qi jwä †f±i e‡j| u , v Ges u + 

v †f±iÎq Øviv wÎfyR Drcbœ nq e‡j Dc‡iv³ †hvRb c×wZ‡K wÎfyR wewa ejv nq| 

 

 

 

 

 

 

g‡b Kwi OA = u Ges OB = v, OACB mvgvšÍwiK I Zvi OC KY© AsKb Kwi| wÎfyR 

wewa Abymv‡i OA + AC = OC 

 

ev, OA + OB = OC  [ OBAC v ] 

 u  +   v   = OC   

 

hw` ‡Kvb mvgvšÍwi‡Ki GKB we› ỳ †_‡K Aw¼Z ỳwU mwbœwnZ evû Øviv †Kvb †Kv‡Yi Dci 

GKKvwjb wµqvkxj GKB RvZxq ỳwU †f±‡ii gvb I w`K wb‡ ©̀k Kiv nq, Zvn‡j H 

we› ỳ †_‡K Aw¼Z mvgvšÍwi‡Ki KY©wU †f±i ỳwUi wgwjZ d‡ji ev jwäi gvb I w`K 

wb‡ ©̀k K‡i| 

 

†f±i we‡qv‡Mi ‡¶‡Î †h †f±i‡K we‡qvM Ki‡Z n‡e Zvi FYvZ¡K †f±i‡K Aci 

†f±‡ii mv‡_ †hvM Ki‡jB we‡qvM dj cIqv hvq| 

 

 

 

 

 

  A    B 

C 

u 

 v 

A u O 

C 
B 

v 

†f±‡ii 

mvgvšÍwiK 

wewa 

†f±‡ii 

we‡qvM wewa 
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u Ges v †f±i Ø‡qi we‡hvMdj u – v ej‡Z u Ges (- v) ( v Gi wecixZ †f±i) 

†f±iØ‡qi †hvMdj u + (- v) †evSvq|  

u = AB , v = AC  n‡j u – v = CB 

A_©vr AB – AC = CB 

 

†f±i ivwk I †¯‹jvi ivwki cv_©K¨: 

 

†f±i ivwk †¯‹jvi ivwk 

1. †h mKj ivwk‡K cÖKv‡ki Rb¨ gvb I 

w`K Dfq cÖ‡qvRb nq ZvnvB †f±i 

ivwk| 

2. ïay gvb ev ïay w`K ev Df‡qi 

cwieZ©b n‡j †f±i ivwki cwieZ©b 

nq| 

3. †f±i ivwki †hvM, we‡qvM, ¸Y 

BZ¨vw` mvaviY MwY‡Zi wbq‡g nqbv, 

†f±‡ii wbqgvbymv‡i nq| 

4. ỳwU ‡f±i ivwvki ¸Ydj ‡¯‹jvi ivwk 

A_ev  †f±i ivwk n‡Z cv‡i|   

1. †h mKj ivwk‡K ïay gvb Øviv m¤ú~Y©iƒ‡c 

cÖKvk Kiv hvq ZvB †¯‹jvi ivwk| 

2. ïay gvb cwieZ©b n‡j †¯‹jvi ivwk 

cwieZ©b nq| 

 

3. †¯‹jvi ivwki †hvM, we‡qvM, ¸Y BZ¨vw` 

mvaviY MwY‡Zi wbq‡g nq| 

 

4. ỳwU †¯‹jvi ivwki ¸Ydj me©̀ v GKwU 

†¯‹jvi ivwk| 
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g~j¨vqb: 

1|   wb‡gœi ivwk¸‡jv †_‡K †f±i ivwk I †¯‹jvi ivwk Avjv`v Kiæb| 

(K) ˆ`N¨©, (L) Z¡iY, (M) AvqZb, (N) fi, (O) ª̀æwZ, (P) ZvcgvÎv, (Q) miY, 

(R) KvR, (S) †eM, (T) mgq , (U) IRb, (V) ej| 

2|   wb‡gœi †f±i¸‡jv wPÎmn e¨vL¨v Kiæb| 

(K) mgvb †f±i, (L) wecixZ †f±i, (M) k~b¨ †f±i, (N) GKK †f±i, (O) m „̀k 

†f±i| 

 

m¤¢ve¨ DËi: 

ce©- K I ce©- L 

g~j wkLbxq welq †_‡K †R‡b wbb|  
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BDwbU- 4                     Awa‡ekb- 58 

†f±i (2) 

  

eZ©gvb hy‡M Ô†f±iÕ-Gi Ávb AR©b I Gi cÖ‡qvM MwYZkv‡¯¿ GKwU AZxe ¸iæZ¡c~Y© kvLv 

wn‡m‡e we‡ewPZ| MwYZwe`, c`v_©we`, cÖ‡KŠkjx I wewfbœ kvLvi weÁvbxMY Zv‡`i 

MvwYwZK mgm¨v mgvav‡bi Rb¨ Ô†f±iÕ e¨envi K‡i _v‡Kb| we‡kl K‡i dwjZ weÁv‡bi 

†¶‡Î, R¨vwgwZK a¨vb aviYv e¨vL¨vq, ejwe`¨vi †¶‡Î †f±‡ii cÖ‡qvM Acwimxg| 

msw¶ßfv‡e ejv hvq, wdwRK¨vj mv‡qÝ-Gi A‡bK MvwYwZK mgm¨v mgvav‡bi Rb¨ Ô†f±iÕ 

GKwU mnR fvlv I c×wZ wn‡m‡e e¨envi Kiv n‡q _v‡K|  

 

D‡Ïk¨ 

GB Awa‡ekb †k‡l Avcwb- 

 †f±‡ii wewa I ag© e¨vL¨v Ki‡Z cvi‡eb|  

 †f±‡ii wewa I ag© cÖ‡qvM Ki‡Z cvi‡eb|   

 †f±‡ii mvnv‡h¨ R¨vwgwZi cÖgvY Ki‡Z cvi‡eb| 

 

ce©mg~n 

ce©- K: †f±‡ii wewa I ag© e¨vL¨vKiY I Zvi cÖ‡qvM  

 

Av‡Mi Awa‡ek‡b †f±i m¤ú‡K© †R‡b‡Qb| GLb †f±i m¤úwK©Z wKQz wewa wjL‡Z †Póv 

Kiæb| 

 

 

