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MZxq A_©bxwZ Ges mgvKjb 
 (Dynamic Economics and Integration) 

 
 
AšÍiKj‡Yi wecixZ cÖwµqv‡K mgvKjb e‡j| A_©vr †Wwi‡fwU‡fi gva¨‡g cÖvß djvdj †_‡K g~j dvskb 
wbY©q Kiv nq mgvKj‡Yi gva¨‡g| mgvKjb †gŠwjKfv‡e c`v_©weÁv‡bi †ÿ‡Î AwaKfv‡e cÖ‡hvR¨| Z‡e 
A_©bxwZ‡Z Gi f‚wgKv µgkt e„w× cv‡”Q| A_©bxwZi wewfbœ cÖvwšÍK aviYvmg~n †hgb cÖvwšÍK Avq, cÖvwšÍK 
e¨q BZ¨vw` mg~n †_‡K †gvU aviYv †hgb †gvU Avq, †gvU e¨q BZ¨vw` wbY©q Kiv hvq mgvKj‡Yi gva¨‡g| 
GQvovI Drcv`‡Ki DØ„Ë wbY©q, †fv³vi DØ„Ë wbY©q Ges Ab¨vb¨ A_©‰bwZK wm×všÍ MÖnY mnRZi nq 
mgvKj‡bi Øviv| 
GB BDwb‡U mgvKj‡bi Av‡jvPbvq mgvKj‡bi aviYv, mgvKj‡bi †gŠj wbqgmg~n, AvswkK fMœvs‡ki 
mvnv‡h¨ mgvKjb wbY©q- Gme welq AšÍf©©~³ Kiv n‡q‡Q| GQvovI A_©bxwZi wewfbœ aviYvi mgvKj‡bi 
cÖ‡qvM †`Lv‡bv n‡q‡Q|  

 
 
 
 
 
 
 
 
 
 
 

G BDwb‡Ui cvV¸‡jv n‡”Q t 
◆ cvV-1 : mgvKjb  
◆ cvV-2 : mgvKj†bi †gŠj wbqgmg~n 
◆ cvV-3 : AvswkK fMœvs‡ki mvnv‡h¨ mgvKjb  
◆ cvV-4 : mywbw ©̀ó mgvKjb   
◆ cvV-5 : A_©bxwZi wewfbœ aviYvq mgvKj‡bi e¨envi 
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cvV-10.1 
mgvKjb  

(Integration) 
 
 

G cvV †k‡l Avcwb- 
◆  mgvKj‡bi msÁv ej‡Z I wjL‡Z cvi‡eb| 
◆  mgvKj‡bi A_©‰bwZK e¨envi m¤ú‡K© ej‡Z I wjL‡Z cvi‡eb| 
◆  mywbw ©̀ó I Awbw ©̀ó mgvKj‡bi msÁv ej‡Z I wjL‡Z cvi‡eb| 
◆  mywbw ©̀ó I Awbw ©̀ó mgvKj‡bi g‡a¨ cv_©K¨ ej‡Z I wjL‡Z cvi‡eb| 
 
mgvKj‡bi msÁv (Definition of Integration) 
PjK x Gi †Kvb dvsk‡bi †hvwRZ dj (Integral) wbY©q Kivi cÖwµqv‡K mgvKjb ejv nq Ges GB 
cÖwµqvq cÖZxK wnmv‡e H dvsk‡bi c~‡e© ∫ wPý I dvsk‡bi c‡i dx e¨envi Kiv nq| GLv‡b dx Øviv 
†evSv‡bv nq mgvKj‡bi †ÿ‡Î PjK n‡”Q x| cÿvšÍ‡i †h dvskb †hvMxK…Z (Integrated) nq Zv‡K 
mgvKjbxq ivwk e‡j|  

†hgb 
d
dx  {F(x)}=f(x) n‡j ∫ f(x)dx = F(x)+c n‡e| 

G‡ÿ‡Î ∫ mgvKj‡bi cÖZxK| GLv‡b x ‡K cwieZ©bkxj a‡i ∫ f(x)dx ‡K f(x)-Gi Awbw ©̀ó †hvwRZ dj 

(Indefinite integral) e‡j Ges f(x) ‡K mgvKjbxq ivwk (Integrand) e‡j| myZivs †`Lv hvq  
d
dx  Ges 

∫ dx ci¯úi wecixZ wµqvi cÖZxK|  
Ab¨w`‡K x ‡K cwieZ©bkxj a‡i, †Kvb dvskb f(x) Gi †hvwRZ dj F(x) Ges x-Gi ỳwU gvb a I b n‡j 
x Gi gvb a ‡_‡K b-†Z  cwieZ©‡bi d‡j F(x)-Gi gv‡bi cwieZ©b‡K a I b mxgvi g‡a¨ f(x) Gi wbw ©̀ó 
†hvwRZ dj (definite integral) e‡j| 
GwU‡K 

⌡⌠

a

 b f(x) dx cÖZxK Øviv cÖKvk Kiv nq|  

Awbw ©̀ó †hvwRZ d‡ji †ÿ‡Î Avgiv †h aªæe ev wbðj ivwk C ‡hvM Kwi Zv‡K mgvKj‡bi aªæeK e‡j| 
Ab¨K_vq †Kvb dvskb f(x) Gi Awbw ©̀ó †hvwRZ d‡ji mv‡_ B”Qvbyhvqx †h †Kvb aªæeK (any arbitrary 
constant) ‡hvM Kiv hvq| †Kbbv C GKwU aªæeK e‡j F(x)Ges F(x)+C Gi AšÍiK GKB n‡e|  
 

mgvKj‡bi A_©‰bwZK e¨envi: 
A_©bxwZi we‡køl‡bi aviv hZB cÖmvwiZ n‡”Q ZZB A_©bxwZ‡Z MwYZ kv‡ ¿̄i e¨envi e„w× cv‡”Q| we‡kl 
K‡i Integral Calculas †h‡nZz Differential Calculas-Gi wecixZ cÖwµqv †m‡nZz Differentiation-Gi 
gZ Integration -Gi e¨enviI h‡_ó | wb‡æ A_©bxwZ‡Z Integration-Gi D‡jøL‡hvM¨ e¨envi¸‡jv eY©bv 
Kiv n‡jv|  

1.  GKwU dv‡g©i ˆ`bw›`b Kv‡Ri cÖvwšÍK A‡cÿK ev cÖvwšÍK g~j¨ A‡cÿK Rvbv _vK‡j Zv †_‡K 
 dv‡g©i †gvU A‡cÿK †ei Kiv hvq mgvKj‡bi (Integration) mvnv‡h¨| 
2.  mgvKjb Avgv‡`i‡K †fv³vi DØ„Ë (Consumer's Surplus) †ei Ki‡Z mvnvh¨ K‡i|  
3.  Drcv`bKvixi DØ„Ë  (Producer's Surplus) wbY©q Ki‡Z mgvKj‡bi mvnvh¨ wb‡Z nq|  
4.  g~ja‡bi mgq c_ (Time Path of Capital) wbY©‡qi †ÿ‡Î Integral Calculas e¨eüZ nq|  
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5.  bxU wewb‡qvM ev g~jab MVb (Capital formation) ‡ei Kivi Rb¨ Integration-Gi mvnvh¨ wb‡Z nq| 
6.  Present Value of Cash Flow Rvbvi Rb¨ Avgiv Integration-Gi e¨envi Ki‡Z cvwi|  
7.  †Kvb Avq ev g~jab cÖev‡ni K¨vwcUvj f¨vjy (Capital Value) wbY©‡q mgKj‡bi e¨envi Kiv nq|  
 
Awbw ©̀ó mgvKj‡bi msÁv (Definition of Indefinite Integral) : 

awi g(x) GKwU A‡cÿK Ges Gi AšÍiK f(x) Øviv cÖKvk cvq| A_©vr 

 
d
dx  [g(x)] = f(x) 

G Ae ’̄vq x Gi †cÖwÿ‡Z f(x) Gi Awbw ©̀ó mgvKjb‡K g(x)+C ejv hvq| cÖZx‡Ki mvnv‡h¨ GwU 
wb‡æv³fv‡e wb‡`©k Kiv nq t 
∫ f(x)dx = g(x)+C 

G‡ÿ‡Î f(x) = mgvKjbxq A‡cÿK (integrand) 
C = mgvKj‡bi w ’̄i ivwk|  
x = mgvKj‡bi Rb¨ we‡ePbvaxb PjK|  
 

∫ = Bs‡iRx eY©gvjv S Gi `xN©vwqZ iƒc (elongated form) hv mgwó (Sum) wb‡ ©̀‡ki Rb¨ e¨eüZ|  
 
†jLwP‡Î cÖKvk Ki‡j †Kvb A‡cÿ‡Ki Awbw ©̀ó mgvKjb g~jZt ¯̂vaxb Pj‡Ki A‡cÿ‡Ki Dci wbf©ikxj 
nq| awi f(x) GKwU Awew”Qbœ A‡cÿK Ges Gi †Wv‡gBb (domain) x =a Ges x=b Gi g‡a¨ i‡q‡Q| GB 
cwiwai g‡a¨ PjK x ‡h †Kvb gvb MÖnY Ki‡Z cv‡i|  
 

    
 
 
 
 
 
 

wPÎ- 10.1.1 t Awbw ©̀ó mgvKjb 
 

 
GLb a Ges b cwiwai g‡a¨ y = f(x) ‡iLvi Aax‡bi GjvKv cwigvc Ki‡j Zv‡K mywbw ©̀ó †hvwRZ dj ejv 
hvq| g‡b Kwi b=x Zvn‡j ejv hvq t 

 g(x) = 
⌡⌠

a

x
  f(x)dx 

†jLwPÎvbyhvqx a Ges x cwiwa‡Z f(x) ‡iLvi Aax‡b †h GjvKv cvIqv hv‡e ZvB g(x) Øviv cÖKvk cv‡e| 
G†ÿ‡Î a we› ỳwU w ’̄i A_P x we› ỳi gvb AÁvZ| d‡j x Gi gv‡bi cwieZ©b Ki‡j A_©vr x Gi gvb f‚wg 
A‡ÿ e„w× Ki‡j f(x) ‡iLvwUi Aax‡bi GjvKvI cwieZ©b n‡e| G‡ÿ‡Î x Gi wewfbœ gv‡b g(x) 
we‡ePbvaxb †iLvi Aax‡b wewfbœ GjvKv wb‡`©k Ki‡e|  
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mwVK/mywbw ©̀ó mgvKjb (Definite Integration) t 

hLb †Kvb AšÍiKjb‡hvM¨ dvskb‡K wbw ©̀ó cwimxgvi gva¨‡g mgvKjb Kiv nq, ZLb Zv‡K mywbw ©̀ó ev 
mwVK mgvKjb e‡j|  

†hgb- 
⌡⌠

a

b
   fx dx 

 

†hLv‡b, a = mgvKj‡bi wbæmxgv 
 b = mgvKj‡bi D”Pmxgv 
 ∫ = mgvKj‡bi wPý 
 f(x) = mgvKwjZ (Integrand) dvskb| 
 

D‡jøL¨ †h, mywbw ©̀ó mgvKj‡bi †ÿ‡Î †Kvb aªæeK (C) e‡m bv| 
wP‡Îi mvnv‡h¨ wb‡æ definite Integral cÖKvk Kiv n‡jv wPÎ (10.1.2): 
 

