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AšÍiK, AšÍiKjY I cÖ‡f`Kt1  
(Derivative, Differentiation and Differential t 1) 

 
 
 
†gŠwjKfv‡e MwZkv‡ ¿̄ (Dynamics) †Kvb e Í̄zi ’̄vbvšÍ‡ii cwieZ©‡bi nvi cwigv‡ci D‡Ï‡k¨ AšÍiKjY 
c×wZ e¨eüZ n‡jI A_©bxwZ‡Z Gi e¨envi Ges ¸iæZ¡ µgkt e„w× cv‡”Q| we‡kl K‡i A_©bxwZ‡Z 
cÖvwšÍK aviYvmg~n †hgb cÖvwšÍK Avq, cÖvwšÍK e¨q BZ¨vw` we‡køl‡Y AšÍiKj‡Yi e¨envi AZ¨šÍ †ewk| GB 
BDwb‡Ui wewfbœ cv‡V AšÍiK I AšÍiKj‡Yi cÖv_wgK welq¸‡jv we Í̄vwiZfv‡e Av‡jvPbv Kiv n‡q‡Q|  

 
 
 
 
 
 
 
 
 
 
 
 

G BDwb‡Ui cvV¸‡jv n‡”Q t 
◆ cvV-1 t AšÍiK  
◆ cvV-2 t AšÍiKjY 
◆ cvV-3 t AšÍiKj‡Yi wbqgmg~n 
◆ cvV-4t Ae¨³ A‡cÿ‡Ki AšÍiKjY Ges D”P gvÎvi AšÍiKjY  
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cvV-8.1 

AšÍiK  
(Derivative) 

 
 
 
G cvV †k‡l Avcwb- 
◆  AšÍi‡Ki msÁv Rvb‡Z cvi‡eb| 
◆  AšÍi‡Ki ‰ewkó¨ Rvb‡Z cvi‡eb| 

 
AšÍiK Gi msÁv (Definition of Derivative) t 

hw` y = f(x),x Gi †Kvb AwØZxq gv‡bi A‡cÿK nq Ges hw` 
lim

h→0
 
f(x+h)-f(x)

h
  eZ©gvb _v‡K, Z‡e GB 

ˆmwgK gvb‡K (Limiting Value)  y= f(x) A‡cÿ‡Ki AšÍiK (derivative) e‡j|  

A_©vr  
dy

dx
  = f′(x) =

Lim

∆x→o
 
∆y

∆x
   | 

 
AšÍi‡Ki R¨vwgwZK e¨vL¨v (Geometrical Explanation of Derivative) t 

†Kvb A‡cÿ‡Ki AšÍiK-Gi aviYv R¨vwgwZKfv‡e e¨vL¨v Kiv hvq| g‡b Kwi y = f(x) n‡”Q x Gi GKwU 
AwØZxqgv‡bi A‡cÿK| GLb Gi AšÍiK wb‡æv³fv‡e cÖKvk Kiv hvqt 

 
dy

dx
  = f′(x) =

Lim

∆x→0
 
f(x + ∆x)-f(x)

∆x
  

g‡b Kwi, A‡cÿKwUi †jLwPÎ wb¤œiƒc t  
 
 
 
 
 
 
 
 
 
 

wPÎ 8.1.1 t R¨vwgwZK c×wZ‡Z AšÍiK wbY©q 
wP‡Îi N we› ỳ‡Z x Ges y Gi gvb (x

1
,y

1
),M we› ỳ‡Z y Gi gvb (y1 + ∆y) Ges x Gi gvb (x

1
 + ∆x) | 

G‡ÿ‡Î, ∆x = (x
2
 - x

1
) = NQ Ges ∆y = (y

2
 - y

1
) = MQ; wPÎvbyhvqx M we› ỳwU hLb N Gi w`‡K AMÖmi 

nq ZLb ∆x Ges ∆y µgk t n«vm cvq| d‡j †`Lv hvq t M→ N n‡j ∆x→ o n‡e|  
GLb Dc‡ii m~Î cÖ‡qvM K‡i ejv hvq, N we› ỳ‡Z (A_©vr hLb x=x1, Ges y=y1) y=f(x) A‡cÿ‡Ki 
AšÍiK n‡e t- 
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dy

dx
  = f(x) = 

Lim

∆x→o
 

f(x
1
+∆x)-f(x

1
)

(x
1

+∆x )-x
1

  

 =  
Lim

∆x→o
 

(y
1

+∆y)-y
1

(x
1

+∆x )-x
1

  

 = 
Lim

NQ→o
 

(y
2

-y
1

)

(x
2-

x
1

)
  

 = 
Lim

NQ→o
 
MQ

NQ
  

  
 [‡h‡nZz  ∆y = (y

2
-y

1
)Ges ∆x = (x

2
-x

1
] 

 

†h‡nZz N we› ỳ‡Z 
dy

dx
  ¯úk©K †iLvi (©tangent line) Xvj wb‡ ©̀k K‡i, †m‡nZz weKífv‡e ejv hvqt- 

dy

dx
  = 

Lim

NQ→o
 
MQ

NQ
  = 

Nx
1

x
1

x
3
  = tan θ, θ n‡jv y =f(x) A‡cÿ‡Ki ¯úk©K x-A‡ÿi mv‡_ †h †Kvb m„wó 

K‡i‡Q Zvi cwigvc|  
 

AšÍi‡Ki ˆewkó¨ (Characteristics of Derivative)t  

AšÍi‡Ki wb‡¤œv³ ˆewkó¨ i‡q‡Q t 

cÖ_gZ t AšÍiK -Gi aviYv †Kej Awew”Qbœ Pj‡Ki (Continuous variable) A‡cÿ‡Ki †ÿ‡Î cÖ‡hvR¨|  
wØZxqZ t h cÖK…Zc‡ÿ k~b¨ n‡j msÁvq †h ¯̂íe„w×i Abycv‡Zi (Incremental Ratio) K_v ejv nq, Zv 
A_©nxb n‡q c‡o| ZvB h k~b¨gvb MÖnY K‡i bv| Gi gvb k~‡b¨i wbKUeZ©x n‡Z cv‡i| h k~b¨ n‡j 
AšÍi‡Ki †Kvb A_© _v‡K bv| KviY Zvn‡j †mUv †Kvb msL¨v‡K k~b¨ w`‡q fv‡Mi mvwgj nq| cÖK…Zc‡ÿ 
AšÍiK A‡cÿ‡Ki Dci msNUb (operative) wµqvi dj| GB msNUb cÖwµqv A‡cÿ‡Ki ¯̂í e„w×i 
AbycvZ Gi mxgv †ei Ki‡Z e¨envi Kiv nq|  

ZvB 
dy

dx  ev 
df(x)

dx
  cÖZx‡K 

d

dx  †K AšÍiK msNUK (Differential Operator) wnmv‡e aiv nq| GB msNUK 

f(x)-G e¨eüZ f cÖZx‡Ki gZ| GRb¨ cÖZxK dy/dx Øviv dy Ges dx GB ỳwU gv‡bi AbycvZ‡K †evSvq 
bv|  
Z…ZxqZ t e¨env‡ii myweav‡_© A‡bK mgq ¯̂íe„w×i AbycvZ weKífv‡e (alternative form) cÖKvk Kiv 
hvq| y = f(x) A‡cÿ‡Ki PjK x Ges y Gi cwieZ©b ∆x Ges ∆y Øviv A‡bK mgq cÖKvk Kiv nq| 
¯̂íe„w×i AbycvZ GLb  ∆y/∆x Øviv cÖKvk Kiv hvq| ∆x Ges ∆y mxwgZ (finite) gvb MÖnY K‡i| hw` ∆x 