 

f‚wgKv 

C B 

O A 
u 

V 
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Dc‡ii wPÎ †_‡K †f±‡ii †hv‡Mi wewawU wjLyb Ges Zvi cÖgvY w`‡Z †Póv Kiæb| 
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ce©- L: †f±‡ii mvnv‡h¨ R¨vwgwZi cªgvY  

c~‡e© R¨vwgwZK ivwki mvnv‡h¨ R¨vwgwZi cÖgvY K‡i‡Qb| GLb †f±i ivwki mvnv‡h¨ cÖgvY 

Ki‡Z n‡e| wPšÍv Kiæb g~j cv_©K¨ †Kv_vq Ges †f±‡ii mvnv‡h¨ R¨vwgwZi cÖgvY Ki‡Z 

†M‡j wK ai‡bi DcKiY cÖ‡qvRb Zvi GKwU ZvwjKv cª̄ ‘Z Kiæb| 
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BDwbU- 4                     Awa‡ekb- 58 

g~j wkLbxq welq 

†f±i (2) 

 

†hv‡Mi wewbgq m~Î: 

 

 

†h †Kvb u , V †f±‡ii Rb¨ u + v = v + u|  

 

cÖgvY: 

 

g‡b Kwi  OA = u Ges OB = V, OACB mvgvšÍwiK I Zvi  OC KY© A¼b Kwi| 

OA I BC mgvb I mgvšÍivj Ges OB I AC mgvb I mgvšÍivj|  

AZGe OC = OA +AC = u + v 

Avevi OC = OB + BC = v + u 

u + v = v + u  

cÖgvwYZ| 

C B 

O A 
u 

V 
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†hv‡Mi ms‡hvM m~Î: 

(A + B) + C = A + (B + C)  

 

 

 

 

 

 

cÖgvY: 

g‡b Kwi  OP = A , PQ = B Ges QR = C 

GLb OQ, PR Ges OR ‡hvM K‡i wÎfyR m~Îvbymv‡i cvB| 

OP + PQ = OQ =( A + B ) 

Ges PQ + QR = ( B + C) 

GLb OQ + QR = OR   

(A + B) + C = D .................. (1) 

Avevi, OP + PR = OR 

A + ( B + C) = D .................. (2) 

 (1) I (2) bs n‡Z cvB 

(A + B) + C = A + (B + C)   

cÖgvwYZ| 

e›Ubm~Î: 

m, n ỳwU †¯‹jvi Ges U,  V ỳwU †f±i n‡j, 

(1) (m+n)u = mu + nu  

(2) m(u +v)= mu + mv  
 

R 
D C 

O 

P 
A B 

    Q 
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cÖgvY: 

(1) m ev n k~b¨ n‡j m~ÎwU Aek¨B Lv‡U|  

g‡b Kwi, m, n Df‡q abvZ¥K Ges 


AB mu  

 

 umAB 


 

 

 

 

 

AB †K C ch©šÍ ewa©Z Kwi †hb unBC 


 nq|  




BC nu Ges 

unmunumBCABAC )( 


 

unmAC )( 


 

wKš‘ 



 BCABAC  

 unmunum )(   

m, n Df‡q FYvZ¥K n‡j (m+n)u Gi ˆ`N©̈  n‡e 

unm )(   Ges w`K n‡e u Gi w`‡Ki wecixZ w`K, ZLb 

mu + nu †f±iwUi ˆ`N©̈  n‡e  unmunum  Ges w`K n‡e u Gi wecixZ 

w`K| †h‡nZz m<0 Ges n<0 n‡j  

nmnm   nq, †m‡nZz G ‡¶‡ÎI 

(m+n)u =mu+nu 

A 

B 

C 

u 

u 
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(2)  

 

g‡b Kwi, 


OA u ,    


AB  v 

 

Zvn‡j vuABOAOB   

OA †K C ch©šÍ ewa©Z Kwi †hb OC = m.OA nq| C we› ỳ w`‡q Aw¼Z AB Gi 

mgvšÍivj CD †iLv OB Gi ewa©Zvsk‡K D we› ỳ‡Z †Q` K‡i|  

†h‡nZz OAB Ges OCD wÎfyRØq m „̀k,  

†h‡nZz m
OB

OD

AB

CD

OA

OC
  

 vmABmCD   

wPÎ- 1 G m abvZ¥K, wPÎ- 2 G m FYvZ¥K| 

 OC = m. OA,  CD = m. AB,  OD=m. OB 

G¶‡Y ODCDOC   

ev,      OBmABmOAm   

 mu + mv = m (u + v) (cÖgvwYZ) 

O 
A C 

D 

B 

u 

v C 

D 
mu 

mv 
 

mu 
 

O 

u + v 
  B 

   

 v 

 A 
u 

wPÎ- 1 

wPÎ- 2 
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eR©b wewa: 

†h †Kvb u , v ,  w †f±‡ii Rb¨ u + v =u + w n‡j, v = w n‡e| 

cÖgvY:  

 u + v =u + w   

 u + v + (u )= u + w +(u ) (Dfqc‡¶ u †hvM K‡i) 

ev, u u + v =u u + w  

ev, v = w  
 

†f±i wewai mvnv‡h¨ cÖgvY Kiæb, wÎfy‡Ri †h †Kvb  ỳB evûi ga¨we› ỳØ‡qi ms‡hvRK 

†iLvsk H wÎfy‡Ri Z…Zxq evûi mgvšÍivj I Zvi A‡a©K 

 

g‡b Kwi, ABC wÎfy‡Ri AB I AC evûØ‡qi ga¨we› ỳ h_vµ‡g D I E. D, E †hvM 

Kwi| cÖgvY Ki‡Z n‡e †h, DE ║ BC Ges DE = ½ BC 

 

 

 

 

 

cÖgvY: †f±i we‡qv‡Mi wÎfyRwewa Abymv‡i,  

)1.........(..........


 DEADAE  

 Ges 



 BCABAC  

wKš‘



 ADABAEAC 2,2 [ D, E we› ỳ h_vµ‡g AB I AC Gi ga¨we› ỳ] 



 BCABAC  †_‡K cvB  



 BCADAE 22 A_©vr 



 BCADAE )(2  



 BCDE2  [ (1) n‡Z] 

A 

B C 

E D 



gva¨wgK wkÿK cÖwkÿY- weGW 

 257

myZivs 



 BCDE
2
1

 ev 

2
1

DE


BC Ges 



DE I 



BC †f±iØ‡qi aviK †iLv GKB ev 

mgvšÍivj| wKš‘ GLv‡b aviK †iLv GK bq| myZivs 



DE I 



BC †f±iØ‡qi aviK †iLvØq 

A_©vr DE Ges BC mgvšÍivj| (cÖgvwYZ) 

 

†f±i wewai mvnv‡h¨ cÖgvY Kiæb, mvgvšÍwi‡Ki KY©Øq ci¯úi‡K mgwØLwÛZ K‡i: 

g‡b Kwi, ABCD mvgvšÍwi‡Ki AC I BD KY©Øq ci¯úi O we› ỳ‡Z †Q` K‡i‡Q| 

g‡b Kwi, dODcOCbBOaAO 


,,,  

cÖgvY Ki‡Z n‡e †h, dbca  ,  

 

 

 

 

 

 

 

cÖgvY: 



 ADODAO Ges 



 BCOCBO  

†h‡nZz mvgvšÍwi‡Ki evûØq mgvb I mgvšÍivj, 


 BCAD  

A_©vr 



 OCBOODAO  

A_©vr a + d = b + c   

A_©vr a  c = b  d [Dfqc‡¶  c  d †hvM K‡i] 

C 

A B 

D 

a b 

c d 

O 
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a I c Gi aviK AC.  a  c Gi aviK AC. 

b I d Gi aviK BD.  b  d Gi aviK BD. 