  
 
 
 
 
 
 

wPÎ 10.1.2 t mywbw ©̀ó mgvKjb 
 
mywbw ©̀ó I Awbw ©̀ó mgvKj‡bi ga¨Kvi cv_©K¨ (Difference between Definite and Indefinite 

Integration) : 
 

awi f(x) GKwU cÖ`Ë A‡cÿK hv g(x) A‡cÿ‡Ki AšÍiK| 

 
d
dx  g(x) = f (x) 

Zvn‡j g(x)+C †K x Gi †cÖwÿ‡Z f(x) A‡cÿ‡Ki Awbw ©̀ó mgvKjb ejv hvq| cÖZx‡Ki mvnv‡h¨ GwU 
wb‡æv³fv‡e wb‡`©k Kiv hvq| 
 ∫f(x)dx = g(x) +C 

†hLv‡b C= mgvKj‡bi w ’̄i ivwk Ges C>≤0 n‡Z cv‡i| 
Ges ∫f(x)dx = x Gi †cÖwÿ‡Z f(x) Gi †hvwRZ dj|  

Ab¨w`‡K hw` x=a Ges x=b cwiwa A_©vr x Gi D”P mxgv b Ges wbæ mxgv a we‡ePbv Kiv nq Z‡e ∫
b
a 

f(x)dx ‡K x Gi m¤ú‡K© f(x) Gi mywbw ©̀ó mgvKjb ejv nq| cÖZx‡Ki mvnv‡h¨ ejv hvq:  

 ∫
b
a f(x)dx =  g(b) -g(a) = [g(x)]

b
a  

GB ỳB ai‡Yi mgvKj‡bi g‡a¨ wb‡æv³ cv_©K¨ Kiv hvq t 
(i) Awbw ©̀ó mgvKj‡bi †ejvq PjK x Gi Dci mxgv mywbw ©̀ó _v‡K bv| cÿvšÍ‡i mywbw ©̀ó mgvKj‡bi 
†ÿ‡Î GB mxgv D‡jøL Kiv _v‡K| 
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wPÎ-10.1.3 t f(x) A‡cÿ‡Ki wbw ©̀ó mgvKwjZ GjvKv| 

 
wPÎvbyhvqx ejv hvq 

 ∫
x
a f(x)dx = - ∫

a1
a  f(x)dx +  ∫

x
a1  f(x)dx   

G‡ÿ‡Î,  ∫
a1
a  f(x)dx = mywbw ©̀ó †hvwRZ dj (definite integral) 

awi, ∫
x
a f(x)dx =  g(x) Ges ∫

x
a1 f(x)dx  = F(x) 

Zvn‡j ejv hvq t g(x) = F(x)+C 
GB A‡_© ejv hvq mywbw ©̀ó mgvKjb Awbw ©̀ó mgvKj‡bi GKwU Ask gvÎ †hLv‡b ¯̂vaxb PjK x Gi D”P 
Ges wbæmxgv Øviv †hvwRZ djvdj Ave× K‡i †`qv nq|  
(ii) Awbw ©̀ó mgvKj‡bi †ÿ‡Î C ivwk _vKvq Zvi g‡a¨ A‡hŠw³KZv (arbitraryness) _v‡K hv mywbw ©̀ó 
mgvKj‡bi †ejvq cwijwÿZ nq bv|  
(iii) cÖwZwU mywbw ©̀ó mgvKj‡bi wbw ©̀ó gvb _v‡K| w ’̄i ivwki gvb Rvbv bv _vK‡j Awbw ©̀ó mgvKj‡bi gvb 
Awba©vwiZ _v‡K|  
(iv) Awbw ©̀ó mgvKj‡bi Øviv A_©bxwZ‡Z e¨eüZ A‡cÿK¸wji Marginal form ‡_‡K Total form ‡ei 
Kiv hvq|  
K.  MR n‡Z TR cvIqv hvq| 

L. MC n‡Z TC cvIqv hvq| 

M. MPC n‡Z TC Ges MPS n‡Z TS cvIqv hvq| 

cÿvšÍ‡i, mywbw ©̀ó mgvav‡bi Øviv: 
K. †fv³vi DØ„Ë (Consumer's surplus) 
L. Drcv`bKvixi DØ„Ë  (Producer's surplus) 
M. g~ja‡bi mgqc_ (Time path of capital) 
N. A_© cÖev‡ni eZ©gvb g~j¨ (Present value of cash flow) BZ¨vw`, wbY©q Kiv hvq|  
(v) hw` f(x) GKwU A‡cÿ‡Ki AšÍiKjb nq, Z‡e Gi Awbw ©̀ó mgvKjb n‡e: ∫ f(x)dx=f(x)+C wKšÍz 

f(x)Gi mywbw ©̀ó mgvKjb hw` F(x) Ges x=a ‡_‡K x=b ‡Z cwiewZ©Z nq Z‡e mywbw ©̀ó mgvKjb n‡e; 
⌡⌠

a

b
  

f(x).dx=f(b)-f(a) 
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mvivsk t PjK x-Gi †Kvb A‡cÿ‡Ki †hvwRZ dj (Integral) wbY©q Kivi cÖwµqv‡K mgvKjb ejv nq| 
A_©bxwZ‡Z mgvKj‡bi e¨envi DË‡ivËi e„w× cv‡”Q| †hgb, †fv³vi DØ„Ë, Drcv`bKvixi DØ„Ë, g~ja‡bi 
mgq c_, bxU wewb‡qvM, BZ¨vw` wba©viY Ki‡Z mgvKjb e¨envi Kiv nq|  
 
 
 
 
 
 

cv‡VvËi g~j¨vqb 10.1 

mwVK DËiwU wPwýZ Kiæb t 

1|  aªæeK ÔC' †hvM Kiv nq, 
 (K) Awbw ©̀ó †hvwRZ d‡ji †ÿ‡Î (L) wbw ©̀ó †hvwRZ d‡ji †ÿ‡Î  
 (M) AšÍiKj‡bi †ÿ‡Î (N) wbY©vq‡Ki †ÿ‡Î 
2| cÖvwšÍK A‡cÿK †_‡K †gvU A‡cÿK †ei Kiv hvq ; 
 (K) AšÍiKj‡bi mvnv‡h¨ (L) mgvKj‡bi mvnv‡h¨ 
 (M) g¨vwUª‡·i mvnv‡h¨ (N) wbY©vq‡Ki mvnv‡h¨ 
 
mZ¨/wg_¨v wbY©q Kiæb t 

3| 
d
dx  Ges ∫dx ci¯úi wecixZ wµqvi cÖZxK| 
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cvV-10.2 
mgvKj‡bi †gŠj wbqgmg~n  

(Fundamental Rules of Integration)  
 
 

G cvV †k‡l Avcwb- 
◆  mgvKj‡bi ‡gŠj wbqgmg~n m¤ú‡K© ej‡Z I wjL‡Z cvi‡eb| 
 

‡Kvb A‡cÿ‡Ki AšÍiK †ei Kivi Rb¨ †hgb KwZcq wbqg Av‡Q †Zgwb †Kvb A‡cÿ‡Ki †hvwRZ dj 
wbY©‡qi Rb¨ KwZcq †gŠj wbqg Abymib Kiv nq| KwZcq wbqg bx‡P †`qv nj|  
 
1. Nv‡Zi wbqg (Power Rule) 

(a) ∫ xndx = 
1
n+1 (x

n+1) +C (‡hLv‡b n ≠-1) 

†Kbbv 
d
dx





xn+1

n+1 +C   =  
1
1+n  . 

d
dx (x

n+1)  

 =  
1
n+1 (n+1) x

n  

                          =  xn  

(b) hw` n =-1 nq Zv n‡j ejv hvq: 
 ∫ xn dx = ∫ x-1 dx=∫ x-1 dx =logx+C 

 †Kbbv 
d
dx (logx+C)  = 

1
x  

D`vniY 1. ∫ x
1
3  dx †ei Kiæb| 

G‡ÿ‡Î n=
1
3  d‡j Nv‡Zi wbqg AbymiY K‡i Avgiv mgvKjb †ei Ki‡Z cvwi|  

 ∫ x

1
3  dx = 

x

1
3+1

1
3 +1

  +C  

   = 
x

4
3

4
3

  + c  

  = 
3
4  x

4
3  + C  

D`vniY 2. ∫ x3 dx †ei Kiæb| 
 G‡ÿ‡Î n=3 

 ∫ x3 dx= 
1
3+1 x

3+1+C 

  = 
1
4 x

4+C 
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D`vniY 3. ∫ x3 dx †ei Kiæb| 

 †h‡nZz ∫ x3  = x

3
2  †m‡nZz G‡ÿ‡Î n = 

3
2  

 ∫ x3  dx = 
x

3
2+1
3 
2+1

 + C 

  = 
x

5
2

5
2

  + c  

  = 
2
5 x5 + C 

D`vniY 4. ∫ 1
x4
  dx wbY©q Kiæb|  

 G‡ÿ‡Î 
1

x4
  =x-4 

 GLb n=-4 myZivs ∫ 
1

 x4
  dx = 

x-4+1

-4+1   +C 

 = 
x-3

-3   +C  

 =-
1

3x3
 +C 

2. m~P‡Ki wbqg (Exponential Rule) 
 (i) ∫ exdx=ex+C 

(ii) ∫ ekxdx=
ekx

k   +C †hLv‡b k = w ’̄i ivwk|  

†Kbbv 
d
dx 






ekx

k +C  = 
1
k  . 

d
dx (e

kx)  = 
1
k  . ke

kx= ekx 

(iii) ∫ akxdx=
akx

klog a  + C †hLv‡b a Ges k w ’̄i ivwk| 

†Kbbv 
d
dx 






akx

kloga   = 
1

kloga 
d
dx (a

kx)  =  
1

kloga  a
kx .kloga = akx 

  

(iv) ∫ axdx=
ax

loga  + C †hLv‡b k =1 

D`vniY t 1 ∫ ex+3dx 

 =∫ exe3dx 

 = e3∫ exdx 

 = e3ex+C 

 =ex+3+C [†hLv‡b e3 =w ’̄i ivwk] 
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D`vniY t 2 ∫ (3x+ex)dx 

 = ∫ 3xdx+∫ exdx 
G‡ÿ‡Î k =1 myZivs cÖ`Ë A‡cÿ‡Ki mgvKjb ùvov‡e wbæiƒc t 

 = 
3x

log 3  +e
x+C 

D`vniY t 3  ∫ e2xdx 
G‡ÿ‡Î k = 2 myZivs Dc‡ii m~Îvbyhvqx A‡cÿ‡Ki mgvKjb n‡e t 
  ∫ e2xdx 

 = 
e2x

2  +C 

3. jMvwi`‡gi wbqg (Logarithmic Rule) 

  ∫ 
1
x dx = log x+C [‡hLv‡b x>o] 

†h†nZz x Gi gvb k~b¨ A_ev FYvZ¥K n‡j Dnvi jMvwi`g _v‡K bv, †m‡nZz Avgiv x-Gi gv‡bi Rb¨ kZ© 