GKwU wbw ©̀ó gvb MÖnY K‡i, Z‡e ∆y Gi gvb A‡cÿK †_‡K †ei Kiv hvq t 
Lim

∆x→o
 
∆y

∆x
  = 

dy

dx
  | 

PZz_©Z t ‡Kvb Pj‡Ki gv‡bi cwieZ©b n‡j †Kvb we› ỳ‡Z AšÍi‡Ki gv‡bi cwieZ©b nq| †hgb, x Pj‡Ki 
c~e©Zb GKK hw` λGi gvb Ges y PjK †Kvb c~e©eZ©x GKK µ (wgD)-Gi mgvb nq, Z‡e AšÍi‡Ki bZzb 
gvb c~e©eZ©x gv‡bi Zzjbvi µ/2 ¸b n‡e|  
cÂgZ t y = f(x) A‡cÿ‡Ki †ejvq x Gi wewfbœ gv‡bi Rb¨ AšÍiK Gi gvb wewfbœ n‡e|  
lôZ t AšÍiK ỳw`K †_‡K we‡kølY Kiv hvq| cÖ_gZ t G‡K x Pj‡Ki †Kvb wbw ©̀ó we› ỳ‡Z msÁvwqZ Kiv 
hvq| A_©vr x Pj‡Ki †Kvb cÖ`Ë gv‡bi Rb¨ AšÍi‡Ki GKwU wbw ©̀ó gvb cvIqv hvq| wØZxqZ t G‡K x 

Gi wewfbœ we› ỳ‡Z msÁvwqZ Kiv hvq| G‡ÿ‡Î AšÍiK‡K x Gi GKwU A‡cÿK wnmv‡e cÖKvk Kiv nq| 
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wØZxq A‡_© f(x) cÖZxK we‡klfv‡e cÖ‡hvR¨| weKífv‡e G‡K cÖRvZ A‡cÿK (derived function) ejv 
hvq| KviY g~j (original) A‡cÿK f(x) †_‡K AšÍiKjY cÖwµqvq (process) x Pj‡Ki wewfbœ gv‡bi Rb¨ 
wØZxq GKwU A‡cÿK f′(x) ‡ei Kiv hvq| GB f′(x) GKwU cÖRvZ A‡cÿK hv wb‡RI x Pj‡Ki GKwU 
A‡cÿK| 
mßgZ t f(x) A‡cÿ‡Ki ¯̂íe„w×i Abycv‡Zi mxgv wba©viY bv nIqv ch©šÍ H we› ỳ‡Z AšÍi‡Ki K_v ejv 
hvq bv| ZvB †Kvb A‡cÿ‡Ki KwZcq we› ỳ‡Z AšÍiK _vK‡Z cv‡i, Aci we› ỳ‡Z bvI _vK‡Z cv‡i| 
Avevi wKQy A‡cÿ‡Ki †Kvb wbw ©̀ó we› ỳ‡Z AšÍiK _vK‡Z cv‡i Ges KZ¸‡jvi †ejvq Zv bvI _vK‡Z 
cv‡i|  
AógZ t AšÍiK Gi wewfbœ cÖZxK y = f(x) A‡cÿ‡Ki †ÿ‡Î cÖ‡hvR¨| Aek¨ Gme cÖZxK A‡cÿ‡Ki 

ˆewkó¨ Abymv‡i cwieZ©b Kiv DwPZ| †hgb 
d(x

3
)

dx   Ges 
d

dx
 (

1

x
)  cÖZxKØq h_vµ‡g x

3 Ges 1/x 

A‡cÿ‡Ki AšÍiKjY wb‡ ©̀k K‡i| †Kvb wbw ©̀ó we› ỳ‡Z AšÍiK Gi gvb †`Lv‡bvi Rb¨ Avgiv wewfbœ 

ai‡bi cÖZxK e¨envi Kwi| †hgb x = a Gi Rb¨ AšÍi‡Ki we‡kl gvb‡K f′(a) ev (
dy

dx
 ) x = a Øviv wPwýZ 

Kiv hvq| Gfv‡e wbw ©̀ó we› ỳ x = o Gi Rb¨ (
dy

dx )  x=o ev f′(o) Ges x = 
1

2
  Gi Rb¨  (

dy

dx
 ) x =  

1

2  ev 

f′(
1

2
 ) wjLv hvq| GKwU wbw ©̀ó A‡cÿK y = x

3 Gi †ÿ‡Î 



d(x3)

dx
 x =  

1

2  , 





d(x3)

dx
  x=0 BZ¨vw` h_vµ‡g 

x =  
1

2
   Ges x = O we› ỳmg~‡ni AšÍiK wb‡ ©̀‡ki Rb¨ e¨envi Kiv hvq| 

 

 

 

 

mvivsk t hw` y = f(x), x-Gi †Kvb AwØZxq gv‡bi dvskb nq Ges hw`  
Lim

h→o
 
f(x+h)-f(x)

h
  eZ©gvb _v‡K, 

Z‡e GB ˆmwgK gvb‡K y = f(x) dvsk‡bi AšÍiK (derivative) e‡j| †Kvb dvsk‡bi AšÍiK wbY©q Kivi 
c×wZ‡K AšÍiKjY (differentiation) e‡j| ¯̂vaxb PjK x-Gi wbw©`©ó gv‡bi Rb¨ AšÍi‡Ki wbw`©ó gvb 
_v‡K Ges mvaviYZt GUv x-Gi dvskb wnmv‡e A‡bK †ÿ‡Î †`Lv hvq|  
 
 

 

cv‡VvËi g~j¨vqb 8.1 

mZ¨/wg_¨v wbY©q Kiæb t 

1| 
dy

dx
  cÖZx‡K  

dy

dx
  Øviv dy Ges dx GB ỳwU gv‡ci AbycvZ‡K †evSvq| 
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cvV-8.2 
AšÍiKjY 

 (Differentiation)  
 
 
G cvV †k‡l Avcwb- 
◆  AšÍiKj‡Yi msÁv Rvb‡Z cvi‡eb| 
◆  A_©bxwZ‡Z AšÍiKj‡Yi e¨envi Rvb‡Z cvi‡eb| 
◆  g~j wbq‡g AšÍiKjY †ei Ki‡Z cvi‡eb| 
◆  AšÍiKjY Ges AšÍi‡Ki g‡a¨ cv_©K¨ Rvb‡Z cvi‡eb| 
 
AšÍiKjY (Differentiation) t 

¯̂vaxb Pj‡Ki mvgvb¨ e„w×RwbZ cwieZ©‡bi d‡j Aaxb Pj‡Ki †h cwieZ©b N‡U Zvi cwigvc‡K 
AšÍiKjY e‡j|  
†hgb t y = f(x) [GKwU A‡cÿK ] 
G‡ÿ‡Î x = ¯̂vaxb PjK Ges y = Aaxb PjK|  
¯̂vaxb PjK x Gi mvgvb¨ e„w×RwbZ cwieZ©‡bi d‡j Aaxb PjK y- Gi cwieZ©‡bi nvi cwigvc‡K x-Gi 
mv‡c‡ÿ y-Gi AšÍiKjY e‡j|  
mvaviYZ ¯̂vaxb PjK x-Gi wbw ©̀ó gv‡bi Rb¨ AšÍiKj‡Yi wbw ©̀ó gvb _v‡K Ges Zv x-Gi dvskb wn‡m‡e 

_vK‡Z cv‡i| GUv dy/dx, 
d

dx
  f′(x), f′(x), f(x), y BZ¨vw` cÖZxK Øviv wb‡`©k Kiv †h‡Z cv‡i|  

D`vniY¯^iƒc g‡b Kwi y GKwU ª̀e¨ Ges x (kªg) Drcv`‡bi Dcv`vb| hw` x- †K 1 GKK cwigvY e„w× 
Kiv nq, Z‡e y ª̀‡e¨i Ò2Ó GKK e„w× N‡U G‡K wb‡æi A‡cÿ‡Ki gva¨‡g cÖKvk Kiv hvq|  
y = 2x.......(1) 
hw` x Gi mvgvb¨ e„w×RwbZ cwieZ©b ∆x Ges y Gi mvgvb¨ e„w×RwbZ cwieZ©b‡K ∆y Øviv cÖKvk Kiv 
nq, Z‡e (1) bs mgxKiY n‡Z cvIqv hvq, 
 y + ∆y = 2(x + ∆x) 

 ev, y + ∆y= 2x + 2∆x 

 ev, y + ∆y = y + 2∆x [∴ y = 2x] 

 ev,  y + ∆y - y = 2∆x  

 ev, ∆y = 2∆x  

GLb Dfq cÿ‡K ∆x Øviv fvM K‡i cvB  

 
∆y

∆x
  = 

2∆x

∆x
  

 ∴ 
∆y

∆x
  = 2 ...........(2)  