 

a  c I b  d ỳBwU mgvb mgvb Ak~b¨ †f±i n‡j Zv‡`i aviK †iLv GKB A_ev 

mgvšÍivj n‡e wKš‘ AC I BD ỳBwU c„_K AmgvšÍivj mij‡iLv| myZivs a  c I b  d 

†f±iØq Ak~b¨ n‡Z cv‡i bv| 

 

 a  c = 0 ev a = c Ges b  d = 0 ev b = d 

ca   Ges db    

 

mvgvšÍwi‡Ki KY©Øq ci¯úi‡K mgwØLwÛZ K‡i| (cÖgvwYZ) 
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†f±i wewai mvnv‡h¨ cÖgvY Kiæb, †Kvb PZzfy©‡Ri mwbœwnZ evû¸‡jvi ga¨we› ỳi 

ms‡hvRK †iLvmg~n GKwU mvgvšÍwiK Drcbœ K‡i 

 

 

 

 

 

 

 

 

g‡b Kwi, ABCD PZzfy©‡Ri evû¸‡jvi ga¨we› ỳ P, Q, R, S| P I Q, Q I R, R I S 

Ges S I P †hvM Kwi| cÖgvY Ki‡Z n‡e †h, PQRS GKwU mvgšÍwiK|  

 

cÖgvYt g‡b Kwi, dDAcCDbBCaAB 


,,,  

Zvn‡j, )(
2
1

2
1

2
1 baBCABBQPBPQ 



 

Abyiƒcfv‡e,    dcRScbQR 


2
1,

2
1

 Ges  adSP 


2
1

 

wKš‘     0


ACACCAACdcba  

A_©vr a + b = ( c + d) 

   


 SRRSdcbaPQ
2
1

2
1

 

 PQ Ges SR mgvb I mgvšÍivj| 

Abyiƒcfv‡e, QR Ges PS mgvb I mgvšÍivj| 

 PQRS GKwU mvgšÍwiK| (cÖgvwYZ) 

A B 

C 

D R 

S 
Q 

P 
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A , B ỳwU †f±i n‡j  

│A + B│≤ │A│ + │B│: 

 

 

 

 

 

cªgvY: 

 

g‡b Kwi OPQ wÎfy‡Ri OP = A, PQ = B Z‡e OQ = A + B ,  

│A + B│= │OQ│ 

Avgiv Rvwb, wÎfy‡Ri †h‡Kvb ỳB evûi †hvMdj Aci evû A‡c¶v e„nËi| 

AZGe, OQ < OP + PQ 

=>│A + B│ < │A│ + │B│............ (1) 

hLb O,P Ges Q  we› ỳ GKB mij †iLvq Ae¯’vb K‡i ZLb 

│A + B│ = │A│+│B│ ................... (2)  

1 I 2 bs n‡Z cvB  

│A + B│ ≤ │A│+│B│(cÖgvwYZ) 

 

g~j¨vqb: 

1| m, n ỳwU †¯‹jvi Ges u, v ỳwU †f±i n‡j cÖgvY Kiæb: 

(i) (m+n)v = mv + nv   

      (ii) m(u + v) = mu + mv 

O  P 

Q 
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2|  eR©b wewa cÖgvY Kiæb| 

3| †f±i c×wZ‡Z cÖgvY Kiæb †h, †Kvb PZzfy©‡Ri mwbœwnZ evû¸‡jvi ga¨we› ỳi ms‡hvRK 

†iLvmg~n GKwU mvgvšÍwiK Drcbœ K‡i| 

4|  A + B ỳÕwU †f±i n‡j †`Lvb †h, A + B│≤ │A│ + │B│ 

5|  

 

(a) ?


MK  

(b) ?


NK  

(c) ?


NL  

(d) ?


KN  

 

N 3a M 

   L 

 b 

a   K 
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6|  

 

(a) ?


FE  

(b) ?


BC  

(c) ?


FC  

(d) ?


DA  

 

m¤¢ve¨ DËi: 

ce©- K  I ce©- L:  

g~j wkLbxq welq †_‡K †R‡b wbb|  

F D 

    

2b 

 a 

  A 

a 

C B 

3b  

  b 

 
E 
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BDwbU- 4                      Awa‡ekb- 59 

 

wÎ‡KvYwgwZ (1) 

 

MwY‡Zi GKwU aviv ev wefvM nj wÎ‡KvYwgwZ| A‡bK †¶‡ÎB ~̀iZ¡ ev D”PZv †mvRvmywR 

cwigvc Kivi Dcvq wQj bv| wÎfy‡Ri wewfbœ Ask wbY©‡qi gva¨‡gB ïiæ nq Giƒc ~̀iZ¡ ev 

D”PZv‡K m~² I mwVKfv‡e cwigv‡ci| Gfv‡eB D™¢e nq wÎ‡KvYwgwZ ev 

Trigonometry| MwY‡Zi BwZnvm ch©v‡jvPbv Ki‡j †`Lv hvq wÎ‡KvYwgwZi D™¢eKvj 

L„óc~e© wØZxq kZvãxi gvSvgvwS| MÖxK kã Tri (wÎ) Gonia (†KvY) Metron (cwigvc) 

A_©vr eyrcwËMZfv‡e wÎ‡KvYwgwZ nj wZb †KvY ev wÎfy‡Ri cwigvc| 

 

D‡Ïk¨ 

GB Awa‡ekb †k‡l Avcwb 

 300, 450, 600  

†Kv‡Yi wÎ‡KvYwgwZK AbycvZ wbY©q Ki‡Z cvi‡eb|  

 00
 I 900 

†Kv‡Yi wÎ‡KvYwgwZK AbycvZ wbY©q Ki‡Z cvi‡eb|   

 wÎ‡KvYwgwZK Abycv‡Zi gvb QK AvKv‡i mvRv‡Z cvi‡eb| 

  

ce©mg~n 

ce©- K: 300, 450 Ges 600 

†Kv‡Yi wÎ‡KvYwgwZK AbycvZ wbY©q   

AbycvZ k‡ãi A_© wbðqB Rv‡bb| wÎ‡KvYwgwZK AbycvZ wK n‡Z cv‡i wPšÍv Kiæb| 

 