Av‡ivc K‡iwQ| D‡jøL¨ †h A‡bK mgq ∫ 
1
x dx-†K ∫ 

dx
x   wnmv‡eI cÖKvk Kiv nq| 

D`vniY t 1 ∫ 
5
x  dx 

G‡ÿ‡Î ∫
 5
x   dx = 5∫ 

1
x dx ‡jLv hvq| GLb j‡Mi m~Îvbyhvqx A‡cÿ‡Ki mgvKjb n‡e wbæiƒc t 

 5∫ 
 1
x  dx 

 =5log x+C 

D`vniY t 2 ∫ (e8x-3x-1)dx 

 =  ∫ e8xdx-∫ 3x-1dx 

 = ∫ e8xdx-∫ 
3
x  dx 

 = 
e8x

8   -3logx+C 

D`vniY t 3 ∫ (e3alogx + e3xloga)dx 

G‡ÿ‡Î  e3alogx = x3a Ges e3aloga = a3x  ‡Kbbv  

Avgiv Rvwb, elogx=x GLb Avgiv cÖ`Ë dvsk‡bi mgvKjb †ei Ki‡Z cvwi t- 

  ∫(e3alogx + e3xloga)dx 

 = ∫ x3adx + ∫ a3xdx 

 = 
x3a+1

3a+1  + 
a3x

3loga  + C 

4. †hv‡Mi wbqg (Sum Rule) 
mmxg msL¨K †hv‡MvËi A‡cÿ‡Ki †hvwRZ dj Dnv‡`i c„_K c„_K †hvwRZ d‡ji mgvb| †hgb ỳwU 
A‡cÿ‡Ki †ÿ‡Î Avgiv wjL‡Z cvwi t 

 ∫ [f(x) +g(x)]dx= ∫ f(x) dx + ∫ g(x) dx 
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D`vniY: 1  ∫ (x3+x+1)dx †ei Kiæb|  
Avgv‡`i G‡ÿ‡Î Dc‡ii wbqgvbymv‡i wjLv hvq t 
 ∫(x3+x+1)dx = ∫ x3dx + ∫ xdx+∫1dx 

 = 
x4

4   + C1+
x2

2   + C2+ x+C3 

 = 
x4

4   +
x2

2   + x+C [†hLv‡b C = C1+C2+C3] 

D`vniY: 2 ∫ (ex+x-3/2)dx  

 = ∫ (exdx + ∫x-3/2)dx  

 = ex+ 
x
-
3
2+1

-
3
2+1

  + C 

 = ex-2x-1/2+C 

D`vniY: 3 ∫ 4x3+
6
x  - 

1

x2
  

 = ∫ 4x3dx+∫ 
6
x  dx-∫ 

1

x2
 dx 

 = 4∫ x3dx+6∫ 
1
x  dx-∫ x

-2dx 

 = 4∫ 
x3+1

3+1   +6.(logx) -
x-2+1

-2+1   + C 

 = 
4x4

4   + 6logx+x-1+ C 

 = x4 + 61ogx + x-1+ C 
5. ¸‡Yi wbqg (Multiplication Rule) 
 ∫kf(x)dx= k∫f(x) dx  

D`vniY: 1. ∫2x2 dx 
G‡ÿ‡Î Dc‡iv³ wbqgvbymv‡i Avgiv wjL‡Z cvwi t 
 ∫2x2 dx 

 = 2∫x2 dx 

 = 2
x3

3   +C 

 = 
2
3 x

3+C 

6. cwieZ©K wbqg (Substitution Rule) 

 ∫f(u)
du
dx dx = ∫f(u) du = F(u)+C 

G‡ÿ‡Î ∫du †K ∫dx Gi Rb¨ cwieZ©K Kiv n‡q‡Q| 

D`vniY t 1 ∫ 6x2 (x3+2)9dx  

awi, u =x3+2 Zvn‡j, 
du
dx  = 3x

2  
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d‡j Avgiv wjL‡Z cvwi t 

 6x2(x3+2)9dx=∫ 2
du
dx  u

9dx  

 = ∫2u9du  

 = 2∫u9du  

 = 2
u10

10   +C 

 = 
2
10 u

10+C 

 =
1
5(x

3+2) 10+C 

D`vniY t  2 ∫
 2x3+1

x4+2x
  dx 

awi, x4+2x=u 

 ev, 
du
dx =2(2x

3+1) 

GLb Avgiv wjL‡Z cvwi t 

 ∫ 
2x3+1

x4+2x
  dx = ∫

 1
2  
du
dx  .

1
u  dx 

 = 
1
2 ∫ 

du
u   

 = 
1
2  ln|u|+C 

 =  
1
2  ln|x

4+2x|+C 

D`vniY t 3 ∫ (ax+b)3dx 

awi, u =ax+b Z‡e 
du
dx  = a n‡e| 

Avevi du = adx+xda+db=adx  

myZivs ejv hvq dx=
1
a du  

GLb Avgiv A‡cÿ‡Ki mgvKjb †ei Ki‡Z cvwi t 

∫ (ax+b)3dx= ∫ u3
1
a 
 du  

 = ∫
 u3

a  du  

 = 
1
a  ∫ u

3du  

 = 
1
a





u3+1

3+1  +C 

 = 
1
a  . 

u4

4   
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 = 
1
a  . 

(ax+b)4

4   +C 

D`vniY t 4 ∫ a2xdx 

awi, u=2x Zvn‡j du=2dx myZivs dx= 
1
2 du 

GLb ∫ a2xdu = ∫ au 
1
2
 du  

  = 
1
2 ∫ a

udu  

 = 
1
2 

au

loge
a  +C 

 = 
a2u

2loge
a  +C 

7. fv‡Mi wbqg (Quotient Rule) 

(a) hw` 
f(x)
f(x)  A‡cÿK _v‡K Z‡e ∫

f′(x)
(x)   †ei Kivi wbqg n‡e wbæiƒc t 

awi, v=f(x) Z‡e dv=f′(x)dx n‡e 

GLb, ∫
 f′(x)
f(x)   dx = ∫ 

dv
v   = logv+C = logf(x)+C 

(b) hw`  
f′(x)
f(x)

  _v‡K Z‡e ∫
f′(x)
f(x)   dx ‡ei Kivi wbqg n‡e wbæiƒc t 

awi, v=f(x) d‡j dv=f′(x)dx n‡e| 

GLb ∫
 f′(x)
f(x)

  dx = ∫ 
dv
v
   

  = ∫ (v-1/2dv) 

  = 
v1/2

1/2   + C 

  = 2v1/2+C 
  = 2 f(x)  +C 

  = 
1
2  ∫ v

-1/2dv 

  = 
1
2 





v1/2

1/2  +C 

  = v1/2+C 

  = x2+5  +C [v = x2 +5 ewm‡q ] 

D`vniY t 1  ∫ 10
x3
  dx  

 =10∫ 
1

x3
  dx 

 =10∫ x-3dx 
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 = 10






x-2

-2  +C 

 = -10∞
1
2 ∞

1

x2
  +C 

 = -
5

x2
  +C 

D`vniY t 2 ∫ 
2x

x2+9
  dx  

awi, v = x2+9 

 
dv
dx  = 2x 

 ev dv=2xdx 
 

G‡ÿ‡Î ∫ 
2x

x2+9
  dx = ∫ 

dv
v    

  = logv+C 

  = log(x2+9)+C 

D`vniY t 3 ∫ 
x

x2+5
  dx  

awi v=x2+5 

 ev, 
dv
dx  =2x 

 ev, dv=2xdx 

 ∴ xdx=
1
2 dv 

G‡ÿ‡Î ∫
x

x2+5
  dx  

 = ∫

1/2dv

v
  

 = 
1
2  ∫ 

dv

v1/2
  

8. mLÛ mgvKjb (Integration by Parts) 
cÖ_g c×wZ t  
mgvKj‡bi †ÿ‡Î ỳwU A‡cÿK ¸Yb AvKv‡i Dcw ’̄Z _vK‡j G c×wZ‡Z Dnvi mgvKwjZ gvb wbY©q Kiv 
nq| ¸YbK…Z ỳ‡Uv A‡cÿ‡Ki mgvKwjZ gvb wbY©‡qi †ÿ‡Î wb‡æv³ m~ÎwU e¨envi Kiv nq| hw` u Ges v 
ỳwU A‡cÿK nq Z‡e, 

  ∫ uvdx =  u∫vdx- ∫{
d
dx (u)   ∫ vdx}dx 

A_ev, 1g A‡cÿK X ∫ 2q A‡cÿK dx-∫ {
d
dx  1g A‡cÿK ∞ ∫ 2q A‡cÿK dx}dx 

D`vniY t 1 ∫ x2exdx 
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mgvavb t I=x2∫ exdx-∫{ 
d
dx (x

2) ∫ exdx}dx 

 = x2ex-∫ 2x.exdx 

 = x2ex- 2[x∫ exdx-∫ {
d
dx (x) ∫ e

xdx}dx] 

 = x2ex-2[xex-∫ exdx] 

 = x2ex-2[xex-ex]+C 

  = x2ex-2xex+2ex+C 

 = ex(x2-2x+2)+C 
D`vniY t 2 ∫ xln x.dx 
mgvavb t I= ∫xln x.dx 

 = ln x ∫xdx- ∫{
d
dx (lnx)  ∫xdx}dx 

 = lnx (
1
2 x

2) - ∫
1
x(
1
2x
2) dx  

 = 
1
2 x

2lnx-
1
2 ∫ xdx 

 =  
1
2 x

2lnx-
1
4  x

2+C 

wØZxq c×wZ t 
u-Gi m¤ú‡K© v-Gi mgvKjb cvIqv hvq, uv n‡Z v Gi m¤úK© u-Gi mgvKwjZ gvb we‡qvM K‡i| A_©vr 
∫ vdx=uv-∫ udv 
 

D`vniY t 1 ∫x (x+1)1/3dx 

mgvavb t D‡jøL¨ †h G‡ÿ‡Î cÖwZ ’̄vcb ev Ab¨ †Kvb wbq‡g mgvKwjZ gvb wbY©q Kiv hvq bv| G Kvi‡Y 
Dc‡iv³ wØZxq c×wZ Abymv‡i D³ mgm¨v‡K ∫vdu AvKv‡i mvwR‡q mLÛ mgvKjb c×wZ‡Z gvb †ei 
Kivi †Póv Kwi|  
G D‡Ï‡k¨ g‡b Kwi v=x; d‡j dv=dx. Ges 

g‡b Kwi u= 
3
4 (x+1) 

4
3  
 

 du = (x+1) 

1
3  nq| GgZve ’̄vq  

 ∫ x (x+1)

1
3 dx  

 = ∫vdx 
 = uv-∫udv 

 = (
3
4 ) (x+1)

4
3  x-∫ 

3
4 (x+1)

4
3 dx 

 = (
3
4 ) (x+1)

4
3 x-

9
28 (x+1)

7
3 +C 

D`vniY t  2 ∫ xexdx 

mgvavb t G‡ÿ‡Î g‡b Kwi v = x Ges u=ex hv‡Z dv=dx Ges du=exdx myZivs 
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 ∫xexdx  
 = ∫vdx  
 = uv-∫udv 

 = ex.x-∫ exdx  

 = ex.x- ex+C  

 = ex(x-1)+C 
mgvKwjZ gvb mwVK n‡q‡Q wKbv Zv hvPvB Kivi Rb¨ D³ djvd‡ji AšÍiKjb gvb wbY©q K‡i †`L‡Z 
n‡e †h Dnv integrand Gi mgvb|  
D‡jøL¨ †h, mLÛ mgvKjb ỳwU c×wZ‡Z †`Lv‡bv n‡q‡Q| †h †KvbwU e¨envi K‡i GKB djvdj cvIqv 
†M‡jI G‡`i g‡a¨ cÖ_g c×wZwU A‡bKvs‡k RwUjZv gy³|  
 
