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AšÍiK, AšÍiKjY I cÖ‡f`Kt2  
(Derivative, Differentiation and Differential t 2) 

 

 
¯̂vaxb I wbf©ikxj Pj‡Ki ga¨eZ©x m¤úK©‡K A‡cÿ‡Ki mvnv‡h¨ cÖKvk Kiv hvq| A‡cÿ‡K ¯̂vaxb 
Pj‡Ki gv‡bi cwieZ©‡b wbf©ikxj Pj‡Ki gvb cwieZ©‡bi nvi wbY©‡q wWdv‡iwÝqvj K¨vjKzjvm e¨envi 
Kiv nq| A_©bxwZ‡Z wWdv‡iwÝqvj K¨vjKzjv‡mi e¨cK e¨envi jÿ¨ Kiv hvq| †hgb AvovAvwo I Avq 
w ’̄wZ ’̄vcKZv wbY©‡q, wbi‡cÿ I mg Drcv`b †iLvi Xvj wbY©‡q, evav ev kZ©hy³ m‡e©v”PKiY I me©wbæKiY 
mgm¨vi mgvavb BZ¨vw` †ÿ‡Î wWdv‡iwÝqvj K¨vjKzjvm e¨eüZ nq|  
GB BDwb‡U AvswkK AšÍiKjY, R¨vKweqvb wbY©vqK, †gvU cÖ‡f`K I D”PgvÎvi cÖ‡f`K Ges †gvU 
AšÍiK-cvV¸‡jv Av‡jvPbv Kiv n‡q‡Q|  
 
 
 
 

 
 
 
 
 
 
 
 

G BDwb‡Ui cvV¸‡jv n‡”Q t 
◆ cvV-1 : AvswkK AšÍiKjY        
◆ cvV-2 : R¨vKweqvb wbY©vqK  
◆ cvV-3 : †gvU cÖ‡f`K I D”PgvÎvi cÖ‡f`K 
◆ cvV-4 : †gvU AšÍiK 
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cvV-9.1 
AvswkK AšÍiKjY    

( Partial Differentiation) 
 
 
G cvV †k‡l Avcwb- 
◆  AvswkK AšÍiKj‡Yi msÁv m¤ú‡K© Rvb‡Z cvi‡eb| 
◆  AvswkK AšÍiKj‡Yi A_©‰bwZK e¨envi m¤ú‡K© Rvb‡Z cvi‡eb| 
◆  AvswkK AšÍiKj‡Yi mvnv‡h¨ mgm¨vi mgvavb Ki‡Z cvi‡eb| 
◆  mvavib I AvswkK AšÍiKj‡Yi g‡a¨ cv_©K¨ wK Rvb‡Z cvi‡eb| 
 
AvswkK AšÍiKjY (Partial Differentiation) t 

ỳB ev Z‡ZvwaK ¯̂vaxb Pj‡Ki g‡a¨ GKwU‡K cwieZ©bkxj Ges Aci¸‡jv‡K w ’̄wZkxj a‡i AšÍiKjY 
Ki‡j Aaxb Pj‡Ki hZUzKz cwieZ©b nq Zvi nvi‡K AvswkK AšÍiKjY e‡j| AvswkK AšÍiKj‡Yi mgq 
AšÍiKj‡Yi me wbqg wVK _v‡K wKšÍz GLv‡b †h Pj‡Ki †cÖwÿ‡Z AšÍiKjY Kiv nq †mUv e¨ZxZ Ab¨vb¨ 
me¸‡jv ¯̂vaxb PjK w ’̄i ev aªæeK wnmv‡e we‡ewPZ nq| AvswkK AšÍiKj‡Yi mgq ÒdÓ wP‡ýi cwie‡Z© 
ÒδÓ (†WjUv) wPý e¨eüZ nq| hw` Avgiv †Kvb A‡cÿ‡Ki mgvav‡b ÒδÓ wPý †`L‡Z cvB Zvn‡j eyS‡Z 
n‡e A‡cÿKwU‡K AvswkK AšÍiKjY Kiv n‡q‡Q| wb‡æ D`vni‡Yi mvnv‡h¨ GB avibvwU‡K †evSv‡bvi †Póv 
Kiv n‡jv|  
 
D`vniY: Z= f(x,y) 

 
δz

δx
  = f′ (x) = Zx 

Ges  
δz

δy
  = f′ (y) = Zy 

 

A‡bK‡ÿ‡Î †h Pj‡Ki mv‡c‡ÿ AvswkK AšÍiKjY Kiv nq, Zv‡K A‡cÿ‡Ki cÖZx‡Ki ms‡M mvew¯ŒÞ 
†hv‡M cÖKvk Kiv nq| †hgb Zx, Zy BZ¨vw`| 

Dc‡ii D`vniYwU Avgiv g‡bv‡hvM mnKv‡i jÿ¨ Kwi, GLv‡b z = f(x,y) GKwU A‡cÿK| A‡cÿKwU| 
(x,y) ỳwU ¯̂vaxb PjK, z Aaxb PjK Ges f A‡cÿK cÖKvkK wPý| 
hLb z-‡K x-Gi †cÖwÿ‡Z AšÍiKjY n‡q‡Q|  