                                 P       Y 

 

 

      2a 

       

a2
 

f‚wgKv 

O 
a2

 

M X 

  450 
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Dc‡ii wP‡Îi †¶‡Î GKwU wÎ‡KvYwgwZK AbycvZ wb‡P †`Lv‡bv n‡jv| evKx AbycvZ¸wj 

wb‡R wb‡R Ki‡Z †Póv Kiæb|                

2
1

2
245 
a
a

OP
PMSin 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

wVK GKBfv‡e 0, 300, 600
 Ges 900 

†Kv‡Yi †¶‡Î wÎ‡KvYwgwZK AbycvZ wbY©q Ki‡eb| 

cÖ_‡g wb‡R wb‡R †Póv Ki‡eb| c‡i g~j wkLbxq welq †_‡K †R‡b wbb| 
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BDwbU- 4                      Awa‡ekb- 59 

 

g~j wkLbxq welq 

wÎ‡KvYwgwZ (1) 

 

450  

†Kv‡Yi wÎ‡KvYwgwZi AbycvZ: 

                                          

 

 

      2a 

       a2  

      

       

 

      

 

                                              

 

g‡bKwi, XOY= 450 

Ges P, OY Gi Dci¯’ GKwU we› ỳ| PM  OX AvuwK| OPM 

mg‡KvYx wÎfyR POM= 450
| myZivs OPM=450

| AZGe PM = OM 

GLb, OPM G, OM2+ PM2=OP2  

  2. OM2= OP2 [†h‡nZz PM = OM] 

 ev, OM 2= 
2
1 . OP2 

 ev, OM = 
2

1  OP 

hw` OP = 2a nq, Z‡e PM = OM = 
2

1 . 2a= 2 a 

Sin 450= 
2

1
=

2
2

==
a
a

OP
OM

 

O 
a2

O 

M X 

45
0

 

 

P  
Y  
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Cos 450=
2

1
=

2
2

==
a
a

OP
OM

 

tan 450= 1
2
2


a
a

OP
PM  

 cot 450= 1=
a2
a2

=
PM
OM

 

 See 450= 2=
2

2
=

a
a

OM
OP

     

    Cosec 450= 2=
2

2
=

a
a

PM
OP

 

 

300  
†Kv‡Yi wÎ‡KvYwgwZi AbycvZ:  

 

 

 

 

 

 

 

g‡b Kwi, XOZ=300  
Ges OZ evû‡Z P GKwU we› ỳ| PM  OX AuvwK Ges PM †K 

Q ch©šÍ ewa©Z Kwi †hb MQ = PM nq| O, Q †hvM Kwi| GLb POM I QOM Gi 

g‡a¨ PM = MQ, OM mvaviY evû Ges AšÍfy©³ PMO = AšÍfy©³ QMO 

  POM  QOM 

AZGe, QOM = POM = 300 

Ges OQM = OPM = 600 

 OPQ GKwU mgevû wÎfyR              

O 

60
0 

P 

M X 

Z 

Q 

60
0

 

 30
0 

 30
0 
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hw` OP = 2a nq, Z‡e OQ = 2a  

PM = a Ges OM =    2222 4 aaPMOP a3  

Sin 300 = 
a

a
OP
PM

2 2
1  

Cos 300 = 
a
a

OP
OM

2
3

2
3  

tan 300= 
a

a
OM
PM

3 3
1  

cot 300= 33


a
a

PM
OM  

sec 300=
3

2
3

2


a
a

OM
OP  

cosec 300= 
a
a

PM
OP 2

2 

 

600  
†Kv‡Yi wÎ‡KvYwgwZi AbycvZ:  

Sin 600 =
2
3  

Cos 600 =
2
1  

tan 600= 3  

Cot 600=
3

1  

Sec 600=2 

cosec 300=
3

2  

 



MwYZ wkÿY- 2 

 

 268

00 

I 900 

†Kv‡Yi wÎ‡KvYwgwZi AbycvZ:  

 

00  
†Kv‡Yi wÎ‡KvYwgwZi AbycvZ:  

 

00 

†Kv‡Yi Avw` evû OX I cÖvwšÍK †iLv OA Awfbœ| G‡¶‡Î P we› ỳ XOX A‡¶ 

g~jwe› ỳi Wvb cv‡k¦© Aew¯’Z| d‡j OA evûi †h †Kvb P we› ỳi ¯’vbvsK (x, 0) Ges r = 

OP = x|  

 

myZivs  

Sin 00 =
r
0 =0 

Cos 00 = 1
r
r

r
x  

tan 00 = 
r
0  = 0 

cot 00 = 
0
x , hv msÁvwqZ bq 

sec 00 = 1
r
r

x
r  

cosec 00 = 
0
r , hv msÁvwqZ bq 

 

 

X 

Y 

X 

Y 

O 
   

P(x, o) 
A 
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900  
†Kv‡Yi wÎ‡KvYwgwZi AbycvZ:  

 

 

900 

†Kv‡Yi cÖvwšÍK †iLv OA Gi Ae¯’vb abvZ¥K y A¶ OY Gi Dci Aew¯’Z n‡e| 

d‡j OA evûi †h †Kvb P we› ỳi ’̄vbvsK (o, y) Ges r = OP = y|  

 

myZivs  

 

Sin 900 = 1
r
r

r
y  

Cos 900 = 00


r
 

tan 900 = ,
0
y

 hv msÁvwqZ bq 

cot 900 = 
y
0 =0 

sec 900 = 
0
r , hv msÁvwqZ bq   

cosec 900 = 1
y
y

y
r  

X 

Y 

X 

Y 

O 

  r 
 P(o, y) 

A 
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g~j¨vqb: 

1. 300, 450
 I 600 

†Kv‡Yi wÎ‡KvYwgwZK AbycvZ wbY©q Kiæb|  

2. 00 I 900 

†Kv‡Yi wÎ‡KvYwgwZK AbycvZ wbY©q Kiæb|   

 

m¤¢ve¨ DËi: 

wÎ‡KvYwgwZ Abycv‡Zi gvb QK AvKv‡i wbgœiƒc:  

†KvY AbycvZ 

00 300 450 600 900 

Sin 0 
2
1  

2
1  

2
3  

1 

Cosin 1 
2
3  2

1  
2
1  0 

tangent 0 
3

1  1 3  AmsÁvwqZ 

Cotangent 
AmsÁvwqZ 3  1 

3
1  0 

Secant 1 
3

2  2  2 
AmsÁvwqZ 

Cosecant 
AmsÁvwqZ 

2 2  
3

2  1 
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BDwbU- 4                     Awa‡ekb- 60                                                           