 
 
 
mvivsk t AšÍiK  †ei Kivi Rb¨ †hgb wKQy wbqg i‡q‡Q, †Zgwb mgvKjb wbY©q Kivi Rb¨ wKQy †gŠj 
wbqg i‡q‡Q| †hgb Nv‡Zi wbqg, †hv‡Mi wbqg, ¸‡Yi wbqg, fv‡Mi wbqg, m~P‡Ki wbqg, jMvwi`‡gi 
wbqg, BZ¨vw`| 
 
 
 
 
 
 
 
 

cv‡VvËi g~j¨vqb 10.2 

mwVK DËiwU wPwýZ Kiæb t 

1|  ∫ x2dx Gi mgvKjb Ki‡j cvIqv hvq, 

 (K) 2x + C (L) x3 + C 

 (M) 
1

3
  x3 + C (N) 

1

2
  x + C 

 
2|  ∫ dx Gi mgvKjb Ki‡j cvIqv hvq, 
 (K) 1+ C (L) 0 

 (M) x2 + C (N) x + C 
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cvV-10.3 
AvswkK fMœvs‡ki mvnv‡h¨ mgvKjb  

(Integration by Partial Fraction) 
 
 
 
G cvV †k‡l Avcwb- 
◆  AvswkK fMœvs‡ki mvnv‡h¨ mgvKjb m¤ú‡K© ej‡Z I Ki‡Z cvi‡eb| 

  
hLb ni D”PZi µ‡gi nq Ges Zvi Drcv`K wbY©q m¤¢e nq ZLb mvaviYZ: AvswkK fMœvsk cÖ‡qvM Kiv 
nq| cÖ`Ë fMœvs‡ki n‡ii Drcv`K¸‡jvi cÖK…wZ we‡ePbv K‡i AvswkK fMœvs‡ki wewfbœ c×wZ wb‡P 
Av‡jvPbv Kiv n‡jv|  
 
cÖ_g c×wZ t 
hLb n‡i ev¯Íe Ges GKNvZ wewkó Drcv`K _v‡K wKšÍ †Kvb Drcv`‡KiB cybive„wË nq bv, GB c×wZwU 
wb‡æ D`vni‡Y †`Lv‡bv n‡jv|  

D`vniY t 1 ∫ 
x2+x-1

x3+x2-6x
  dx  

mgvavb t Giƒc mgm¨vi †ÿ‡Î ni Ask‡K GKNvZ wewkó K‡qKwU Drcv`‡K cÖKvk Ki‡Z nq| †hgb, 
 x3+x2-6x  

 = x(x2+x-6)  
 = x(x-2)(x+3) 
g‡b Kwi, 

 
x2+x-1

x3+x2-6x
  = 

A
x  + 

B
x-2  + 

C
x+3   

Dfq cÿ‡K x(x-2)(x+3) Øviv ¸Y K‡i cvB 

 x2+x-1 = A(x-2)(x+3)+Bx(x+3)+Cx(x-2) 
1 bs A‡f‡` ch©vqµ‡g x=0,2,-3 ewm‡q cvB   

 -1=A(0-2)(0+3); ev, -1= - 6A; ev,  A = 
1
6  

 4+2-1=B.2(2+3);  ev, 5=10B; ev, B=
1
2   

Ges  9-3-1 = C(-3)(-3-2); ev 5= 15C; ev C= 
1
3  

∴ 
x2+x-1

x(x-2)(x+3)   =  

1
6
x  + 

1
2

(x-2)  + 

1
3

(x+3)  
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∫ 
x2+x-1

x3+x2-6x
  dx  = 

1
6  ∫ 

dx
x   + 

1
2   ∫ 

dx
(x-2)  + 

1
3   ∫ 

dx
(x+3)  

 = (
1
6 )log|x|+ (

1
2 )log|x-2|+ (

1
3 )log|x+3|+ C 

wØZxq c×wZ t 
hLb j‡ei NvZ n‡ii NvZ A‡cÿv e„nËi ev mgvb, ZLb je‡K ni Øviv fvM K‡i j‡ei NvZ‡K n‡ii NvZ 
A‡cÿv ÿz ª̀Zi K‡i Zvici wb‡æv³ c×wZ‡Z mgvKjb Ki‡Z nq| 

D`vniY : 1 ∫ 
x3

(x-1)(x-2)(x-3)  dx  

mgvavb : 
x3

(x-1)(x-2)(x-3)  =1+
A

(x-1)  + 
B

(x-2)  +
C

(x-3)   

 ev, x3= (x-1)(x-2)(x-3)+A(x-2)(x-3)+B(x-1)(x-3)+C(x-1)(x-2).....(1)  

 [Dfq cÿ‡K (x-1)(x-2)(x-3) Øviv ¸Y K‡i ] 

1 bs A‡f‡` ch©vqµ‡g x=1,2,3 ewm‡q cvB 

 1=A(-1)(-2); ev, A = 
1
2  

 8= B(1)(-1); ev, B = -8 Ges  

 27= C(2)(1); ev, C= 
27
2   

∴ ∫
x3dx

(x-1)(x-2)(x-3)  = ∫dx+
1
2   ∫

dx
(x-1)  -8 ∫

dx
x-3  + 

27
2   ∫

dx
x-3   

    = x+
1 
2  log|x-1|-8log|x-2|+

27
2  log|x-3|+ C 

D`vniY : 2  ∫
x2

x+2  dx 

 

g‡b Kwi I =  ∫[(x-2)+ 
4
x+2  ]dx 

 = ∫(x-2)dx +∫ 
4
x+2  dx 

 = 
x2
2  -2x+4log(x+2)+ C 

 
 
 
 
 
     

Z…Zxq c×wZ t 
hLb n‡i ev Í̄e Ges GKNvZ wewkó Drcv`K _v‡K Ges Dnv‡`i g‡a¨ cybive„wË _v‡K| †hgb, 

D`vniY 1.  ∫ x

(x-1)2(x+2)
 dx 

mgvavb: g‡b Kwi, x

(x-1)2(x+2)
  = 

A
x-1  + 

B

(x-1)2
  + 

C
x+2   

Dfq cÿ‡K (x-1)2(x+2) Øviv ¸Y K‡i cvB, 

 x=A(x-1)(x+2)+B(x+2)+C(x-1)2..............(1) 
1 bs A‡f‡` ch©vqµ‡g x=1,-2 ewm‡q cvB, 
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 1=B(1+2); ev = 
1
3  Ges  

 -2= C(-2-1)2; ev C=-
2
9  

Avevi 1 bs A‡f‡` x2-Gi mnM mgxK…Z K‡i cvB  

 0=A+C t ev A-
2
9 =0 ev t A=

2
9  

∴ ∫ 
x

(x-1)2(x+2)
 dx = 

2
9  

∫ dx
x-1  

 + 
1
3  ∫ 

dx

(x-1)2
  - 
2
9  ∫ 

dx
(x+2)   

 =
2
9 {log|x-1|-log|x+2|}+ 

1
3 
(x-1)-1

-1   + C 

 = 
2
9  log 



x-1

x+2  - 
9

3(x-1) + C 

 
PZz_© c×wZ t 
hLb n‡i ev Í̄e I wØNvZ wewkó Drcv`K _v‡K wKšÍz †Kvb Drcv`‡KiB cyYive„wË nq bv| †hgb,  

D`vniY:1.  ∫ dx

(x-1)(x2+4)
  

mgvavb: g‡b Kwi 
x

(x-1)(x2+4)
  = 

A
x-1  + 

Bx+C

(x2+4)
  

Dfq cÿ‡K (x-1)(x2+4) Øviv ¸Y K‡i cvB 

 x = A (x2+4)+(Bx+C)(x-1) ............(1)  

1 bs A‡f‡` x=1 ewm‡q A= 
1
5  cvIqv hvq|  

Avevi 1 bs A‡f‡` x2 Ges x-Gi mnM mgxK…Z K‡i cvB 
A+B=O.....(2)  Ges C-B = 1...........(3) 

2 bs A = 
1
5
  ewm‡q B = -

1
5  Ges  

3 bs G B = -
1
5  ewm‡q C = 

4
5  cvIqv hvq|  

 ∴  ∫ 
xdx

(x-1)(x2+4)
  = 

1
5  ∫ 

dx
x-1  -   

1
5  ∫ 

x-4

x2+4
  

  = 
1
5  ∫ 

dx
x-1  - 

1
10  ∫ 

2xdx

x2+4
  +  

4
5  ∫ 

dx

x2+22
  

  = 
1
5  log| |x-1  –

1
10  log |x

2+4| + 
2
5   tan

-1 x
2 
 + C 

 
cÂg c×wZ t 
hLb ni ev Í̄e Ges cybive„wËmn wØNvZ wewkó Drcv`K _v‡K ZLb wb‡æv³ wbq‡g AvswkK fMœvs‡k iƒcvšÍi 
K‡i mgvKjb Ki‡Z nq| †hgb, 
 

D`vniY t 1 ∫ 2xdx

(x+1)(x2+1)2
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mgvavb: 2x

(x+1)(x2+1)2
  = 

A
(x+1)  + 

(Bx+C)

x2+1
  + 

Dx+E

(x2 +1)2
  

 ev 2x=A(x2+1)2+(Bx+C)(x+1)(x2+1)+(Dx+E)(x+1)...(1) 

 = A(x4+2x2+1)+(Bx+C)(x3+x2+x+1)+(Dx2+Dx+Ex+E)x 

 = (A+B) x4+(B+C)x3 +(2A+B+C+D)x2+(B+C+D+E)x+(A+C+E) 
 

Dc‡iv³ 1 bs A‡f‡` x=-1 ewm‡q A= - 
1
2  cvIqv hvq| Avevi x

4,x3,x2,x Gi mnM mgxK…Z K‡i A+B 

= 0...............(3) 

B+C=0.......................(4) 

2A+B+C+D = 0.........(5) 

B+C+D+E= 2............(6) 

3 bs G A = - 
1

2
   ewm‡q, B =  

1
2   4 bs G B= 

1
2   ewm‡q C = 

1
2  5 bs G A = - 

1
2  ; B= 

1
2  , C=- 

1
2   

ewm‡q D=1 Ges 6 bs G B= 
1
2  , C = - 

1
2  , D=1 ewm‡q E=1 cvIqv hvq| 

 
2x

(x+1)(x2+1)2
  = 

- 
1
2 

(x+1)  + 
 
1
2x- 

1
2 

(x2+1)
 +

x+1

(x2+1)2
   

 

∴  ∫ 
2xdx

(x+1)(x2+1)2
  = - 

1
2   ∫ 

dx
x+1  +  

1
2  ∫ 

dx
x+1  

- 
1
2  ∫ 

dx

x2+1
  + ∫ 

dx

(x2+1)2
  + ∫

dx

(x2+1)2
  

= - 
1
2   log| |x+1   +1/4 log(x2+1)- 

1
2  tan

-1x- 
1

2(1+x2)
  +  

1
2  tan

-1x + 
x

2(x2+1)
  + C 

=  
1
4  log 

(x2+1)