(2) bs mgxKiY n‡Z †`Lv hvq x -Gi 1 GKK cwieZ©‡bi d‡j y-Gi cwieZ©b nq 2 GKK| 
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GLv‡b 
∆y

∆x
  -†K x-Gi mv‡c‡ÿ y -Gi AšÍiKjY e‡j|  

∆y

∆x
  - †K Avevi MwY‡Zi fvlvq ejv nq cv_©K¨RwbZ fvM (Difference Quotient)| 

 
A_©bxwZ‡Z AšÍiKj‡Yi e¨envi t 

A_©bxwZ‡Z AšÍiKj‡Yi eûj e¨envi i‡q‡Q| w`b w`b A_©bxwZ‡Z AšÍiKj‡Yi e¨envi GZB e¨cKfv‡e 
e„w× cv‡”Q †h, AšÍiKj‡Yi e¨envi e¨ZxZ c~Y©v½fv‡e MvwYwZK A_©bxwZ Kíbv Kiv hvq bv| we‡kl K‡i 
A_©bxwZ‡Z cÖvwšÍK aviYvmg~‡ni (Marginal Concepts) †ÿ‡Î AšÍiKj‡Yi cÖPyi e¨envi i‡q‡Q| wb‡æ 
AšÍiKj‡Yi A_©‰bwZK e¨envi m¤ú‡K© Av‡jvKcvZ Kiv n‡jv t 
1. cÖvwšÍK Avq (MR) Ges cÖvwšÍK e¨q (MC) wbY©‡qi †ÿ‡Î AšÍiKj‡Yi e¨envi i‡q‡Q|  
2. AšÍiKj‡Yi mvnv‡h¨ cÖvwšÍK Dc‡hvM (MU) Ges cÖvwšÍK Drcv`b (MP) †ei Kiv hvq|  
3. cÖvwšÍK Dc‡hvM-Gi cwieZ©‡bi nvi µgea©gvb bvwK µgn«vmgvb Zv AšÍiKj‡Yi gva¨‡g Rvbv hvq|  
4. Pvwn`vi `vg w ’̄wZ ’̄vcKZv (Price elasticity), Avq w ’̄wZ ’̄vcKZv (Income elasticity), AvovAvwo 
w ’̄wZ ’̄vcKZv †ei Kivi †ÿ‡Î e¨vcKfv‡e cÖ‡qvM nq|  
5. cÖvwšÍK cÖwZ ’̄vc‡bi nvi (MRS) Ges cÖvwšÍK KvwiMwi cÖwZ ’̄vc‡bi nvi (MRTS) wbY©‡q e¨eüZ nq|  

6. fvimvg¨ `vg (
_

p
 ) I fvimvg¨ cwigvY (

_

Q
 )-Gi Dci AeaªæeK-Gi cÖfve †ei Kivi Kv‡R AšÍiKjbY 

e¨eüZ nq|  
7.  c¨v‡i‡Uvi Kvg¨Zv (Pareto Optimality) wbY©‡qi †ÿ‡Î AšÍiKjY e¨eüZ nq|  
8. cÖvwšÍK LiP (MC) I Mo LiP (AC) Gi m¤úK© ; cÖvwšÍK Avq (MR) I w ’̄wZ ’̄vcKZvi (EP) m¤úK© 
wbY©‡q e¨eüZ nq|  
9. cÖvwšÍK †fvM cÖeYZv (MPC), cÖvwšÍK mÂq cÖeYZv (MPS), cÖvwšÍK wewb‡qvM cÖeYZv (MPI) Ges ¸YK 
(Multiplier) wbY©‡q e¨eüZ nq|  
GK K_vq ejv hvq †h, Zzjbvg~jK ’̄xwZ we‡køl‡Y (Comparative Static Analysis) A_©bxwZ‡Z 
AšÍiKj‡Yi e¨envi e¨vcK| Avi GB e¨vcKZv m¤ú‡K© ¯úó aviYv †bqvi Rb¨ Avgiv A_©bxwZ‡Z 
eûjfv‡e e¨eüZ GKwU wewb‡qvM A‡cÿK we‡ePbv Kwi|  
awi, I = a-br 

†hLv‡b, I = wewb‡qvM e¨q,  
 r = my‡`i nvi 
Ges a, b = AeaªæeK (civwgwZ)| 
GLb hw`, my‡`i nv‡ii cwieZ©b‡K ∆r Ges wewb‡qv‡Mi cwieZ©b‡K ∆I Øviv cÖKvk Kiv nq, Z‡e 
AšÍiKj‡Yi wbqgvbymv‡i 
 I + ∆I = a - b (r + ∆r) 

 ev, I + ∆I = a-br-b∆r 

 ev, I + ∆I = I -b∆r [∴ I = a - br] 

 ev, I + ∆I - I = -b∆r 

 ev,  
∆I

∆r
  = 

-b∆r

∆r
  [ Dfq cÿ‡K ∆r Øviv fvM K‡i cvB]  

 ∴ 
∆I

∆r
  = -b  
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A_©vr my‡`i nv‡ii cwieZ©‡bi (∆r) d‡j wewb‡qv‡Mi cwieZ©‡bi nvi (∆I) n‡”Q -b [FYvÍK]| GLv‡b b-‡K 
cÖvwšÍK wewb‡qvM cÖeYZv (Marginal propensity to Investment) e‡j|  
 

g~j wbq‡g AšÍiKjY (Differentiation through first principle) t  

hw` y =f(x) A‡cÿK _v‡K Z‡e x Gi AšÍiKjY †ei Kivi Rb¨ wb‡æv³fv‡e AMÖmi nIqv hvq t- 
(i) x Gi gvb cwieZ©b Ki‡Z n‡e| g‡b Kwi h n‡”Q GB cwieZ©‡bi cwigvc| myZivs y Gi gvb ev f(x) 

Gi gvb f(x+h) Í̄‡i DbœxZ n‡e| 
(ii) GLb f(x+h) ‡_‡K y Gi cÖ_g gvb f(x) we‡qvM Ki‡j y Gi cwieZ©b cvIqv hv‡e t f(x+h) -f(x)  

(iii) GLb y Gi GB cwiewZ©Z gvb x Gi cwieZ©b h Øviv fvM Ki‡j y Gi Mo cwieZ©b cvIqv hvq t 
f(x+h)-f(x)

h
  

(iv) GLb mxgvi aviYv cÖ‡qvM K‡i 
dy

dx
  wb‡æv³fv‡e †`Lv‡bv hvq t 

dy

dx
  = 

Lim

h∅0
 
f(x+h)-f(x)

h
  

D`vniY t 1 A‡cÿK y = x2 †_‡K (i) ‡h †Kvb we› ỳi Rb¨ Ges (ii) x=3 Gi Rb¨ 
dy

dx  wbY©q Kiæb|  

mgvavb t (i) 
dy

dx
  = 

Lim

h∅0
 
f(x+h)-f(x)

h
  

  = 
Lim

h∅0
 
f(x+h)

2
-x

2

h
  

 = 
Lim

h∅0
 
x

2
+2xh+h

2
-x

2

h
  

 =  
Lim

h∅0
 
h(2x+h)

h
  

 =  
Lim

h∅0
 (2x+h)  

 = 2x+o  

 = 2x 

(ii) hLb x =3 ZLb 

  
dy

dx
  = [2x] =[2∞3] = 6 

D`vniY t 2 hw` y = 
1

x
  nq, Z‡e 

dy

dx
  wbY©q Kiæb|  

mgvavb t 

Avgiv Rvwb  
dy

dx
  = 

Lim

h∅0
 
f(x+h)-f(x)

h
  

  = 
Lim

h∅0 
 
1

h
  






1

(x+h)
-
1

x
  

 = 
Lim

h∅0 
 
1

h
  






x-x-h

x(x+h)
  