 

wÎ‡KvYwgwZ (2) 

 

gvby‡li Áv‡bi Pvwn`v I ARvbv‡K Rvbvi A`g¨ †KŠZznj †_‡K R¨vwgwZK Áv‡bi 

weKv‡ki d‡j m„wó nq wÎ‡KvYwgwZ| cvwUMwY‡Zi aviYv‡K me©vqb K‡i †hgb 

exRMwY†Zi m„wó n‡q‡Q| †Zgwb R¨vwgwZi aviYv‡K me©vqb K‡i wÎ‡KvYwgwZ m„wó Kiv 

n‡q‡Q| wÎ‡KvYwgwZ ej‡Z Avgiv †mB weÁvb‡KB eywS hvi mvnv‡h¨ wÎfy‡Ri wewfbœ 

As‡ki cwigvc wbY©q Kiv hvq| cÖv_wgK ch©v‡q wÎ‡KvYwgwZ Avwe®‹v‡ii g~j D‡Ïk¨ Gi 

g‡a¨B mxgve× wQj| wKš‘ mg‡qi †cÖw¶‡Z bZzb bZzb AbycvZ I ZË¡ Avwe®‹v‡ii d‡j G 

weÁv‡bi cwiwa e¨vcKZi n‡q‡Q| GB Awa‡ek‡b wÎ‡KvYwgwZK †KvY, †KvY cwigv‡ci 

GKK, m~²‡Kv‡Yi wÎ‡KvYwgwZK AbycvZ I Gi cvi¯úwiK m¤úK© wbY©q m¤ú‡K© 

Av‡jvPbv Kiv n‡e| 

 

D‡Ïk¨ 

GB Awa‡ekb †k‡l Avcwb- 

 wÎ‡KvYwgwZK †KvY I R¨vwgwZK †KvY Kx Zv ej‡Z cvi‡eb| 

 †KvY cwigv‡ci GKK¸‡jv eY©bv Ki‡Z cvi‡eb| 

 m~²‡Kv‡Yi wÎ‡KvYwgwZK AbycvZ¸‡jv e¨vL¨v Ki‡Z cvi‡eb| 

 wÎ‡KvYwgwZK AbycvZ¸‡jvi cvi¯úwiK m¤úK© wbY©q Ki‡Z cvi‡eb| 

 †iwWqvb †KvY GKwU aªæe †KvY Zv cÖgvY Ki‡Z cvi‡eb| 

  

f‚wgKv 
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ce©mg~n  

ce©- K: wÎ‡KvYwgwZK †KvY Ges †KvY cwigv‡ci GKK 

 

   Y 
  Q     p 

 

 

X             O      X  

 

 

         Y   

 

wÎ‡KvYwgwZ‡Z †Kv‡Yi msÁv R¨vwgwZK †Kv‡Yi msÁv †_‡K wfbœZi| R¨vwgwZi 

msÁvbymv‡i-GKwU †Kv‡Yi DrcwË nq ỳwU ci¯úi †Q`x mij‡iLv Øviv| R¨vwgwZ‡Z 

†Kv‡Yi cwigvc k~b¨ wWMÖx †_‡K 360 wWMÖxi g‡a¨ mxgve× _v‡K| wKš‘ wÎ‡KvYwgwZ‡Z 

†Kv‡Yi aviYv nj †h, Gi DrcwË nq GKwU mij‡iLvi N~Y©‡bi d‡j| G †¶‡Î †Kv‡Yi 

cwigvc 

00  †_‡K 

0360  Gi g‡a¨ mxgve× _v‡K bv| 

 

wk¶v_©x eÜziv, Avmyb Gevi g‡b g‡b wPšÍv K‡i wb‡Ri fvlvq wb‡Pi Q‡K R¨vwgwZK †KvY 

I wÎ‡KvYwgwZK †KvY Gi msÁv ˆZwi Kwi-  
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R¨vwgwZK †KvY: 

 

 

 

 

 

 

 

 

 

 

 

 

wÎ‡KvYwgwZK †KvY: 
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wÎ‡KvYwgwZ‡Z †KvY cwigv‡ci Rb¨ mvaviYZ wZb cÖKv‡ii c×wZ e¨envi Kiv nq| 

G¸‡jv nj-  

 lvUg~jK c×wZ (Sexagesimal System) 

 kZg~jK c×wZ (Centestimal System) 

 e„Ëxq c×wZ (Circular System)  

 

lvUg~jK c×wZ:  

lvUg~jK c×wZ‡Z mg‡KvY‡K †KvY cwigv‡ci GKK aiv nq| GK mg‡KvY‡K 90 fv‡M 

wef³ Ki‡j cÖwZ As‡ki cwigvc GK wWMÖx nq| GK wWMÖx‡K mgvb 60 fvM Ki‡j 

cÖwZfvM‡K GK wgwbU Ges GK wgwbU‡K mgvb 60 fvM K‡i cÖwZ fvM‡K GK †m‡KÛ ejv 

hvq| 

60 ©© © (‡m‡KÛ) = 1 © (wgwbU) 

60 © (wgwbU) = 1

0

 (wWMÖx)  

90

0

 (wWMÖx) = 1 mg‡KvY 

 

kZg~jK c×wZ: 

G c×wZ‡Z GK mg‡KvY‡K mgvb 100 fv‡M fvM Ki‡j cÖwZ Ask‡K ejv nq GK †MÖW 

(

g1 )| GK †MÖW‡K mgvb 100 fv‡M fvM Ki‡j cÖwZ Ask‡K ejv nq GK kZg~jK wgwbU 

Ges cÖwZ wgwbU‡K 100 fv‡M fvM Ki‡j cÖwZ Ask‡K ejv nq GK kZg~jK †m‡KÛ| 

A_©vr, 1 mg‡KvY = 100 †MÖW (

g100 ) 

 1 †MÖW = 100 kZg~jK wgwbU ( 010 
) 

 1 kZg~jK wgwbU = 100 kZg~jK †m‡KÛ ( 010 
) 

 