(x+1)2
 + 

(x-1)

2(x2+1)
  +C 

mgvKj‡bi Ab¨vb¨ c×wZ t 

1. ni wØNvZ n‡jI hw` ˆiwLK Drcv`‡K we‡kølY Kiv bv hvq| †hgb, wØNvZ c×wZ x2+x+1 Ges x2+1 
Gi †ÿ‡Î x c` _vK‡jI c~‡e©i D`vniY mg~‡ni mvnv‡h¨ Dnv‡`i †Kvb mgvavb cvIqv m¤¢e bq| G‡ÿ‡Î 
eM© c~iY (Completing the Square) c×wZ cÖ‡qvM Ki‡Z nq| Giƒc mgvKj‡bi mgvavb Kivi †ÿ‡Î 
wb‡æv³ Av`k© djvdjmg~n ¯§iY ivL‡Z n‡e|  

 1.  ∫ 
dx

(x2-a2)
  = 

1
2a  log 

x-a
x+a  

 2.  ∫ 
dx

(a2-x2)
  = 

1
2a log 

a+x
a-x    

 3.  ∫ 
dx

(a2+x2)
  =
1
a tan

-1 (x/a) 

2. hw` ni Aev Í̄e Ges wØNvZ nq ZLb wb‡æv³ Av`k© djvdj cÖ‡qvM Ki‡Z nq|  
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 1.  ∫ 
dx

x2-a2
  = log{x+ x2-a2 } 

 2. ∫ 
dx

x2+a2
 = log{x+ x2+a2 } 

 3. ∫ 
dx

a2-x2
 = Sin-1(x/a) 

 

 
mvivsk t hLb ni D”PZi µ‡gi nq Ges Zvi Drcv`K wbY©q m¤¢e nq ZLb mvaviYZ: AvswkK fMœvsk 
cÖ‡qvM Kiv nq| cÖ`Ë fMœvs‡ki n‡ii Drcv`K¸‡jvi cÖK…wZ we‡ePbv K‡i wewfbœ c×wZ‡Z AvswkK fMœvsk 
wba©viY Kiv hvq| 

 

 

 

 

 

 

cv‡VvËi g~j¨vqb 10.3 

mZ¨/wg_¨v wbY©q Kiæb t 

1| cÖ`Ë fMœvs‡ki n‡ii Drcv`K¸‡jvi cÖK…wZ we‡ePbv K‡i wewfbœ c×wZ‡Z AvswkK fMœvsk  wba©viY 
 Kiv hvq| 
2| hLb j‡ei NvZ n‡ii NvZ A‡cÿv e„nËi ev mgvb, ZLb je‡K ni Øviv fvM K‡i j‡ei  NvZ‡K 
 n‡ii NvZ A‡cÿK ÿz`ªZi K‡i mgvKjb Ki‡Z nq|  
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cvV-10.4 
mywbw ©̀ó mgvKjb  

(Definite Integral)  
 
 
 
G cvV †k‡l Avcwb- 
◆  mywbw ©̀ó mgvKj‡bi msÁv Rvb‡Z cvi‡eb| 
◆  mywbw ©̀ó mgvKj‡bi R¨vwgwZK e¨vL¨v Rvb‡Z cvi‡eb| 
◆  mywbw ©̀ó mgvKj‡bi ‰ewkó¨ Rvb‡Z cvi‡eb| 
◆  mywbw ©̀ó mgvKj‡bi †ei Kivi c×wZ Rvb‡Z cvi‡eb| 
◆  m½wZwenxb †hvwRZ dj m¤ú‡K© Rvb‡Z cvi‡eb| 

 

mywbw ©̀ó mgvKjb ev mwVK †hvwRZ dj (Definite Integral) 

 g‡b Kwi x GKwU cwieZ©bkxj Pjgvb ivwk| GKwU dvskb f(x)-Gi Awbw ©̀ó †hvwRZ dj F(x) Ges x Gi 
ỳBwU gvb x =a Ges x=b; Zv n‡j x-Gi gvb a †_‡K b †Z cwieZ©‡bi d‡j F(x) Gi gv‡bi †h cwieZ©b 
nq, Zv‡K A_©vr F(b)-F(a) ivwk‡K a Ges b mxgvi g‡a¨ f(x) Gi mwVK †hvwRZ dj (Definite Integral) 

e‡j, Ges G‡K ∫
b
a  f(x)dx cÖZxK Øviv wPwýZ Kiv nq| mvaviYZ G‡K a n‡Z b ch©šÍ f(x)-Gi mgvKwjZ 

gvb e‡j| Ôa' ‡K wbæmxgv (lower ev Inferior limit) Ges Ôb' †K DaŸ©mxgv (Upper ev Superior limit) 
e‡j| 
mwVK †hvwRZ dj Avgiv wbæiƒ‡c wbY©q Kwi|  

  ∫
b
a  f(x)dx = [F(x)]

b
a  = F(b)-F(a) 

 

mywbw ©̀ó †hvwRZ d‡ji R¨vwgwZK e¨vL¨v (Geometric Interpretation of Definite Integral) 

mwVK †hvwRZ d‡ji wbw ©̀ó gvb _v‡K| R¨vwgwZK fv‡e GB gvb‡K †Kvb †iLvi AvIZvax‡bi GKwU wbw ©̀ó 
GjvKv wnmv‡e †`Lv‡bv hvq| awi y = f(x) GKwU Awew”Qbœ A‡cÿK hvi †jLwPÎ (wPÎ 10.4.1) wbæiƒc t 
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wPÎ- 10.4.1 t mywbw ©̀ó †hvwRZ dj wbY©‡qi R¨vwgwZK wPÎiƒc  
 
G‡ÿ‡Î x Gi gv‡bi cwiwa aiv hvK a Ges b Øviv cÖKvk cvq| A_©vr x Gi m‡e©v”P mxgv b Ges wbæ mxgv 
a wb‡ ©̀k K‡i| awi x=A Ges x=B we› ỳ‡Z AP Ges BQ n‡”Q ỳwU j¤̂ hv x-A‡ÿ AswKZ|  
GLb Avgiv x Gi e¨vwß (Interval) a I b †K n msL¨K fv‡M wef³ Ki‡Z cvwi| †jLwP‡Î GB e¨vwß‡K 
AvU fv‡M wef³ Kiv n‡q‡Q| †hgb GB e¨vwßi g‡a¨ CD n‡”Q GKwU gvÎ Ask| ab cwiwai g‡a¨ 
†iLvwUi †gvU GjvKvi g‡a¨ ZvB GB As‡ki Ae`vb (CD∞RC) n‡e| 
Abyiƒcfv‡e ab e¨vwßi AN As‡k †iLvwUi †h Ask cvIqv hv‡e Zv (AN∞AP) Øviv wb‡ ©̀k Kiv hvq| 
Gfv‡e ab e¨vwß‡K wewfbœ As‡k wef³ Ki‡j †h me AvqZ‡ÿÎ (Rectangular) cvIqv hv‡e †m¸‡jvi 
mgwó/†hvMdj y=f(x) ‡iLvi Qvqv”Qbœ GjvKv (Shaded area) Øviv cÖKvk cv‡e hv A‡bKUv AwbqwgZ 
(Irregular) ejv hvq| GLb hw` ab e¨vwß‡K AwZ ÿz ª̀ ÿz ª̀ As‡k wef³ Kiv nq Z‡e AvqZ‡ÿÎ¸‡jv 
AZ¨šÍ †QvU n‡Z _vK‡e Ges Gi d‡j Qvqv”Qbœ GjvKvi cwiwa evo‡e Ges GK mgq GB GjvKv GKwU 
mxwgZ gv‡bi (Limiting Value) w`‡K AMÖmi n‡e| GB mxwgZ gvb‡K Ox A‡ÿi Dc‡i AP Ges BQ 

Ordinate Gi g‡a¨ y=f(x) ‡iLvi AvIZvaxb GjvKv wnmv‡e wPwýZ Kiv m¤¢e| myZivs x Ges ab e¨vwßi 
g‡a¨ y =f(x) ‡iLvi AvIZvaxb GjvKv n‡e wbæiƒc t 

 ∫
 b 
a  f(x)dx = ABQP = Lim ℜf(x)∆x = y = f(x) A‡cÿ‡Ki bx‡Pi Gwiqv ABQP. 

 

mywbw ©̀ó mgvKj‡bi KwZcq ˆewkó¨ (Some Properties of Definite Integral) 

mywbw ©̀ó mgvKj‡bi KwZcq ˆewkó¨ i‡q‡Q| ¸iæZ¡c~Y© ˆewkó¨mg~n wb‡æ D‡jøL Kiv n‡jv|  
 
1. mgvKj‡bi D”P Ges wbæ mxgv (Limit) cwieZ©b Ki‡j mywbw ©̀ó †hvwRZ d‡ji wPý wecixZ nq|  

  ∫ 
b
a  f(x)dx = - ∫ 

b
a  f(x)dx  

GB ˆewkó¨ wb‡æv³fv‡e cÖgvb Kiv hvq t 

  ∫
b
a  f(x)dx = F(x)- F(b) = - [F(b)-F(a)]= - ∫

b
a f(x)dx  

 
2. D”P Ges wbæ mxgv GKB iKg n‡j mywbw ©̀ó mgvKj‡bi djvdj k~b¨ nq|  

  ∫
b
a  f (x)dx = F(a)-F(a) = 0  

3. †Kvb A‡cÿ‡Ki mywbw ©̀ó mgvKjb‡K GKvwaK Sub-integrals Gi mgwó wnmv‡e cÖKvk Kiv hvq| 

 ∫ 
b
a  f(x)dx =  ∫ 

b
a f(x)dx  + ∫ 

c
b(x) dx + ∫ 

d
c  f(x)dx  [‡hLv‡b a<b<c<d] 

D‡jøL¨ GwU‡K mywbw ©̀ó mgvKj‡bi †hvMvËi ˆewkó¨ (additive property) ejv nq|  
4. GKB mxgvi ỳB ev Z‡ZvwaK mywbw ©̀ó mgvKj‡bi †hvM A_ev we‡qvMdj we‡ePbvaxb A‡cÿK mg~‡ni 
mywbw ©̀ó mgvKj‡bi †hvM A_ev we‡qvMd‡ji mgvb n‡e|  

 ∫
b
a  f(x)dx ± ∫ 

b
a  g(x)dx  = ∫

b
 a  [f(x)dx  ± g(x)dx] 

5.  †Kvb w ’̄i ivwk Ges A‡cÿ‡Ki ¸Yd‡ji mywbw ©̀ó mgvKjb H w ’̄i ivwk Ges dvskbwUi mywbw ©̀ó 
mgvKj‡bi ¸Yd‡ji mgvb nq|  

 ∫
b
a   Kf(x)dx = Κ∫

b
a  f(x)dx   
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GQvovI mywbw ©̀ó mgvKj‡bi wb‡æv³ AviI ỳwU ˆewk‡ó¨i K_v D‡jøL Kiv hvq 