 = 
Lim

h∅0 
 

-1

x(x+h)
  

 = 
-1

x(x+o)
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 = -
1

x
2
  

A_©bxwZ‡Z †Kv_vq AšÍiR K¨vjKzjvm ( Differential Calculas) A_ev dy/dx cÖ‡qvM Kiv hvq bv? 
A_©bxwZ‡Z cÖvwšÍK aviYv we‡køl‡Yi e¨vcv‡i MwY‡Zi AšÍiKjY c×wZ e¨envi Kiv nq| †Kbbv cÖvwšÍK 
aviYv †Kvb dvsk‡bi GKwU Pj‡Ki ÿz ª̀vwZÿz ª̀ (Infinitesimal)cwieZ©‡bi d‡j D™¢yZ Ab¨ GKwU Pj‡Ki 
Mo cwieZ©b wb‡ ©̀k K‡i| AšÍiK †Kvb cÖ`Ë A‡cÿK n‡Z GKwU Pj‡Ki ÿz ª̀vwZÿz ª̀ cwieZ©‡bi †cÖwÿ‡Z 
Ab¨ GKwU Pj‡Ki Mo cwieZ©b cwigvc K‡i| AšÍiK ZvB wb‡RB GKwU cÖvwšÍK aviYv| 
†Kvb A‡cÿ‡Ki AšÍiKjY †Kvb wbw ©̀ó we› ỳ‡Z Kiv m¤¢e wKbv Zv wbf©i K‡i ỳwU k‡Z©i Dcw ’̄wZi Dci|  
cÖ_gZ t A‡cÿKwU‡K H we› ỳ‡Z Awew”Qbœ (Continuous) _vK‡Z n‡e| Ab¨ K_vq ejv hvq hw` 
A‡cÿKwUi GKwU †jLwPÎ AsKb Kiv hvq, Z‡e Zv Awew”Qbœ _vK†Z n‡e| hw` wew”Qbœ Ae ’̄vq _v‡K Z‡e 
H we› ỳ‡Z A‡cÿKwUi †Kvb AšÍiK †ei Kiv m¤¢e bq|  

wØZxqZ t A‡cÿKwU ïay Awew”Qbœ _vK‡j Pj‡e bv| G‡K gm„Y (Smooth) n‡Z n‡e| A_©vr A‡cÿKwUi 
†jLwPÎ gm„b n‡Z n‡e| G‡Z †Kvb †KŠwbK we› ỳ (Corner point) ev Agm„bZv wb‡ ©̀k K‡i Ggb †Kvb 
Ae ’̄vb _vK‡e bv|  

Dc‡iv³ ỳwU kZ© †hLv‡b jsNb nq †mLv‡b AšÍiKjY cÖwµqv cÖ‡qvM Kiv hvq bv| GB Ae ’̄vi GKwU 
cÖK…ó D`vniY n‡”Q-Iwj‡Mvcwj evRv‡i wKsK Pvwn`v (Kink Demand) g‡Wj|  
 

 
 
 
 
 
 
 
 

 

wPÎ-8.2.1 t Iwj‡Mvcwj evRv‡i wKsK Pvwn`v †iLv (Mo Avq †iLv)  

Ges a I b we› ỳi gv‡S wew”Qbœ cÖvwšÍK Avq †iLv| 
wP‡Î Iwj‡Mvcwj evRv‡ii wKsK Pvwn`v g‡W‡j g~‡j¨i w ’̄i Ae ’̄v †`Lv‡bv n‡q‡Q| G‡ÿ‡Î Mo Avq †iLv 
Awew”Qbœ nIqv m‡Ë¡I Zv Smooth ev gm„b bq| †Kbbv Gi E GKwU †KŠwbK we› ỳ| AšÍiKj‡Yi wØZxq 
kZ©wU G‡ÿ‡Î jswNZ n‡q‡Q| Avevi a Ges b we› ỳi ga¨eZ©x †Kvb we› ỳ‡Z MR A‡cÿKwUi AšÍiKjY ev 
MR ‡iLvwUi Xvj †ei Kiv m¤¢e bq (wPÎ 8.2.1)|  
 

AšÍiKjY Ges AšÍi‡Ki g‡a¨ cv_©K¨ (Distinction between differentiation and 

Derivative) 
 
mvaviYZ t g‡b Kiv nq AšÍiKjY Ges AšÍi‡Ki g‡a¨ †Kvb cv_©K¨ †bB| Avm‡j Zv mZ¨ bq| KviY 
G‡`i g‡a¨ GKwU n‡”Q MvwYwZK cÖwµqv Ges Ab¨wU n‡”Q Zvi djvdj| G‡`i g‡a¨ wb‡æv³ cv_©K¨ 
†`Lv‡bv hvq t 
 cÖ_gZ t A‡cÿK y = f(x) †_‡K AšÍiK (derivative) ‡ei Kivi MvwYwZK cÖwµqv‡K AšÍiKjY e‡j| 
A_©vr †h cÖwµqvi mvnv‡h¨ A‡cÿK †_‡K Avgiv Gi AšÍiK wbY©q Kwi Zv‡K AšÍiKjY e‡j| ZvB ejv 
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hvq AšÍiKjY n‡”Q GKwU MvwYwZK cÖwµqv Ges AšÍiK Zvi PyovšÍ dj (final result)| †hgb y = f(x) 

A‡cÿ‡Ki †ejvq dy/dx ‡K AšÍiKjY Ges f′(x) †K AšÍiK ejv hvq| 

wØZxqZ t mvgwMÖK A‡_© AšÍiKjY cÖwµqvq Dcv`vb i‡q‡Q d

dx
 (y)  = f′(x)| G‡ÿ‡Î 

d

dx
  ‡K msNUK 

(operator) ejv nq| y n‡”Q Aaxb PjK hvi Dci Kvh©µg (operation) Pvjv‡bv nq Ges f'(x) n‡”Q PyovšÍ 
djvdj| GB mvgwMÖK cÖwµqvi GKwU Ask n‡”Q f′(x) wbY©q hv‡K A‡cÿK y = f(x) Gi AšÍiK ejv nq|  
 
∆y

∆x
  Gi aviYv/msÁv (Concept/Definition of ∆y/∆x) 

awi y = f(x) n‡”Q x Gi †cÖwÿ‡Z y Gi A‡cÿK Ges ∆x Ges ∆y Øviv PjK x Ges y Gi cwieZ©b 
†evSvq| Zvn‡j x Pj‡Ki cwieZ©b †nZz y Pj‡Ki †h cwieZ©b nq GB ỳB‡qi AbycvZ‡K ∆y/∆x e‡j| 
GRb¨ ∆y/∆x  †K GKwU AšÍiK AbycvZ ejv hvq| 
†jLwP‡Îi y = f(x) GKwU eµ †iLv| Gi A Ges 
B we› ỳ ms‡hvMKvix MN †iLv‡K Tangent line 

e‡j| †jL wPÎ †_‡K †`Lv hvq, x Gi gvb x
1
 n‡j 

y Pj‡Ki gvb y
1
 nq| Avevi x Pj‡Ki gvb e„w× 

†c‡q x
2
 n‡j y Pj‡Ki gvb y

2
 ‡Z DbœxZ nq| 

GLb †jLv hvq t 
∆x  = (x

2
-x

1
) = AC;  

∆y = y
2

-y
1

=BC 

myZivs 
∆y

∆x
  = 

y
2

-y
1

x
2

-x
1

  = 
BC

AC
  | Kv‡RB †`Lv hvq 

∆y/∆x  g~jZt Tangent line Gi Xvj wb‡ ©̀k K‡i 
(wPÎ-8.2.2)|  

 
 
 
 
 
 
 
 
 
 
 

wPÎ- 8.2.2 t 
∆y

∆x
  -Gi R¨vwgwZK aviYv 

 
dy/dx Ges ∆y/∆x Gi g‡a¨ cv_©K¨ (Difference between dy/dx and ∆y/∆x ) 