G c×wZ‡K divwm c×wZ ejv nq|   
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e„Ëxq c×wZ:  

e„Ëxq c×wZ‡Z GK ‡iwWqvb‡K †KvY cwigv‡ci GKK aiv hvq|  

†Kvb e„‡Ëi e¨vmv‡a©i mgvb Pvc H e„‡Ëi †K‡› ª̀ †h m¤§~L †KvY Drcbœ K‡i, Zv‡KB GK 

†iwWqvb (1

c
) ejv nq| 

 

wk¶v_©xe„›` Gevi Avmyb wb‡Pi Q‡K †Kv‡Yi wewfbœ GK‡Ki g‡a¨ m¤úK© wbY©q Kwi- 

 

lvUg~jK I kZg~jK GK‡Ki g‡a¨ m¤úK©: 
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ce©- L: m~²‡Kv‡Yi wÎ‡KvYwgwZK AbycvZ 

wÎ‡KvYwgwZ‡Z GKwU mij‡iLvi N~Y©‡bi d‡j †Kv‡Yi DrcwË nq| GB N~Y©vqgvb 

mij‡iLvi Avw` Ae¯’vb I †kl Ae¯’vb‡K ỳwU wfbœ †iLv ai‡Z nq| wbw ©̀ó †KvY Drcbœ 

K‡i N~Y©vqgvb †iLv †h Ae¯’v‡b ùvovq Zvi Dc‡ii †h †Kvb we› ỳ n‡Z Avw` Ae¯’v‡bi 

Dci j¤̂ A¼b Ki‡j GKwU mg‡KvYx wÎfyR cvIqv hvq| GB wÎfy‡Ri evû wZbwUi 

cwigvb‡K ci¯úi fvM Ki‡j QqwU AbycvZ cvIqv hvq| GB AbycvZ¸‡jv‡K 

wÎ‡KvYwgwZK AbycvZ e‡j| 

 

Kv‡RB wÎ‡KvYwgwZK AbycvZ ej‡Z mvaviYZ GKwU mg‡KvYx wÎfy‡Ri wZbwU evûi 

g‡a¨ †_‡K †h †Kvb ỳwU evû wb‡q MwVZ AbycvZ‡K eySvq| GB AbycvZ mg‡KvYx 

wÎfy‡Ri mg‡KvY e¨ZxZ Aci †h †Kvb GKwU †Kv‡Yi †cÖw¶‡Z MwVZ nq| 

 

   Y 

  Q          A 

                P                    P 

                                      

 

tt                                                               

X             O      M     X  

 

         Y   
 

g‡b Kwi, XOA GKwU m~²‡KvY| OA evû‡Z †h †Kvb GKwU we› ỳ P †bB| P †_‡K 

OX evû ch©šÍ PM j¤̂ Uvwb| Zv‡Z GKwU mg‡KvYx wÎfyR POM MwVZ nj| GB  

POM Gi PM, OM I OP evû¸‡jvi †h QqwU AbycvZ cvIqv hvq Zv‡`i 

XOA Gi wÎ‡KvYwgwZK AbycvZ ejv nq Ges Zv‡`i cÖ‡Z¨KwU‡K GK GKwU mywbw ©̀ó 

bv‡g bvgKiY Kiv nq| 
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Gevi Avmyb wk¶v_©xe„›`, wb‡Pi QKwU evg cv‡ki mv‡_ Wvb cv‡ki wgj Kwi- 

  

1| mg‡KvY  

2| wÎ‡KvYwgwZK GKK¸‡jv 

3| 1 mg‡KvY 

4|  10
 (wWMªx) 

5| 1 © (wgwbU) 

6| tan ø 

7|  Sin ø 

8| Cos ø 

9| Cot2 ø 

10| Sin2 ø +Cos2 ø 

11| Sec2 ø 

A) 1 

B)  fywg 

      AwZfyR 

C) 60 (†m‡KÛ) 

D)   j¤̂ 

      AwZfyR 

E) lvU g~jK Ges e„Ëxq GKK 

F)    j¤̂ 

        f~wg 

G) 60

0

 (wgwbU) 

H) 90

0

 (wWMÖx)  

I)  Cosec2- 1 

J) GKwU mij‡iLv Avi GKwU mij‡iLvi Dci 

`Ûvqgvb n‡j Drcbœ mwbœwnZ †KvY ỳBwU hw` 

mgvb nq Z‡e Zv‡`i cÖ‡Z¨KwU  

 K) 1+tan2 
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ce©- M: †iwWqvb †KvY GKwU aªæe †KvY  

 

                P 
              

              

 

 

 

 

g‡b Kwi, O †K› ª̀ wewkó ABC e„‡Ë POB GKwU †iwWqvb †KvY| cÖgvY Ki‡Z n‡e †h, 

POB GKwU aªæe †KvY| OB †iLvs‡ki Dci O we› ỳ‡Z OA j¤̂ AvwuK| OA cwiwa‡K 

A we› ỳ‡Z †Q` K‡i|  

 

GLb, Pvc AB = cwiwai GK-PZz_©vsk 

                   = rπ2×
4
1

    (cwiwa = πr2 ) 

                   =

2
πr

 

Ges Pvc PB = r (e¨vmva©) 

Avgiv Rvwb, 

e„‡Ëi †Kvb Pvc Øviv Drcbœ †K› ª̀̄ ’ †KvY H e„‡Ëi e„ËPvcwUi mgvbycvwZK nq| 

 myZivs 

AB
AOBPOB
 Pvc Pvc





PB

 

B 

  

 

                 

 

O 

A 

C 
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AZGe, POB = 

AB
PB

 Pvc

 Pvc

  AOB 

 = 1×

2
rπ
r

 mg‡KvY 

 =


2

 mg‡KvY 

 †h‡nZz π Ges mg‡KvY DfqB aªæeK †m‡nZz †iwWqvb †KvY POB GKwU aªæeK †KvY| 

 

wk¶v_©xeÜziv, wb‡Pi QKwU‡Z wWMÖx I †iwWqv‡bi g‡a¨ m¤úK© wbY©q Kwi- 
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BDwbU- 4                      Awa‡ekb- 60                                                           

g~j wkLbxq welq 

wÎ‡KvYwgwZ (2) 

 

                                                                  C       
 

                         A                                 B     
 

 

R¨vwgwZ‡Z ỳBwU mij †iLv GK Aci‡K †Q` Ki‡j †KvY Drcbœ nq| R¨vwgwZK †Kv‡Yi 

cwigvc 0 †_‡K 360 Gi g‡a¨ mxwgZ| †Kv‡Yi gvb Abyhvqx †KvY¸‡jv‡K m~²‡KvY, 

¯’~j†KvY, mij I cªe„× †KvY ejv nq| G †KvY¸‡jv meB abvZ¥K| R¨vwgwZ‡Z FYvZ¥K 

†KvY A_©nxb|      

                                                             

   Y 
  Q     P 
 

 

X             O      X  

 

 

          Y   
 

R¨vwgwZK 

†KvY I 

wÎ‡KvYwgwZK 

†KvY 
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wÎ‡KvYwgwZ‡Z GKwU mij‡iLvi GKwU w¯’i cÖvšÍ-we› ỳ‡K †K› ª̀ K‡i AvewZ©Z n‡j †KvY 