6. ∫
b
a  -f(x)dx = − ∫ 

b
a   f(x)dx   

7. ∫ 
x=b
x=a  vdu = uv ∫ 

x=b
x=a  - ∫ 

x=b
x=a  udv 

mywbw ©̀ó †hvwRZ dj †ei Kivi c×wZ (Method of Finding Definite Integral)  

mywbw ©̀ó †hvwRZ dj wbY©‡qi e¨vcv‡i wbæwjwLZ avivevwnK c×wZ Aej¤̂b Ki‡Z n‡e| 
(i) ∫f(x)dx †ei Ki‡Z n‡e| g‡b Kwi GwU F(x) Øviv cÖKvk cvq| 
(ii) F(x) dvsk‡b x=b ewm‡q F(b) ‡ei Ki‡Z n‡e|  
(iii) F(x) dvsk‡b Avevi x=a ewm‡q F(a) wbY©q Ki‡Z n‡e|  
(iv) GLb F(b) ‡_‡K F(a) we‡qvM Ki‡j H we‡qvMdj dvskbwUi mwVK †hvwRZ dj n‡e| m~Î Øviv GwU 
wb‡¤œv³fv‡e cÖKvk Kiv nq: 

∫
b
a  f(x)dx = [F(x)]

b
a  = F(b)-F(a) 

 

D`vniY t 1  ∫ 43  5x
2dx  

 = [
5
3  x

3]
4
3  

 = 
5
3 [4

3-33]  

 = 
185
3    

 = 61
2
3  

D`vniY t 2  ∫
2
1(2x

3-1) 2(6x2)dx 

awi u = 2x3-1 

 
du
dx  = 6x

2 

 ∴ du = 6x2dx 
GLb, x=1 n‡j 

 u = 2.13-1 
 ∴ u = 1 
Avevi x = 2 n‡j 

 u = 2. 23-1 
 ∴ u=15 
Ab¨K_vq u Pj‡Ki †cÖwÿ‡Z G‡ÿ‡Î mgvKj‡bi wbæmxgv n‡e 1 Ges DaŸ©mxgv 15| GLb u-Gi †cÖwÿ‡Z 
mwVK †hvwRZ dj n‡e wbæiƒc t 

 ∫
15
1   u

2du 

 = [ 
1
3  u

3]
15
1   

 = 
1
3 (15

3-13)   
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 = 1124
2
3   

m½wZwenxb †hvwRZ dj (Improper Integral) 

KwZcq †hvwRZ dj Av‡Q, hv m½wZwenxb †hvwRZ dj wnmv‡e cwiwPZ, wb‡æ Giƒc ỳB ai‡bi †hvwRZ dj 
m¤ú‡K© Av‡jvPbv Kiv nj|  

(K) mgvKj‡bi Amxg mxgv (Infinite limits of Integration) 

A‡bK mgq †`Lv hvq wbw ©̀ó †hvwRZ d‡ji GKwU mxgv mmxg Ges AciwU Amxg| Giƒc †ÿ‡Î †hvwRZ 
dj‡K m½wZwenxb †hvwRZ dj ejv nq|  

 ∫
α
3  f(x)dx  Ges ∫

b
α  f(x)dx  BZ¨vw`| G‡ÿ‡Î c~‡e©i wbqgvbyhvqx wbæwjwLZfv‡e G‡`i‡K cÖKvk Kiv m¤¢e 

bq t 
F(α) -F(a) Ges F(b) -F(-α) ‡Kbbv G‡ÿ‡Î α GKwU wbw ©̀ó msL¨v bq| GRb¨ x-Gi cwie‡Z© F(x) 
dvsk‡b GwU emv‡bv hvq bv| G‡ÿ‡Î mgvav‡bi Rb¨ Avgv‡`i‡K mxgvi avibvi (Concept of limit) 
mvnvh¨ MÖnY Ki‡Z nq| Gw`K †_‡K Avgiv Dc‡iv³ cÖ_g m½wZwenxb †hvwRZ djwU‡K Ab¨ GKwU 
†hvwRZ d‡ji (hv m½wZc~Y©) mxgv wnmv‡e msÁvwqZ Ki‡Z cvwi| 

∫
b
α  f(x)dx = 

lim
a∅-α ∨

b
a f(x)dx   

D`vniY t 1 ∫
α
1 
dx

x2
  

cÖ_gZ t Avgiv ∫
b 
1
dx

x2
  = 





-1

x
b
1  = 

-1
b   +1  †ei Kwi| 

GLb Dc‡iv³ wbqgvbyhvqx Avgv‡`i †hvwRZ dj n‡e wbæiƒc t 

 ∫
α 
1
dx

x2
   = 

Lim
b∅α    ∫

b 
1
dx

x2
   = 

Lim
 b∅α 



-1

b  +1   =1 

(L) Amxg mgvKjbxq ivwk (Infinite Integrand)  

A‡bK mgq †`Lv hvq mgvKj‡bi mxgvØq mmxg n‡jI Zv‡`i e¨wßi (Interval) ‡Kvb ’̄v‡b mgvKjbxq 
ivwk Amxg nq| G‡ÿ‡Î m½wZwenxb †hvwRZ d‡ji D™¢e N‡U| c~‡e©i gZ G‡ÿ‡ÎI mgvav‡bi e¨vcv‡i 
mxgvi aviYvi (Concept of limit)  mvnvh¨ MÖnY Ki‡Z nq|  

D`vniY t 1 ∫
1 
0
 1
x   dx 

G‡ÿ‡Î wbæ mxgvi (0) †cÖwÿ‡Z mgvKjbxq ivwk 



1
x   Amxg nq (A_©vr 

1
x  ∅ α hLb x ∅ o)| G‡ÿ‡Î 

Avgiv me©cÖ_‡g wb‡æv³ †hvwRZ dj †ei Kwi t 
  

∫
1
a 
 1
x   dx = [ln|x|] 

1
a  

 = ln 1- ln |a| 
 = -ln a [a>0] 
GLb mxgv †bqv n‡j (a∅0) cvIqv hvq t 
 

 ∫
1
0 
1
x  dx = 

Lim
a∅0  ∫ 

1
a 
1
x  dx = 

Lim
a∅0 (-1n a)  
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mgvKj‡bi KwZcq ¸iæZ¡c~Y© m~Î (Some Important Rules of Integration) 
   

1. ∫xndx = 
xn+1

x+1   + C 

2. ∫x-1dx = ∫
1
x  dx = logx + C 

3. ∫ ekxdx =  
ekx

k   + C ‡hLv‡b k = †h †Kvb w ’̄i ivwk|  

4. ∫ akxdx =  
akx

kloga + C †hLv‡b  a, k ỳwU w ’̄i ivwk|   

5. ∫dx =   ∫ 1dx = x+C 

6. ∫exdx = ex+c †hLv‡b k =1  

7. ∫ axdx =  
ax

log a
  + C ‡hLv‡b k = 1  

8. ∫ (ax + b)ndx= 
1
a  
(ax+b)n+1

n+1   + C hw`  n � -1 

9. ∫
ax

 ax+b   =
1
a  log (ax+b)+ C  

10. ∫ amxdx =  
amx

mlogea 
  + C  

11. ∫ emxdx =  
emx

m   + C  

12. ∫ logx dx = xlogx - x + C 

13. ∫ xemxdx =  
emx

m   + (x-
1
m ) + C 

 

 

 

mvivsk t hw` GKwU A‡cÿK f(x) -Gi Awbw`©ó †hvwRZ dj F(x) Ges x-Gi `ywU gvb x = b Ges x = a 

nq ; Zvn‡j x-Gi gvb a ‡_‡K b ‡Z cwieZ©‡bi d‡j F(x)-Gi gv‡bi †h cwieZ©b nq, Zv‡K A_©vr F(b)- 

F(a) ivwk‡K a I b mxgvi g‡a¨ f(x)-Gi mwVK †hvwRZ dj (Definite Integral) e‡j| mywbw`©ó 
mgvKj‡bi KZK¸‡jv ˆewkó¨ i‡q‡Q Ges Gi †ei Kivi c×wZI i‡q‡Q| 
 
 
 

cv‡VvËi g~j¨vqb 10.4 

mwVK DËiwU wPwýZ Kiæb t 

1| ∫
b
a  f(x)dx cÖZxK Øviv wPwýZ Kiv nq- 

 (K) Awbw ©̀ó †hvwRZ dj (L) mywbw ©̀ó †hvwRZ dj 
 (M) m½wZwenxb †hvwRZ dj (N) †KvbwUB bq| 
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2| D”P Ges wb¤œ mxgv GKB iKg n‡j mywbw ©̀ó mgvKj‡bi djvdj nq- 
 (K) abvZ¥K (L) FbvZ¥K 
 (M) GK   (N) k~b¨ 
 
 

cvV-10.5 

A_©bxwZi wewfbœ aviYvq mgvKj‡bi e¨envi 

  
 
 
G cvV †k‡l Avcwb- 
◆  mgKj‡bi w¯’i ivwki A_©‰bwZK Zvrch© m¤ú‡K© Rvb‡Z cvi‡eb| 
◆   A_©bxwZ‡Z mgKj‡bi e¨envi m¤ú‡K© Rvb‡Z cvi‡eb| 
 
 

mgvKj‡bi w ’̄i ivwki A_©‰bwZK e¨vL¨v/Zvrch© (Economic Interpretation of the Constant of 
Integration) 

 Awbw ©̀ó mgvKj‡bi †ejvq A‡cÿ‡Ki †hvwRZ d‡ji (Integral) mv‡_ GKwU w ’̄i ivwk (mvaviY C Øviv 
wb‡ ©̀k Kiv nq) †hvM Kiv nq| †Kvb cÖvwšÍK A‡cÿ‡Ki †hvwRZ dj wbY©q Ki‡j Avgiv GKwU †gvU aviYv 
cvB| cÖvwšÍK A‡cÿ‡Ki bvg Abyhvqx mvaviYZ Gi bvgKiY n‡Z cv‡i| †hgb c‡Y¨i cÖvwšÍK e¨q 
A‡cÿ‡Ki mgvKjb wb‡j Avgiv †gvU e¨q A‡cÿK cvB| mgvKj‡bi w ’̄i ivwk mvaviYZ A_©bxwZ‡Z 
GKwU ¯̂q¤¢~Z PjK/ Dcv`vb wb‡ ©̀k K‡i| Gi bvg mgvKwjZ (Integrated) A‡cÿ‡Ki Dci wbf©i K‡i| 
†hgb †gvU e¨q A‡cÿ‡Ki †ÿ‡Î w ’̄i ivwkwU †gvU w ’̄i e¨q (Total fixed cost) wb‡ ©̀k K‡i| cÖvwšÍK †fvM 
A‡cÿK Ges cÖvwšÍK mÂq A‡cÿK Gi mgvKjb wb‡j †gvU †fvM A‡cÿK Ges ¯̂q¤¢~Z mÂq wb‡ ©̀k 
K‡i| mgvKj‡bi w ’̄i ivwki gv‡bi cÖv_wgK kZ© (Initial Condition) A_ev Ave× k‡Z©i (Boundary 
Condition) Dci wbf©i K‡i| ZvB w ’̄i ivwki gvb abvÍK, FbvÍK, bv k~b¨ n‡e Zv g~jZt wbf©i K‡i 
cÖv_wgK A_ev Ave× k‡Z©i cÖK…wZi Dci| g‡b Kwi †Kvb †`‡k cÖvwšÍK †fvM cÖeYZv MPC = C′ (Y) = 
0.5 Ges †gvU Avq Y= 100 n‡j †gvU †fvM e¨q C(Y) =200 nq, Z‡e †gvU †fvM A‡cÿK mgvKj‡bi 
mvnv‡h¨ wbY©q Kiv m¤¢e t 
C(Y)  = ∫  C′ (Y) dy  
 = ∫ 0.5 dy  
 = 0.5y+C ‡hLv‡b C = mgvKj‡bi w ’̄i ivwk| 
G‡ÿ‡Î C n‡”Q ¯̂q¤¢~Z †fvM e¨q| Gi gvb cÖv_wgK kZ© Y = 100 n‡j C(Y) = 200 cÖ‡qvM Ki‡j cvIqv 
hv‡e t 
200 = 0.5(100)+C 
ev C = 150 
∴ C(Y) = 0.5Y + 150 
Avevi awi c‡Y¨i cÖvwšÍK e¨q MC = 2ax+b GLv‡b x =c‡Y¨i Drcv`b n‡j †gvU e¨q  
TC =  ∫ MC dx 
 =  ∫ (2ax+b)dx 
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 = ax2+bx+c 
 