AšÍiK m¤úwK©Z ỳwU aviYv ∆y/∆x Ges dy/dx Gi g‡a¨ wb‡æv³ cv_©K¨ Kiv hvq t- 
cÖ_gZ t x Pj‡Ki cwi „̀ó (Observed) cwieZ©b ∆x ‡nZz y Pj‡Ki g‡a¨ †h cwi „̀ó cwieZ©b ∆y nq GB 
ỳ‡qi AbycvZ‡K ∆y/∆x ejv hvq| cÿvšÍ‡i x Gi ÿz ª̀vwZÿz ª̀ cwieZ©‡bi (infinitesimal change in x) 

d‡j y †Z †h Mo cwieZ©b Av‡m Zv dy/dx wb‡ ©̀k K‡i| 
wØZxqZ t ∆y/∆x †K GKwU AšÍiK AbycvZ (difference quotient) ejv hvq| wKšÍz K‡Vvi A‡_© (Strictly 

speaking) 
dy

dx
  n‡”Q Gi mxgvi ( a Limit Concept) aviYv Ges GwU dy ‡K dx Øviv fvM Kiv †evSvq bv 

A_©vr ∆y/∆x Gi g‡Zv GwU GKwU AbycvZ bq|  
Z…ZxqZ t †Kvb eµˆiwLK y = f(x) A‡cÿ‡Ki †h †Kvb we› ỳi Xvj dy/dx wb‡ ©̀k K‡i| cÿvšÍ‡i Gi ỳ‡Uv 
we› ỳi ms‡hvM †iLv A_©vr Tangent †iLvi Xvj ∆y/∆x Øviv cÖKvk cvq|  
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wP‡Îi y = f(x) A‡cÿ‡Ki ỳ‡Uv 
we› ỳ M Ges R ms‡hvMKvix MN 

n‡”Q Tangent ‡iLv| Gi Xvj 
∆y/∆x = RP/MP wb‡ ©̀k K‡i| 
Ab¨w`‡K M we› ỳ‡Z AswKZ ¯úk©K 
HS Gi Xvj Øviv dy/dx cÖKvk cvq| 
wPÎvbyhvqx ejv hvq t  
∆y

∆x
  = tan θ 

Lim

∆x∅0
 
 ∆y

∆x
  = 

dy

dx
  

myZivs cwigv‡ci w`K †_‡K dy/dx 

g~jZ ∆y/∆x A‡cÿv eo nq|  

 
 
 
 
 
 
 
 
 
 

wPÎ-8.2.3 t AšÍiK I AšÍiKj‡Yi cv_©K¨ 

 
 

 

 

 

 
mvivsk t ¯̂vaxb Pj‡Ki mvgvb¨ e„w×RwbZ cwieZ©‡bi d‡j Aaxb Pj‡Ki †h cwieZ©b N‡U Zvi cwigvc‡K 
AšÍiKjY e‡j| mvaviYZt ¯̂vaxb PjK x-Gi wbw`©ó gv‡bi Rb¨ AšÍiKj‡Yi wbw`©ó gvb _v‡K Ges Zv x-

Gi dvskb wn‡m‡e _vK‡Z cv‡i, A_©bxwZ‡Z AšÍiKj‡Yi eûj e¨envi i‡q‡Q| we‡kl K‡i A_©bxwZ‡Z 
cÖvwšÍK aviYv †hgb, cÖvwšÍK Avq, cÖvwšÍK e¨q, cÖvwšÍK Dc‡hvM, cÖvwšÍK Drcv`b, cÖvwšÍK LiP, cÖvwšÍK †fvM 
cÖeYZv, cÖvwšÍK mÂq cÖeYZv, BZ¨vw`‡Z AšÍiKjY e¨eüZ nq| mvaviYfv‡e AšÍiKjY Ges AšÍi‡Ki 
g‡a¨ †Kvb cv_©K¨ †bB g‡b n‡jI g~jZt GwU mZ¨ bq| †h cÖwµqvi mvnv‡h¨ A‡cÿK †_‡K Gi AšÍiK 

wbY©q Kwi, Zv‡K AšÍiKjY e‡j| AšÍiK n‡”Q PyovšÍ dj| †hgb, y = f(x) A‡cÿ‡Ki †ejvq 
dy

dx
  ‡K 

AšÍiKjY Ges f′(x) ‡K AšÍiK e‡j| hw` y = f(x) A‡cÿK _v‡K Z‡e †h wbq‡g x-Gi AšÍiKjY †ei 
Kiv nq, Zv‡K g~j wbq‡g AšÍiKjY (Differentiation through first principle) e‡j|  
 
 

 

 

 

cv‡VvËi g~j¨vqY 8.2 

mZ¨/wg_¨v wbY©q Kiæb 
1| A_©bxwZ‡Z †gvU aviYvmg~n wbY©‡qi †ÿ‡Î AšÍiKj‡Yi e¨envi nq| 
2|  AšÍiKjY Ges AšÍi‡Ki g‡a¨ cv_©K¨ n‡”Q G‡`i GKwU MvwYwZK cÖwµqv Ges Ab¨wU n‡”Q Zvi 
 djvdj| 
3| †Kvb A‡cÿ‡Ki AšÍiKjY †Kvb wbw ©̀ó we› ỳ‡Z m¤¢e wKbv Zv wbf©i K‡i A‡cÿKwUi Awew”QbœZv I 
 gm„bZvi Dci| 
 

 

cvV-8.3 
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AšÍiKj‡Yi wbqgmg~n  
(Rules of Differentiation)  

 
 
 
 
G cvV †k‡l Avcwb- 
◆  wewfbœ wbq‡g AšÍiKjY Ki‡Z cvi‡eb| 
 
 

y= f(x) GB AwØZxqgv‡bi A‡cÿ‡Ki wewfbœ iƒc Abymv‡i AšÍiKjYI wewfbœ Dcv‡q Kiv nq| AšÍiKjY 
mnR Ges mswÿß Kivi Rb¨ KwZcq wbq‡gi D™¢e n‡q‡Q| wb‡¤œ G‡`i m¤̂‡Ü Av‡jvPbv Kiv nj| 

1. Nv‡Zi wbqg (Power Rule) t 

awi y = x
2 GLb GB NvZhy³ A‡cÿ‡Ki AšÍiK wK? GLv‡b x ¯̂vaxb PjK Ges y Aaxb PjK| cÖ_gZ t 

Avgiv 
∆y

∆x
  ‡ei K‡i mxgvi (Limiting process) mvnvh¨ †be t  

 y + ∆y = (x+∆x)
2 

 ev y+∆y = x
2

 + 2x.∆x + ∆x
2 

 ev ∆y = -y+x
2

 + 2x.∆x + ∆x
2 

 ev ∆y = 2x.∆x + ∆x 
2 

[ ‡h‡nZz y = x
2
]  

 ev 
∆y

∆x
  = 

2x.∆x

∆x
  + 

∆x
2

∆x
  [Dfq c‡ÿ ∆x Øviv fvM K‡i] 

  = 2x + ∆x  

GLb,  
Lim

∆x∅0
  

∆y

∆x
  = 

Lim

∆x∅0
 (2x + ∆x)   

  = 2x 

Abywm×všÍ t 
hw` y=x

n
 nq, Z‡e ∆x e„w×i Rb¨ y+∆y = (x+∆x); GLb wØc`x m¤úªmvi‡Yi wbqg (Binomial 

expansion) Abymv‡i wjLv hvq t 

y + ∆y = x
n

 +( 
n

1
  )x

n-1
 (∆x) + (

n

2
 )xn-2(∆x)2+..........+ 

n

n-1
  x(∆x)n-1 +(∆x)n

 

 

GLb Dfq w`‡K mxgv †bqvi ci Avgiv cvB t 

 
Lim

∆x∅0
  
∆y

∆x
  (

n

1
)  x

n-1
= nx

n-1 

D`vniY t 1 y =x5 

  
dy

dx
  = 

d

dx
 (x

5
)  = 5x

5-1
 = 5x

4 

D`vniY t 2 awi †gvU Drcv`b e¨q C Ges q Drcv`‡bi cwigvY| c‡Y¨i Drcv`‡bi Dci e¨q wbf©ikxj| 
awi Drcv`b e¨q Ges Drcv`‡bi g‡a¨ m¤úK© n‡”Q t 