Drcbœ nq| AveZ©‡bi cwigvbB †Kv‡Yi cwigvb| N~Y©vqgvb †iLvwU Avw`‡Z †Kv‡Yi GKwU 

evûi mv‡_ Ges Gi w ’̄i cÖvšÍwe› ỳwU †Kv‡Yi kx‡l©i Dci _v‡K| N~Y©b †k‡l †iLvwU ‡Kv‡Yi 

Aci evûi mv‡_ wgwjZ  nq|  

wP‡Î XOP †KvY GKwU mij‡iLvi N~Y©‡bi d‡j Drcbœ n‡q‡Q| Avw` Ae¯’vb OX †_‡K O 

we› ỳ‡K †K› ª̀ K‡i Nwoi KvuUvi wecixZ w`‡K Ny‡i †iLvwU OP Ae ’̄v‡b G‡m XOP †KvY 

Drcbœ K‡i| 

Avevi, OX †_‡K Nwoi KvuUvi wecixZ w`‡K GKevi m¤ú~Y© Ny‡i G‡m †iLvwU OQ 

Ae¯’v‡b †_‡K †h‡Z cv‡i| Giƒcfv‡e Drcbœ XOQ †KvYwU GK mg‡KvY A‡c¶v eo| 

 

A_©vr, ÒGKwU mij‡iLv Aci GKwU w¯’i mij‡iLvi cwi‡cÖw¶‡Z Ny‡i wbw ©̀ó Ae¯’v‡b 

Avm‡Z †h cwigv‡Y AvewZ©Z nq, Zv‡K wÎ‡KvYwgwZK †KvY e‡j|Ó 

 

mij‡iLv hw` Nwoi KuvUv †hw`‡K Ny‡i Zvi wecixZ w`‡K Nyi‡Z Nyi‡Z wbw ©̀ó Ae¯’v‡b G‡m 

†cŠQvq ZLb †h †KvY cvIqv hvq Zv‡K cÖPwjZ ixwZ Abyhvqx abvZ¥K †KvY e‡j Ges 

Nwoi KuvUvi gZ GKB w`‡K Ny‡i †h †KvY Drcbœ nq Zv‡K FYvZ¥K †KvY e‡j|   

 

g~j¨vqb: 

1. 045  †Kv‡Yi wÎ‡KvYwgwZK AbycvZ wbY©q Kiæb|  

 

m¤¢ve¨ DËi 

ce©- L 

1| J;     2| E;      3| H;    4| G;      5| C;    6| F;   7| D;   8| B;    

9| I;   10| A;     11| K. 
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BDwbU- 4                  Awa‡ekb- 61 

 

wÎ‡KvYwgwZ (3) 

 

AwZ cÖvPxb Kvj †_‡KB ~̀ieZ©x †Kvb e¯‘i ~̀iZ¡ I D”PZv wbY©q Ki‡Z wÎ‡KvYwgwZK 

Abycv‡Zi cÖ‡qvM Kiv nq| eZ©gvb hy‡MI Gi ¸iæZ¡ Acwimxg| †h me cvnvo I ce©‡Zi 

D”PZv ev b`-b`xi cȪ ’ mn‡R gvcv hvq bv, †m me †¶‡Î D”PZv ev cȪ ’ wÎ‡KvYwgwZi 

mvnv‡h¨ wbY©q Kiv hvq| GRb¨ †Kv‡Yi cwigvc¸‡jv †R‡b ivLv LyeB cÖ‡qvRb| 

Ô†m·U¨v›UÕ bvgK hš¿ e¨envi K‡i †KvY gvcv hvq| GB Awa‡ek‡b DbœwZ †KvY I 

AebwZ †Kv‡Yi aviYv, Ges ~̀iZ¡ I D”PZv wbY©q msµvšÍ mgm¨vi mgvavb m¤ú‡K© 

Av‡jvPbv Kiv n‡e| 

 

D‡Ïk¨ 

GB Awa‡ekb †k‡l Avcwb- 

 DbœwZ I AebwZ †KvY Kx Zv e¨vL¨v Ki‡Z cvi‡eb| 

 ~̀iZ¡ I D”PZv wbY©q msµvšÍ mnR mgm¨vi mgvavb Ki‡Z cvi‡eb| 

 

ce©mg~n  

ce©- K: DbœwZ I AebwZ †Kv‡Yi aviYv Ges Gi e¨envi 

 

 P        P 

 

 

 

X     O    X   

    wPÎ- 1 

f‚wgKv 
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g‡b  Kwi, fy-‡iLvi mgvšÍivj †iLv XOX (wPÎ-1) G O, P, X we› ỳ¸wj GKB Dj¤̂ Z‡j 

Aew¯’Z Ges P we› ỳ XOX †iLvi Dc‡ii w`‡K Aew¯’Z| Zvn‡j O we› ỳ‡Z P we› ỳi 

DbœwZ †KvY n‡”Q  POX. 

 

Abyiƒcfv‡e, O we› ỳ‡Z P we› ỳi DbœwZ †KvY  n‡”Q POX. 

  

      O 

 X       X 

 

 

 P         P 

     wPÎ- 2 

 

wPÎ- 2 G O, P, X  we› ỳ¸‡jv GKB Dj¤̂ Z‡j Aew¯’Z Ges P we› ỳ fy-‡iLvi mgvšÍivj 

†iLv XOX © †iLvi wb‡Pi w`‡K Aew¯’Z| Zvn‡j O we› ỳ‡Z P we› ỳi AebwZ †KvY n‡”Q 

POX. 

Abyiƒcfv‡e, O we› ỳ‡Z P © we› ỳi AebwZ †KvY n‡”Q POX|  

wk¶v_©xeÜziv Gevi wb‡Pi Q‡K cÖ̀ Ë wPÎ Gi Av‡jv‡K h Gi gvb wbY©q Kwi- 

1| h wbY©q Kiæb| 

 

 

                           

A 

h 

P O 

 600 

30 wgUvi 
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ce©- L: DbœwZ I AebwZ †Kv‡Yi aviYv e¨envi K‡i ~̀iZ¡ I D”PZv wbY©q 

msµvšÍ mnR mgm¨vi mgvavb 

 

f~Zj¯’ †Kvb ¯’v‡b GKwU `vjv‡bi Qv‡`i †Kvb we› ỳi DbœwZ †KvY 45, H ¯’vb †_‡K 

`vjv‡bi w`‡K 60 wgUvi GwM‡q †M‡j H we› ỳi DbœwZ †KvY 60 nq| Z‡e `vjvbwUi 

D”PZv wbY©q Kiæb|  

 

mgvavb: 

 

 

 

 

 

 

O P A 

B 

45 60 
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wP‡Î `vjvbwUi D”PZv AB. 

 

AOB=45 Ges OP=60 wg. 