G‡ÿ‡Î mgvKj‡bi w ’̄i ivwk C c‡Y¨i w ’̄i e¨q wb‡ ©̀k K‡i| KviY x=0 n‡j TC=C nq| Drcv`b k~b¨ 
n‡jI †h e¨q Drcv`K‡K enb Ki‡Z nq Zv‡K w ’̄i e¨q e‡j| ZvB G‡ÿ‡Î C n‡”Q w ’̄i e¨q| Gfv‡e 
mgvKj‡bi w¯’i ivwk †ewkifvM †ÿ‡Î A_©bxwZ‡Z ¯̂q¤¢~Z PjK/ivwk (Autonomous Variable) wb‡ ©̀k 
K‡i|  
cÖvwšÍK e¨q A‡cÿK †_‡K †gvU e¨q A‡cÿK evwniKiY (Finding Total Cost from Marginal Cost):  
A_©bxwZ‡Z mgq‡f‡` †gvU e¨q/LiP A‡cÿK ỳB ai‡bi nq t 
(a) ¯̂í‡gqv`x LiP/e¨q A‡cÿK (Shortrun Total Cost) 
 TC = g(Q) +A = TVC + TFC 
†hLv‡b TC = ‡gvU e¨q/LiP 
 g (Q) = ‡gvU cwieZ©bkxj e¨q (TVC) Ges 
 A = ‡gvU w ’̄i e¨q (TFC) 
 
(b) `xN©‡gqv`x LiP/e¨q A‡cÿK (Longrun Total Cost Function) 
G‡ÿ‡Î †Kvb w ’̄i LiP/e¨q _v‡K bv| KviY `xN©‡gqv‡` me DcKiY cwieZ©bkxj e‡j †gvU LiP ïay 
cwieZ©bkxj nq|  
 TC = f(Q) ‡hLv‡b TC = ‡gvU e¨q/LiP Ges Q = Drcv`b| 
¯̂í †gqv‡` Q=0 n‡j I TC=A=TFC nq| `xN©‡gqv‡` Q = 0 n‡j TC-0 nq|  
c‡Y¨i cÖvwšÍK e¨q/LiP A‡cÿK †_‡K †gvU e¨q/LiP A‡cÿK mgvKj‡bi mvnv‡h¨ wbY©q Kiv hvq| 
 

D`vniY 1 t †Kvb e¨emv cÖwZôv‡bi cÖvwšÍK e¨q A‡cÿK f′(q) = 3q2-4q+5 ‡gvU e¨q A‡cÿK wbY©q 
Kiæb|  
mgvavb t g‡b Kwi C = f(q) = ‡gvU e¨q  

  C =  ∫(3q2-4q+5)dq 

   = 3 
q2+1

2+1   - 4 
q1+1

1+1   + 5q + C 

   = q3 - 2q2 + 5q + C  
G‡ÿ‡Î C ‡gvU w ’̄i e¨q wb‡ ©̀k K‡i †Kbbv q = 0 n‡j †gvU e¨q C=C n‡e|  
 

D`vniY t 2 †Kvb c‡b¨i cÖvwšÍK e¨q hLb MC = 12C 0.5Q ZLb †gvU w¯’i e¨q TFC = 36| ‡gvU e¨q 
wbY©q Kiæb|  
mgvavb t g‡b Kwi TC = f(Q) n‡”Q Q c‡Y¨i †gvU e¨q A‡cÿK| GLb TC wbY©‡qi Rb¨ MC Gi 
mgvKjb †bB t 

 TC =  ∫12e0.5QdQ 

 = 12.
1
0.5  e

0.5Q +C 

 = 24e0.5a + C 
Drcv`vb bv Ki‡jI ¯̂í‡gqv‡` †Kvb dvg©‡K c‡Y¨i w ’̄i e¨q enb Ki‡Z nq| myZivs cÖkœvbymv‡i ejv hvq 
Q=O n‡j TC = TFC n‡e| GLb TC = 36 em‡j cvB t 

 36 = 24e0.5(0)+C 



Gm Gm GBP Gj 

BDwbU - 10 216 

 ev 36 = 24e0 + C 
 ev 36 = 24(1)+C 

C = 12 [†h‡nZz e0 = 1] 

∴ TC = 24e0.5Q+12, GUvB wb‡Y©q †gvU e¨q A‡cÿK| 
D`vniY t 3  GKwU dv‡g©i MC = 45q2 - 4q + 20 Ges w ’̄i e¨q 100 UvKv n‡j TC, AC Ges AVC 

wbY©q Kiæb| 
mgvavb t †`Iqv Av‡Q, 
MC = 45q2 - 4q + 20 

myZivs TC = ∫ (45q2 - 4q + 20) dq 
 = 15q3 -2q2 + 20q + C 

 = 15q3 -2q2 + 20q + 100 [†h‡nZz w ’̄i e¨q 100 UvKv] 

AZGe, AC = 
TC
q   = 

15q3 -2q2 + 20q + 100
q   

   = 15q2 -2q + 20 + 
100
q    

Ges AVC =  15q2 -2q + 20  
cÖvwšÍK I †gvU Avq A‡cÿK (Marginal and Total Revenue Function) t 
GKwU ª̀‡e¨i cÖvwšÍK Avq A‡cÿK, MR = 3-2x-x2 n‡j †gvU Avq A‡cÿK I `vg (p) A‡cÿK Ges D³ 
ª̀‡e¨i Pvwn`v A‡cÿK (Demand function) wbY©q Ki‡Z n‡e|  
†`Iqv Av‡Q, cÖvwšÍK Avq A‡cÿK,  MR = 3-2x-x2  
              †gvU Avq A‡cÿK  TR = ∫(MR)dx 

A_©vr TR = ∫(3-2x-x2)dx 
 = 3∫dx - 2 ∫ xdx - ∫x2dx 

 = 3x - 
2x2

2   - 
x3

3   + C 

 = 3x - x2 - 
1
3 x

3 + C...........(i) 

GLv‡b C = aªæeK, 
Avgiv Rvwb, Drcv`‡bi cwigvY k~Y¨ (x = 0) n‡j †gvU AvqI k~Y¨ n‡e A_©vr TR = 0 n‡e| myZivs (i) 
mgxKi‡Y x = 0 emv‡j cvB, C = 0 

 ∴ TR = 3x - x2 - 
1
3  x

3 GUvB cÖK…Z A‡_© †gvU Avq A‡cÿK wnmv‡e we‡ewPZ|  

Avevi, `vg P = 
TR
x    

GLv‡b R = Avq 
 x = Drcv`b 

 ∴ p = 

3x-x2-
1

3x3

x   

 p = 
3x
x   - 

x2

x   - 

1
3x
3

x   
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 p = 3 - x - 
1
3  x

2, GUv `vg ev Pvwn`v A‡cÿK wnmv‡e we‡ewPZ|  

cÖvwšÍK Avq, cÖvwšÍK Drcv`b e¨q I gybvdv t  
D`vniY-1 t GKwU Drcv`b cÖwZôv‡bi cÖvwšÍK Avq MR=10x -x2 Ges cÖvwšÍK Drcv`vb e¨q MC=10 - 

2x + x2 ‡hLv‡b x n‡jv Drcv`‡bi cwigvY| †Kv¤úvwbi Drcv`‡bi cwigvY KZ n‡j gybvdvi cwigvY 
m‡e©v”P n‡e Ges H m‡e©v”P gybvdvi cwigvY KZ? 
mgvavb t †`qv Av‡Q, cÖvwšÍK e¨q A‡cÿK MC=10-2x+x2 Ges cÖvwšÍK Avq A‡cÿK, MR=10x-x2  
Avgiv Rvwb, gybvdv, P = TR-TC 
 ‡hLv‡b P = gybvdv 
                TR = Total Revenue ev †gvU Avq Ges  
                TC = Total Cost ev †gvU e¨q| 
∴ TR = ∫(MR) dx 
 = ∫ (10x - x2) dx 

 = 
10x2

2   - 
x3

3   + C 

 = 5x2 - 
x3

3   + C 

Ges †gvU e¨q, TC = ∫(MC)dx 

 = ∫(10-2x+x2) dx 

 = 10x - 
2x2

2   + 
x3

3   + C 

 = 10x - x2 + 
x3

3   + C 

gybvdvi m~Îvbyhvqx, P=TR-TC 

 ∴ P = 5x2-
x3

3  - 10x +x
2-
x3

3    

 = 6x2 - 
2x3

3   - 10x 

d
dx(p)  = 

d
dx (6x

2 - 
2x3

3  - 10)  

 = 12x - 
2
3   ∞ 3x

2 - 10 

 = 12x - 2x2 - 10 

m‡e©v”P gybvdvi kZ©vbymv‡i,
d
dx (p)  = 0  

  ev, 12x - 2x2 -10 = 0 
 ev, 2x2 - 12x + 10 = 0 
 ev, 2x2 - 10x -2x + 10 = 0 
 ev, 2x(x-5) - 2(x-5) = 0 
 ev, (x-5) (2x-2) = 0 
GLb x = 5 ; Avevi 2x = 2  
 ev, x = 1 
2q AšÍiKjb K‡i, 
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d2

dx2
 (p)  = 

d
dx (12x-2x

2-10)  

 = 12 - 4x 
∴ x = 1 n‡j 12 - 4 X (1) = 12 - 4 = 8  
∴ x = 8>0  
Avevi, x = 5 n‡j, 
12 - 4 X  5 = 12 -20 = - 8 
 x = -8 < 0 
myZivs Drcv`‡bi cwigvb x = 5 GKK n‡j gybvdv m‡e©v”P n‡e| 
†fvM, mÂq A‡cÿK I ¸wYZK t 

D`vniY 1 t Y = 10,000 UvKv n‡j C = 1000+0.8Y ‡fvM A‡cÿK n‡Z MPC, APC, mÂq A‡cÿK, 
MPS Ges APS wbY©q Ki‡Z n‡e| 

mvgavb t C = 1000 + 0.8Y 

∴ MPC= 
dC
dY  = 0.80 

 Y= 10,000 n‡j 
 C= 1000 + 0.8 (10,000) 
 = 1000 + 8000 = 9000 

∴ APC = 
C
Y  = 

9000
10000  = 0.9 

Avgiv Rvwb, 
 Y = C + S 
ev, S = Y - C 
ev, S = Y - (1000 + 0.8Y) 
∴ S = .2Y - 1000 

MPS = 
dS
dY  = 

d
dY (

.2Y - 1000)  

 = 
d
dY (.2Y)  