 C=q
3
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GLb 
dc

dq
  = 

d

dq
(q3) 

 
= 

3q
3-1

= 3q
2 

GLb 3q
2 n‡”Q q Gi ÿz ª̀vwZÿz ª̀ cwieZ©‡bi d‡j Drcv`b e¨q C Gi Mo cwieZ©‡bi nvi| G‡K 

A_©bxwZ‡Z cÖvwšÍK Drcv`b e¨q (Marginal cost) ejv nq|  
 
2. w ’̄i dvsk‡bi wbqg (Constant Function Rule) t 
 

awi  y= g(x)=k, k GKwU w ’̄i gvb (Constant)|  

 
dy

dx
  = o ev g'(x) = o n‡e| 

 
 Abywm×všÍ t †hgb w ’̄i A‡cÿ‡Ki AšÍiK k~b¨ nq, A_©bxwZ‡Z Giƒc A‡cÿ‡Ki D`vniY wn‡m‡e 
Avgiv c~Y© cÖwZ‡hvwMZvg~jK evRv‡ii Mo Avq Ges cÖvwšÍK Avq A‡cÿ‡Ki K_v ej‡Z cvwi| 
Abyiƒcfv‡e †gvU w ’̄i e¨q dvsk‡bi K_vI ejv hvq| hw` w ’̄i e¨q dvskb C=f(q)=Tk.500 nq Z‡e 

Gi AšÍiK n‡e wbæiƒc t 
d

dq
  f(q) = 

d

dq
 (500)  = 0 

 
 
 
 
 
 
 
 

 
wPÎ-8.3.1 t w¯’i A‡cÿK  

 

 

3. w ’̄i ivwk Øviv ¸‡bvËi A‡cÿ‡Ki AšÍiKjY (Multiplication by a Constant) t 

hw` y = f(x) A‡cÿ‡K C GKwU w ’̄i ivwk nq, Z‡e Gi AšÍiK f(x) A‡cÿ‡Ki AšÍiK Ges CGi 
¸Yd‡ji mgvb n‡e|  
D`vniY t 1 y=f(x) =5x3 

 
dy

dx
  = f'(x)=5 

d(x3)

dx
  = 5. (3x

2
) = 15x

2 

D`vniY t 2 y =ax
b

 

 
dy

dx
  = f'(x) = a. 

d(x
b

)

dx
  = a.bx

b-1
 = abx

b-1
  

 

4. †hvM Ges we‡qv‡Mi wbqg (Composite function Rule)t  

ỳB ev Z‡ZvwaK AšÍiKjY‡hvM¨ A‡cÿ‡Ki †hvM ev we‡qv‡Mi AšÍiK G‡`i c„_K AšÍi‡Ki †hvM ev 
we‡qv‡Mi mgvb n‡e| hw` y=u ± v ± w nq, Ges u =f(x),v=f(x), I w=f(x), Zvn‡j 
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dy

dx
  = 

du

dx
  ± 

dv

dx
  ± 

dw

dx
  n‡e| 

D`vniY t 1 y =x
2

 + 3x
4 

+ 4x
5 

  
dy

dx
  = 

d(x
2
)

dx
  + 3.

d(x4)

dx
  + 4

d(x
5
)

dx
  

   = 2x + 3 (4x
3
) + 4(5x

4
) 

   = 2x + 12x
3

 + 20x
4 

D`vniY t 2 y = ax
3

-bx
2

-cx  

  
dy

dx
  = a.

d(x
3
)

dx
  - b

d(x
2

)

dx
  - c

d(x)

dx
   

   = a. (3x2) - b.(2x) - c(1) 

   = 3ax2 - 2bx- c 

5. ¸‡Yi wbqg (Multiplication Rule) t 

awi, u = f(x) Ges v = g(x) A‡cÿK ỳwU AšÍiKjY†hvM¨| Z‡e Zv‡`i ¸Ydj AšÍiKjY‡hvM¨ Ges †jLv 
hvq t 

 
dy

dx
  = u.

dv

dx
  + v

du

dx
   

D`vniY t 1 y= (3x
2

+1) (x
3

 + 2x) 

  GLv‡b u = (3x
2

 + 1) Ges v = (x
3
 + 2x) a‡i cvIqv hvq t 

 

  
dy

dx
  = (3x

2
 +1) 

d(x
3

+2x)

dx
  + (x

3
 + 2x) 

d(3x
2
+1)

dx
  

   = (3x
2
+1) (3x

2
+2) + (x

3 
+ 2x) (6x) 

   = 9x
4
 + 6x

2
 + 3x

2
 + 2 + 6x

4
 + 12x

2 

   
= 15x

4
 + 21x

2
 + 2 

D`vniY t 2 y = (x
2
+x+3) (x

3
-x+1) 

  
dy

dx
  = (x

2
+x+3). 

d(x
3
-x+1)

dx
  + (x

3
-x+1). 

d(x
2
+x+3)

dx
  

   = (x
2
+x+3) (3x

2
-1) + (x

3
-x+1) (2x+1) 

   = 3x
4
 + 3x

3
 + 9x

2
-x

2
-x-3+2x

4
-2x

2
+2x+x

3
-x+1 

   = 5x
4
+4x

3
+ 6x

2
-2 

6. fv‡Mi wbqg (Quotient Rule) t 

awi u(x) Ges v(x) ỳwU AšÍiKjY†hvM¨ A‡cÿK Ges y = 
u(x)

v(x)
  | GLb hw` v(x)�x nq Z‡e ejv hvq t 

dy

dx
  = 

v
du

dx
 -u

dv

dx

v
2

  

D`vniY t 1 y = 
3x

2
+1

x
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dy

dx
   = 

x
d

dx
(3x

2
+1)-(3x

2
+1)

d(x)

dx

x
2

  

   = 
x(6x)-(3x

2
+1) (1)

x
2

  

   = 
6x

2
-3x

2
-1

x
2

  

   = 
3x2-1

x2
  

D`vniY t 2 y =
1-x

1+x
  

  
dy

dx
   = 

1+x 
d

dx
 (1-x) - 1-x 

d

dx
 1+x

 ( 1+x)
2

  

 

   = 

(1+x)

1

2
 

d

dx
 (1-x)

1

2 - (1-x)

1

2 
d

dx
 (1+x)

1

2

(1+x)
  

 

  

   = 

(1+x)

1

2








-
1

2
(1-x)

-
1

2 -(1-x)

1

2 








1

2
 (1+x) 

-
1

2

(1+x)
    

  

   = 

 
-(1+x)

1

2

2(1-x)

1

2

 - 
(1-x)

1

2

2(1+x)

1

2

(1+x)
  

 

 

   = 

-(1+x)-(1-x)

2(1-x)

1

2(1+x)

1

2

(1+x)
  

 

   = 
-(1+x-1+x)

2(1-x)

1

2 (1+x)

1

2(1+x)

  

 

   = 
-2x

2(1+x)

3

2 (1-x)

1

2
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7. A‡cÿ‡Ki A‡cÿK wbqg (Function of a Function Rule) t 
hw` y=f(z), ‡hLv‡b z=g(x) nq Z‡e, 

 
dy

dx
  = 

dy

dx
  .

dz

dx
  

Abywm×všÍ t Dc‡iv³ m~ÎwU‡K GKvwaK A‡cÿ‡Ki †ÿ‡Î ewa©Z Kiv hvq t 
hw` y = f(v) ‡hLv‡b v = (u) Ges u = ψ(x) nq Z‡e- 

 
dv

dx
  = 

dv

dv
  . 

dv

du
  . 

du

dx
  

D`vniY t 1 z  = y
4

 + 3y
3

 Ges y = x
2 

  
dz

dx
   = 

dz

dy
  .

dy

dx
  

   = 
d

dy
 (y

4
 + 3y

3
)  . 

d(x
2
)

dx
  

   = (4y
3

 + 9y
2

).(2x) 