GLb, 

AB
OACot 45  Ges 

AB
APCot 60  

 6045 CotCot
AB
AP

AB
OA

 

ev, 

3
11


AB

APOA
 

ev, 

3
13 


AB
OP

 

ev, 

3
1360 


AB

 

ev, 

13
360


AB  

ev, 

 
  1313

13360



AB  

 =

 
13

3360



 

 = 

 
2

3360 
 

 = )33(30   

 = 30(3+1.732) 

 = 141.96 (cÖvq) 

 

 `vjvbwUi D”PZv 141.96 wgUvi (cÖvq) 



MwYZ wkÿY- 2 

 

 286

Gevi Avmyb wk¶v_©xe„›` wb‡Pi Q‡Ki mgm¨vwU mgvavb Kwi- 

 

mgm¨v: ỳBwU wK‡jvwgUvi †cv‡÷i ga¨eZx© †Kvb ¯’v‡bi Dc‡i GKwU †nwjKÞvi †_‡K H 

wK‡jvwgUvi †cv÷ ỳBwUi AebwZ †KvY h_vµ‡g 60 I 30 n‡j †nwjKÞviwUi D”PZv 

KZ?  

mgvavb: 
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BDwbU- 4                     Awa‡ekb- 61 

g~j wkLbxq welq 

wÎ‡KvYwgwZ (3) 

 

f‚-‡iLv n‡”Q f~wg Z‡j Aew¯’Z †h †Kvb mij†iLv| f‚-‡iLv‡K kqb‡iLvI ejv nq| 

Avevi, Ea¶©‡iLv n‡”Q f~wg Z‡ji Dci j¤̂ †h †Kvb mij‡iLv| G‡K Dj¤̂ †iLvI 

ejv nq| f~wg Z‡ji Dci j¤̂fv‡e Aew¯’Z ci¯úi‡”Q`x f~-‡iLv I DaŸ© †iLv GKwU 

Zj wbw ©̀ó K‡i| G Zj‡K Dj¤̂ Zj ejv nq| 

  P        P 

 

 

 

X     O    X   

    wPÎ- 1 

g‡b Kwi, f‚-‡iLvi mgvšÍivj †iLv XOX (wPÎ- 1) G O, P, X we› ỳ¸wj GKB Dj¤̂ Z‡j 

Aew¯’Z Ges P we› ỳ XOX †iLvi Dc‡ii w`‡K Aew¯’Z| Zvn‡j O we› ỳ‡Z P we› ỳi 

DbœwZ †KvY n‡”Q  POX. 

 
Abyiƒcfv‡e, O we› ỳ‡Z P we› ỳi DbœwZ †KvY n‡”Q POX.  

      O 

 X       X 

 

 

 P         P 

     wPÎ- 2 

DbœwZ †KvY 

I 

AebwZ 

†KvY 
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wPÎ- 2 G O, P, X we› ỳ¸‡jv GKB Dj¤̂ Z‡j Aew¯’Z Ges P we› ỳ f‚-‡iLvi mgvšÍivj 

†iLv XOX © †iLvi wb‡Pi w`‡K Aew¯’Z| Zvn‡j O we› ỳ‡Z P we› ỳi AebwZ †KvY n‡”Q 

POX. 

 

Abyiƒcfv‡e, O we› ỳ‡Z P © we› ỳi AebwZ †KvY n‡”Q POX|  

 

ỳBwU wK‡jvwgUvi †cv‡÷i ga¨eZx© †Kvb ¯’v‡bi Dc‡i GKwU †nwjKÞvi †_‡K H 

wK‡jvwgUvi †cv÷ ỳBwUi AebwZ †KvY h_vµ‡g 60 I 30 n‡j †nwjKÞviwUi D”PZv 

KZ?  

 

g‡b Kwi, A I B ỳBwU wK‡jvwgUvi †cv÷| awi, O we› ỳwU †nwjKÞviwUi Ae¯’vb| O 

we› ỳ‡Z A I B Gi AebwZ †KvY h_vµ‡g 60 I 30| O we› ỳ n‡Z AB Gi Dci OP 

j¤̂ A¼b Kwi|  

 

        A_ _ _ _ _ _ _  O_ _ _ _ _ _ _ _ _ _ _ _ _ _ B 

       600     300
 

 

 

 

                  

      A   P    B 
 

 †nwjKÞviwUi D”PZv = OP = h wgUvi 

D”PZv I 

~̀iZ¡ msµvšÍ 

mgm¨v 

300 600 

x 1000x 

 h 
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awi, AP = x wgUvi 

cÖkœg‡Z, AB = 1 wK‡jvwgUvi = 1000 wgUvi 

BP = ABAP = (1000x) wgUvi 

cÖkœg‡Z, AOA = 60 Ges BOB = 30 

†h‡nZz A B I AB mgvšÍivj 

AOB=60 Ges OBA=30 

GLb 

AP
OP

60tan  

ev, 

x
h

3  

ev, ..............................3 hx  (1) 

BP
OP

30tan  

x
h



10003

1
 

31000 hx   

3.31000 xx   

xx 31000   

10004 x  

250x  



MwYZ wkÿY- 2 

 

 290 

GLb x Gi gvb (1) bs mgxKi‡Y ewm‡q cvB, 

25033  xh  

 = 2501.732 (cÖvq) 

  = 433 wg. (cÖvq) 

 †nwjKÞviwUi D”PZv = 433 wgUvi (cÖvq) 

 

mgm¨v: 

GKwU wgbv‡ii cv`‡`k †_‡K 20 wgUvi ~̀‡i f~Z‡ji †Kvb we› ỳ‡Z wgbv‡ii P~ovi DbœwZ 

†KvY 60 n‡j, wgbviwUi D”PZv wbY©q Kiæb| 

mgvavb: 

wP‡Î wgbviwUi D”PZv AB, f~wg¯’ wbw ©̀ó we› ỳ O Ges wgbviwUi kxl©we› ỳ B| d‡j 

AOB= 60 Ges OA = 20 wgUvi| 

 

 

 

 

 

GLb, 

OA
AB

60tan  

ev, 

20
3 AB
  

ev, 320AB  

ev, 732.120AB  

ev, 640.34AB  

 wgbviwUi D”PZv 34.64 wgUvi| 

 

O A 

B 

60 
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g~j¨vqb: 

1. GKwU wgbv‡ii cv`‡`k †_‡K 30 wgUvi ~̀‡i f~Z‡ji †Kvb we› ỳ‡Z wgbv‡ii P~ovi 

DbœwZ †KvY 60 n‡j, wgbviwUi D”PZv wbY©q Kiæb|  

 

m¤¢ve¨ DËi: 

ce©- K I L 

g~j wkLbxq welq †_‡K †R‡b wbb| 