∴ MPS = .2 
 Y = 10,000 n‡j S = 0.2(10,000)- 1000 
 = 2000 - 1000 
 = 1000 

APS = 
S
Y  = 

1000
10000  = .10 

∴ APS = .10 
 
D`vniY 2 t †fvM A‡cÿK C = 100 + 0.8Y n‡j ¸wYZK wbY©q Kiæb| 
mgvavb t C = 100 + 0.8Y 

ev, MPC = 
d
dY (100+0.8Y)  

ev, MPC = 0.8 

¸wYZK (Multiplier)  = 
1

1-MPC  
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 = 
1

1-0.80   

 = 
1
.20   

 = 5 
A_©vr ¸wYZK 1 UvKv wewb‡qv‡Mi d‡j 5 UvKv AwZwi³ Avq n‡e| 

†fv³vi DØ„Ë (Consumer's Surplus) 

†Kvb †fv³v wbw ©̀ó ª̀‡e¨i Rb¨ †h cwigvY A_© cwi‡kva Ki‡Z cÖ Í̄Z _v‡K Ges †h cwigvY Zv‡K 
cÖK…Zc‡ÿ cÖ`vb Ki‡Z nq Zvi cv_©K¨B n‡jv †fv³vi DØ„Ë (Consumer's Surplus)| g‡b Kwi, GKRb 
†fv³vi Pvwn`v A‡cÿK, P = 500-10q ‡`qv Av‡Q| d‡j ª̀e¨wUi `vg hLb 450  UvKv ZLb †m 5 GKK, 
`vg 400 UvKv n‡j 10 GKK, 350 UvKv n‡j 20 GKK ª̀e¨ µq Ki‡e| wKšÍz evRv‡i ª̀e¨wUi `vg 200 
UvKv nIqvq ‡m 30 GKK µq Kij| d‡j Zvi LiP nj 200∞30 = 6000 UvKv hv ABDC AvqZ‡ÿ‡Îi 
mgvb (wPÎ-10.5.1)| wKšÍz †m GB 30 GKK c‡Y¨i Rb¨ cÖK…Zc‡ÿ STDC †ÿÎd‡ji mgvb g~j¨ w`‡Z 
cÖ Í̄Z wQj| wKšÍz GB STDC †ÿÎwU AvqZvKvi bv nIqvq p∞q wn‡m‡e Gi †ÿÎdj cwigvc Kiv m¤¢e 
bq| myZivs 30 GKK c‡Y¨i Rb¨ †m cÖK…Zc‡ÿ KZ UvKv w`‡Z cÖ Í̄zZ wQj Zv wbY©q Ki‡Z n‡j Avgv‡`i 
wbw ©̀ó mgvKj‡bi Avkªq wb‡Z n‡e Ges STDC ‡ÿÎwUi †ÿÎdj n‡e|  
 

∫
30
0  (500 - 10q)  dq = [500q - 5q

2]
30
0   

 = [{500(30) - 500 (0)} -5{(30)2 - (0)2] 
 = [{15000 -0} - {4500 - 0}] 
 = 15000 - 4500 
 = 10,500 

 

 

 

 

 

 

 
wPÎ-10.5.1 t †fv³vi DØ„Ë 

 
GLv‡b †fv³v 30 GKK ª̀‡e¨i Rb¨ †gvU 10,500 UvKv e¨q Ki‡Z cÖ Í̄zZ wKšÍz Zv‡K cÖ`vb Ki‡Z n‡j gvÎ 
6,000 UvKv| myZivs †fv³vi DØ„Ë (Consumer's Surplus) n‡e 10,500 - 6,000 = 4,500 UvKv| 
 
Drcv`bKvixi DØ„Ë (Producer's Surplus) t 

gy³ evRvi Ae ’̄vq A‡bK mgq †fvMKvixi cÖ‡`q `v‡gi (P0) †P‡qI Kg`v‡g Drcv`bKvix ª̀e¨ weµq 
Ki‡Z AvMÖnkxj _v‡K| Kg`v‡g ª̀e¨ weµq Kivi B”Qv _vK‡jI cÖK…Zc‡ÿ wZwb †fvMKvixi wba©vwiZ 
(AwaK) `v‡g weµq K‡i| Gi d‡j Drcv`bKvix cÖK…Zc‡ÿ †h `v‡g ª̀e¨ wewµ K‡i Ges †h `v‡g ª̀e¨ 
wewµ Ki‡Z B”QzK Zvi cv_©K¨B Drcv`bKvixi DØ„Ë e‡j we‡ewPZ nq| wb‡P wPÎ I m~Î D‡jøL Kiv nj t- 
Drcv`bKvixi DØ„Ë (Producer's Surplus) = {OAEB †ÿ‡Îi †ÿÎdj }-{0 ‡_‡K X0 ch©šÍ mieivn 
†iLvi wb‡Pi GjvKvi †ÿÎdj}  
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                                                      = P0 X0 - ∫
x
0   S(x)dx 

 

 

 

 

 

 

 

 

 

 

 

 
wPÎ-10.5.2 t Drcv`bKvixi DØ„Ë 

aiv hvK, GKwU †hvMvb A‡cÿK P=(q+3)2 †`qv n‡q‡Q| P = 81 Ges q=6 n‡j Drcv`‡Ki DØ„Ë KZ 
n‡e? 
Drcv`K 6 GKK cÖwZwU 81 UvKv `‡i weµq K‡i †gvU Avq cv‡e, = 81∞6 = 486 UvKv| wKšÍz Drcv`K 

q=6 GKK ª̀e¨ weµq Ki‡Z cÖ Í̄zZ wQj t ∫
6
0 (q+3) 

2dq UvKvq 

AZGe, Drcv`‡Ki DØ„Ë : 

 486 - ∫
6
0 (q+3) 2dq  

 = 486 - [
1
3 (q+3) 2]

6 

 = 486 - [
1
3 (6+3) 

2 - 
1
3 (0 + 3) 

2] 

 = 486 - [
1
3  . 81-

1
3 .9] 

 = 486 - [27 - 3] 
 = 486 - 24 = 462 

∴ Drcv`‡Ki DØ„Ë 426 UvKv| 
 
 
mvivskt Awbww`©ó mgvKj‡bi †ÿ‡Î A‡cÿ‡Ki †hvwRZ d‡ji mv‡_ GKwU w ’̄i ivwk †hvM Kiv nq| 
mgvKj‡bi w ’̄i ivwk †ewkifvM †ÿ‡Î A_©bxwZ‡Z ¯̂q¤¢~Z PjK/ivwk wb‡`©k K‡i| A_©bxwZi wewfbœ aviYv 
e¨vL¨vi Rb¨ mgvKj‡bi mvnvh¨ wb‡Z nq| †hgb- cÖvwšÍK aviYv †_‡K †gvU aviYv jvf, †fv³vi DØ„Ë, 
Drcv`bKvixi DØ„Ë, BZ¨vw`| 
 

 

cv‡VvËi g~j¨vqb 10.5 

mwVK DËiwU wPwýZ Kiæb t 

1|  C = 100 + 0.4y n‡j MPC mgvb n‡e- 
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 (K) 0.4 (L) 1000 

 (M) 2.5 (N) .001 

 
mZ¨/wg_¨v wbY©q Kiæb t 

2| †Kvb †gvU A‡cÿ‡Ki †hvwRZ dj wbY©q Ki‡j Avgiv GKwU cÖvwšÍK aviYv cvB| 

P~ovšÍ g~j¨vqbÑ BDwbU 10 

mswÿß I iPbvg~jK cÖkœœ t 

1| mgvKj‡bi msÁv w`b| 
2| mgvKj‡bi A_©‰bwZK e¨envi wK wK? 
3| Awbw ©̀ó mgvKjb wK? 
4| mywbw ©̀ó mgvKjb wK? 
5| mywbw ©̀ó I Awbw ©̀ó mgvKj‡bi g‡a¨ cv_©K¨ wK wK? 
6| mgvKjb ej‡Z wK †evSvq? cv_©K¨mn Awbw ©̀ó I mywbw ©̀ó mgvKjb Av‡jvPbv Kiæb| 
7|  mgvKj‡bi Nv‡Zi wbqg wK ? 
8|  mgvKj‡bi fv‡Mi wbqg wK ? 
9| mgvKwjZ gvb wbY©q Kiæb t 
 (i) ∫ x  dx (ii) ∫(3x2 - 6x ) dx 

 (iii) ∫
5x

(x - 1)  dx (iv) ∫
1

x2(1 +x)
  dx 

 (v) ∫
2x3+1

x4 + 2x
  dx (vi) ∫(2x + 3)5 dx 

 (vii) ∫
2
1  2x

3dx (viii) ∫
2
0 (4x

2 - 8x) dx 

 (ix) ∫
2
0 

1

16-x2
  (x) ∫

1
0  e

xdx 

10| †Kvb Drcv`b cÖwZôv‡bi cÖvwšÍK e¨q A‡cÿK (Marginal Cost Function) MC=39-

 22q+3q2 Ges FC=25 UvKv n‡j †gvU e¨q A‡cÿKwU (Total Cost Function) wbY©q  Kiæb| 
11| GKwU ª̀‡e¨i cÖvwšÍK Avq (Marginal Revenue) MR = 16 - x2 ‡`Iqv Av‡Q| †hLv‡b,  x= 
Drcv`‡bi cwigvY 
(K) m‡e©v”P †gvU Av‡qi cwigvY wbY©q Kiæb| 
(L) †gvU I Mo Avq A‡cÿK (TR I AR) Ges Pvwn`v A‡cÿK (P) wbY©q Kiæb|  
12. GKRb †fv³vi Pvwn`v A‡cÿK P =1600 - q2| hw` †m 20 GKK ª̀e¨ µq K‡i Z‡e  †fv³vi 
 DØ„Ë KZ n‡e? 
13. GKwU †hvMvb A‡cÿK P=(q+3)2 †`Iqv Av‡Q| P=81 Ges q=6 n‡j Drcv`‡Ki DØ„Ë  KZ 
 n‡e? 
14. cÖvwšÍK Avq A‡cÿK MR=∫(4-x2)dx n‡j (K) †gvU Avq Ges Mo Avq A‡cÿK Ges  (L) 
 m‡e©v”P †gvU Avq wbY©q Kiæb| 

15. †Kvb e¨w³i cÖvwšÍK mÂq cÖebZv, MPS = 0.2 - 0.1Y - 
1
2
  †hLv‡b Y= Avq| 
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 hw` Y= 81 n‡j †gvU mÂq k~b¨ nq Z‡e †gvU mÂq S(Y) Ges †fvM C(Y) A‡cÿK wbY©q 
 Kiæb| 

16. cÖvwšÍK †fvM cÖeYZv, MPC= 1.5 + 0.2Y-2 , †hLv‡b Y=Avq Z‡e wbY©q KiæY  
 (K) C(10)= 4.8 Ae ’̄vq †gvU †fvM (C(Y)) Ges (L) mÂq A‡cÿK|  
 
 
 
DËigvjv BDwbU-10 
 
 cvV-10.1 t (1) K (2) L (3) mZ¨ 
 cvV-10.2 t (1) M (2) N 
 cvV-10.3 t (1) mZ¨ (2) mZ¨ 
 cvV-10.4 t (1) L (2) N 
 cvV-10.5 t (1) K (2) wg_¨v 
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