   = 8xy
3

 + 18xy
2  

   
= 8x(x2)3 + 18(x

2
)
2
 [y=x

2 ewm‡q ] 

   = 8x
7
 + 18x

5  

D`vniY t 2 z  = (x
3 

+ 3x)
2
 

g‡b Kwi, y  = x
3

 + 3x, Z‡e cÖ`Ë A‡cÿK `vovq, 

 z  = y
2
 †hLv‡b y = x

3
+3x 

GLv‡b, 
dz

dx
   = 

dz

dy
  . 

dy

dx
   

  = 
d(y

2
)

dy
  .

d(x
3

+3x)

dx
  

  = 2y. (3x
2

+3) 

   = 2(x
3
+3x) (3x

2
+3) 

  = (2x
3

 + 6x) (3x
2

+3) [ ‡h‡nZz, y = x
3
+3x] 

  = 6x
5

 + 6x
3
 + 18x

3
 + 18x  

  = 6x
5

 + 24x
3

 + 18x 

D`vniY t 3 y = 2w
2

+1; w = 3z
2

 Ges z = 2x + x
3
 

 
dy

dx
   = 

dy

dw
  . 

dw

dz
  . 

dz

dx
  

  = 
d(2w

2
+1)

dw
  . 

d(3z
2

)

dz
  . 

d(2x+x3)

dx
  

  = (4w) (6z) (2+3x
2
) 

  = (12z
2

) (6z) (2+3x
2
) 

  = 72z
3

 (2+3x
2

)  

  = 72(2x+x
3
)3 (2+3x

2
) [∴ [z=2x+x3] 
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D`vniY t 4 aiæb C ‡gvU Drcv`b e¨q ; q ‡Kvb ª̀‡e¨i Drcv`b| g‡b Kwi G‡`i m¤úK© wb‡æi A‡cÿK 
Øviv cÖKvk cvq t 

 C= (3+2q
2

)
2
;  

GB A‡cÿK †_‡K A‡cÿ‡Ki A‡cÿK wbqgvbymv‡i Avgiv cÖvwšÍK Drcv`b e¨q (Marginal Cost) 

A‡cÿK ev 
dc

dq
  ‡ei Ki‡Z cvwi|  

awi. v = 3+2q
2

 Zvn‡j C=v
2

 Ges v=3+2q
2
 

GLb, 
dc

dq
   = 

dc

dv
  . 

dv

dq
   

  = 
d(v

2
)

dv
  . 

d(3+2q
2

)

dq
  

  = (2v) (4q) 

  = 8vq 

  = 8q (3+2q
2
)  

  = 24q + 16q
3

 [ v=3+2q
2
 ewm‡q ] 

 
8. wecixZ A‡cÿ‡Ki wbqg (Inverse Function Rule) t 
awi y = f(x) A‡cÿ‡Ki wecixZ A‡cÿK x = g(y) Av‡Q| Z‡e †jLv hvq t 

 
dy

dx
  = 

1

dg(y)

dy

  = 
1

dx

dy

  

 

 

D`vniY t 1 hw` y = 3x2 + 4x nq Z‡e 
dx

dy  KZ n‡e? 

 

 
dy

dx
  = 

1

dx

dy

  = 
1

d(3x2+4x)

dx

  = 
1

6x+4
   

  

D`vniY t 2 g‡b Kwi  D=100-5p c‡Y¨i Pvwn`v A‡cÿK| GB A‡cÿK †_‡K 
dp

dD
  ‡ei Kiv hvq| 

G‡ÿ‡Î 
dp

dD
  =   

1

dD

dp

   = 
1

(100-5p)

dp

  = -
1

5
  

 

 

 

 

 

 

 
mvivsk t y=f(x) GB AwØZxqgv‡bi A‡cÿ‡Ki wewfbœ iƒc Abymv‡i AšÍiKjYI wewfbœ Dcv‡q †ei Kiv 
nq| GwU mnR I mswÿß Kivi Rb¨ K‡qKwU wbq‡gi D™¢e n‡q‡Q| †hgb, Nv‡Zi wbqg, †hvM I we‡qv‡Mi 
wbqg, ¸‡Yi wbqg, fv‡Mi wbqg, A‡cÿ‡Ki A‡cÿK wbqg, BZ¨vw`| 
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cv‡VvËi g~j¨vqb 8.3 
mwVK DËiwU wPwýZ Kiæb t 

1| y = 3x2 n‡j 
dy

dx
  = ? 

 (K) x3 (L) 6x 

 (M) 
3

2
 x3 (N) 

3

2
 x2 

2| q = 300 n‡j 
d

dq
 (300)  = ? 

 (K) 0 (L) 1 

 (M) α (M) 300 

3| hw` u(x), v(x) ỳwU AšÍiKjY‡hvM¨ A‡cÿK I y = 
u(x)

v(x)
  nq Ges hw` v(x) ≠ x nq Z‡e, 

dy

dx
  = ? 

 (K) 
dy

dx
  = u. 

du

dx
  + v.

du

dx
   (L) 

dy

dx
  = 

v.
du

dx
-u.

dv

dx

v2
  

 

 (M) K I L DfqB n‡Z cv‡i (N) †KvbwUB bq| 
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cvV-8.4 
Ae¨³ A‡cÿ‡Ki AšÍiKjY  
Ges D”P gvÎvi AšÍiKjY 

 
 
 
G cvV †k‡l Avcwb- 
◆  Ae¨³ A‡cÿ‡Ki AšÍiKjY Ki‡Z cvi‡eb| 
◆  D”P gvÎvi AšÍiKjY Ki‡Z cvi‡eb| 
 
Ae¨³ A‡cÿ‡Ki AšÍiKjY (Differentiation of Implicit Function) 

A‡bK mgq ỳwU Pj‡Ki wbf©ikxjZv Ae¨³ AvKv‡i _vK‡Z cv‡i| †hgb f(x,y) = o GB mgxKiYwU Øviv x 

Ges y Gi g‡a¨ wbf©ikxjZv (hv f cÖZxK Øviv wb‡ ©̀k Kiv n‡q‡Q) i‡q‡Q| wKšÍz G‡`i g‡a¨ †Kvb&wU Kvi 
Dci wbf©ikxj Zv e¨³ (explicitly expressed) Kiv nq bvB|  
 

Z‡e Giƒc A‡cÿ‡Ki AšÍiKj‡Yi mgq Avgiv mvaviYZ x ‡K ¯̂vaxb Ges y ‡K Aaxb PjK ai‡Z cvwi| 

Gici cÖ`Ë Ae¨³ A‡cÿK ev mgxKi‡Yi Dfq w`‡Ki AšÍiKjY wb‡q 
dy

dx   wbY©q Ki‡Z cvwi| Avevi 

B”Qv Ki‡j x ‡K Aaxb Ges y ‡K ¯̂vaxb PjK a‡iI cÖ`Ë mgxKiY/A‡cÿ‡Ki Dfq w`‡Ki AšÍiKjY 

wb‡q 
dx

dy   wbY©q Kiv hvq|  
 

†hgb x2 + xy + y - 1 = o GKwU Ae¨³ A‡cÿK| GLb GwU †_‡K y PjK‡K x Pj‡Ki ev x ‡K y Gi 
e¨³ A‡cÿK wnmv‡e msÁvwqZ Kiv hvq| hw` x ‡K ¯̂vaxb PjK aiv nq Z‡e x Gi m¤ú‡K© y Gi AšÍiK 
†ei Kiv hvq|  
 

D`vniY t 1 xy + (x+y+1) = 0 nq, Z‡e 
dy

dx
  evwni Kiæb|  

  
d(xy)

dx
  + 

d(x+y+1)

dx
  = 0 

 ev y. 
d(x)

dx
  + x. 

d(y)

dx
  + 

d(x)

dx
  + 

d(y)

dx
  + 

(1)

dx
 )= 0 

 ev  y + x . 
dy

dx
  + 1 + 

dy

dx
  = 0 

 ev  x 
dy

dx
  + 

dy

dx
  = - (y + 1) 

 ev   
dy

dx
  (x + 1)  = - (y + 1) 

 ∴   
dy

dx
  = 

-(y+1)

(x+1)
  

D`vniY t 2 x
3
 + 3axy + y

3
 = a

3  
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cÖ`Ë A‡cÿ‡Ki †ejvq x ‡K ¯̂vaxb Ges y ‡K Aaxb PjK a‡i Dfq w`‡Ki AšÍiKjY wb‡j cvB t 

 
d(x

3
)

dx
  + 3a 

d(xy)

dx
  + 

d(y
3

)

dx
  = 

d(a
3
)

dx
   

 ev 3x
2

 + 3a (x.
dy

dx
  +y) + 3y

2
 . 

dy

dx
  = 0 

 ev 3ax
dy

dx
  + 3y2dy

dx
  = - (3x

2
+3ay) 

 ev  
dy

dx
 (3ax+3y

2
)  = -(3x

2
+3ay)  

 ∴ 
dy

dx
  = 

-(3x
2

+3ay)

(3ax+3y
2

)
   

  = 
-(x

2
+ay)

ax+y
2

  

 Abyiƒcfv‡e t 
dx

dy 
 = -(ax+y

2
)/(x

2
+ay) 

 
D”PgvÎvi AšÍiKjY (Higher Order Differentiation) 

hw` y = x4+x2+x nq, Z‡e 
dy

dx  = f′(x) = 4x3+2x+1 

GLb 
dy

dx
  cÖ_g gvÎvi AšÍiKjY| G‡ÿ‡Î 

dy

dx
  GLbI x Gi A‡cÿK| myZivs 

dy

dx
  ‡K x Gi †cÖwÿ‡Z 

cybivq AšÍiKjY m¤¢e| A_©vr G †_‡K wØZxq gvÎvi AšÍiK †ei Kiv hvq|  

 fδ(x) = 
d

dx
 (

dy

dx
)  = 

d
2

y

dx
2

   

    
d

dx
 






d(x4+x2+x)

dx
  

  = 
d

dx
 (4x

3
+2x+1)  

  = 12x
2

 + 2 

12x
2
 + 2 ‡K wØZxq gvÎvi AšÍiK ejv hvq| GB cÖwµqv µgv¤̂‡q AbymiY Kiv hvq hZÿY bv AšÍiK Gi 

gvb k~b¨ nq| mvaviY K_vq n Zg gvÎvi AšÍiKjY cÖZx‡Ki mvnv‡h¨ cÖKvk Kiv hvq: 

 y
(n)

 = f
(n)

 = 
dny

dx
n
  

 

D`vniY t 1 y = x6+x4+x 

 
dy

dx
   = f′(x) = 6x

5
+4x

3
+1 

 
d

2
y

dx
2

  = fδ (x) = 30x
4
 +12x

2  

 d
3

y

dx
3

 
 = f'''(x) = 120x3+24x BZ¨vw` 
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D`vniY t 2 y  = 2x
2

-3  

 
dy

dx
   = 

d

dx
 (2x

2
-3)

1

2
 







PpPyfM 2x2-3=(2x2-3)

1

2

   

  =  
1

2
 (4x) (2x

2
-3) 

- 
1

2  

  = (2x) (2x
2

-3) 
- 

1

2 
 

   

  
= 

2x

(2x
2
-3) 

 
1

2

  

   

  = 
2x

2x
2

-3
    

  

 
d

2
y

dx
2

  = 
d

dx
 







2x

2x
2

-3
  

 

 

  = 

(2x2-3)
1/2 d(2x)

dx
 - 2x.

d

dx
{ }(2x

2
-3)

1/2

{ }(2x2-3)1/2 2
  

  = 

2(2x
2

-3)
1/2

 - 2x
1

2
 . (4x) (2x

2
-3) 

1/2

2x
2
-3

  

  = 

2(2x
2

-3)
1/2

 - 
4x

2

(2x
2
-3)

-1/2

((2x
2

-3))
  

  

  = 

2(2x
2

-3) - 4x
2

(2x
2

-3)
1/2

(2x
2

-3)
  

 

  = 
-6

(2x
2
-3)

3

2
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mvivsk t A‡bK mgq `ywU Pj‡Ki wbf©ikxjZv Ae¨³ _v‡K| Giƒc A‡cÿ‡Ki AšÍiKj‡Yi mgq GKwU 
PjK‡K ¯̂vaxb I Aci PjK‡K †hgb x I y Aaxb aiv nq| Gici cÖ`Ë A‡cÿK ev mgxKi‡Yi Dfq 

w`‡Ki AšÍiKjY w`‡q 
dy

dx
  ev 

dx

dy  wbY©q Kiv hvq|  

 
 
 
 
 

cv‡VvËi g~j¨vqb 8.4 

mZ¨/wg_¨v wbY©q Kiæb t 

1| ỳwU Pj‡Ki wbf©ikxjZv Ae¨³ _vK‡j, A‡cÿKwUi AšÍiKjY Kiv m¤¢e bq| 

2| y = 2x3 + 3x n‡j 
d3y

dx3
  ev f´´´(x) = 12x 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

P~ovšÍ g~j¨vqb BDwbU 8 

mswÿß I iPbvg~jK cÖkœ t 

1| AšÍiK Gi msÁvmn ˆewkó¨¸‡jv Av‡jvPbv Kiæb| 
2| AšÍiKj‡Yi msÁv w`b| AšÍiKj‡Yi A_©‰bwZK e¨envi m¤ú‡K© Av‡jvPbv Kiæb| 
3| AšÍiKjY ej‡Z wK †evSvq ? 
4| AšÍi‡Ki msÁv w`b| 
5| AšÍiKjY Ges AšÍi‡Ki g‡a¨ cv_©K¨ wK ? g~j wbq‡g AšÍiKjY wK fv‡e Kiv hvq ?  
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6| g~j wbq‡g AšÍiKjY Kiæb :- 
 K. y = x  L. y = x3 

 M. y = 5x4 N. y = 
1

x
  

7| AšÍiKj‡Yi Nv‡Zi wbqg wK ? 
8|  A_©bxwZ‡Z AšÍiKj‡Yi w ’̄i dvsk‡bi wbqg †Kv_vq e¨eüZ nq ? 
9|  AšÍiKj‡Yi A‡cÿ‡Ki A‡cÿK wbqg wK ? 
10|  AšÍiKj‡Yi wbqgmg~n Av‡jvPbv Kiæb| 
11|  wb‡æv³ mgm¨v mgvavb Kiæb| 
 K. y = 9x-5 -Gi AšÍiK mnM †ei Kiæb| 

 L. y = 5x-3 -2x2 + 6x -9; 
dy

dx
  = ? 

 M. y = (x2-3x)(3x3-6x); 
dy

dx
  = ? 

 N. y = 
x2+3

x-2
 ; 

dy

dx
  = ? 

12| A‡cÿ‡Ki A‡cÿK wbqg Abymv‡i AšÍiK mnM †ei Kiæb| 
 K. y = U10 L. y= (5x-7)3 

 M. y = (3x2-1)5 N. y= (x2+4x-2)4  

 O. u = 5x-3 P. U= -x2+6x-3 

13| Ae¨³ A‡cÿK wK? A_©bxwZ‡Z †Kv_vq AšÍiR K¨vjKzjvm ev 
dy

dx
   cÖ‡qvM Kiv hvq bv ? 

14| wb‡b¥v³ mgvavb †ei Kiæb| 

 K. x4+x2y2+y4 = 0 n‡j 
dy

dx
  Ges 

dx

dy
  = ? 

 L. 2xy+3x+y2 = 0 n‡j 
dy

dx
   = ? 

 M. 5x3 -3x2 +3y2-6 = 0 n‡j 
dy

dx
  Ges 

dx

dy
  = ? 

 N. x2+2xy-5y2-4 = 0 n‡j 
dy

dx
   Ges 

dx

dy
  = ? 

DËigvjv -BDwbU-8 
cvV-1 t (1) wg_¨v 
cvV-2 t (1) wg_¨v (2) mZ¨ (3) mZ¨ 
cvV-3 t (1) L (2) K (3) L 
cvV-4 t (1) wg_¨v (2)wg_¨v 