  
δz

δy
  = f′ (x) = Zx 

Abyiƒ‡c y-Gi †cÖwÿ‡Z z ‡K hLb AvswkK AšÍiKjY Kiv n‡q‡Q ZLb x-‡K w ’̄i ev aªæeK we‡ePbv Kiv 

n‡q‡Q| d‡j y-Gi †cÖwÿ‡Z z Gi AvswkK AšÍiKjY n‡q‡Q  
δz

δy
  = f′ (y) = Zy 

 

AvswkK AšÍiK Gi R¨vwgwZK e¨vL¨v t 

AvswkK AšÍi‡Ki R¨vwgwZK e¨vL¨v †`qvi Rb¨ Avgiv GKwU Drcv`b A‡cÿK we‡ePbv Kwi| awi, 
 Q  = f(L,K) 

†hLv‡b, Q  = Drcv`b 
 L  = kªg Dcv`vb 
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 K  = g~jab Dcv`vb 

G‡ÿ‡Î, f (L) = 
 �Q

�L
  Gi cwigv‡b m~ÿvwZm~ÿ cwieZ©‡bi Drcv`‡bi cwieZ©‡bi nvi †evSvq hLb K-Gi 

gvb w ’̄i| 

f(K) =  
 �Q

�K
  Øviv g~ja‡bi m~ÿvwZm~ÿ cwieZ©‡b Drcv`‡bi cwieZ©‡bi nvi †evSvq, hLb L-Gi gvb w ’̄i, 

A_©vr f(L) Øviv MPP
L

 A‡cÿK Ges f(k) Øviv MPPk A‡cÿK eySvq| 

R¨vwgwZK Dcv‡q Drcv`b A‡cÿK Q = f(L,K)-Gi Drcv`b  (Production surface) wZb Aÿwewkó wb‡æi 
wP‡Î Dc ’̄vcb Kiv n‡jv t 

 

 

 

 

 

 

 

 

 
 wPÎ-9.1.1 t wZb Aÿ wewkó Drcv`b A‡cÿK 

wP‡Îi j¤̂ A‡ÿ Drcv`b (Q) wb‡ ©̀k Kiv n‡jv hv‡Z mgZ‡j (L,K)-Gi †Rvov gvb wb‡ ©̀wkZ †h †Kvb 
we› ỳi †cÖwÿ‡Z wPÎZ‡ji (Surface) D”PZv Øviv Drcv`‡bi cwigvY (Q) wb‡ ©̀k K‡i| D‡jøL¨, A‡cÿ‡Ki 
GjvKv mgZ‡ji AFbvÍK PZz_©vs‡ki †h †Kvb As‡k wb‡ ©̀wkZ  n‡Z cv‡i| wP‡Îi OK

o
BL

o
 AvqZvKvi 

†ÿÎwU Øviv wb‡ ©̀k Kiv n‡jv|  
 

Abywm×všÍ (Bqs Gi m~‡Îi cÖ‡qvM) t 

 
δ
2
y

δx
2

δx
3
  = 

δ
2
y

δx
3

δx
2
  = f

23
 = f

32
 

 
δ
2
y

δx
1

δx
2
  = 

δ
2
y

δx
2

δx
1
 = f

12
 = f

21 
BZ¨vw` 

 

D`vniY 1 t y = x2+4xz+z2 

 
δy

δx
  = fx = 

δ(x
2
)

δx
  + 

δ(4xz)

δx
  + 

δ(z
2
)

δx
   

   = 2x + 4z + O [‡h‡nZz z ‡K w ’̄i aiv n‡q‡Q]  
   = 2x + 4z  

 
δ

δx
 (

δy

δx
)  = 

δ
2
y

δx
2
  = fxx = 

δ

δx
 (2x+4z)  = 

δ(2x)

δx
  + 

δ(4z)

δx
  = 2 

 
δ

δz
 (

δy

δx
)  = 

δ
2
y

δzδx
 = fzx = 

δ

δz
 (2x+4z)  = 4 
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cÿvšÍ‡i-
δy

δz
  = fz = 

δ(x
2
)

δz
  + 

δ(4xz)

δz
  + 

δ(z
2
)

δz
   

 = 4x+2z [
δ(x

2
)

δz
  = 0, †h‡nZz x ‡K w ’̄i aiv n‡q‡Q] 

 
δ

δz
  (

δy

δz
)  = 

δ
2
y

δZ
2
  = f

zz
 = 

δ

δz
 (4x+2z)  = 2 

  
δ

δx
 (

δy

δz
)  = 

δ
2
y

δxδz
  = fxz = 

δ

δx
 (4x+2z)  = 4 

myZivs †`Lv hvq t fxz = fzx = 4 
 

mvavib AšÍiKjY Ges AvswkK AšÍiKj‡Yi g‡a¨ cv_©K¨ (Distinction between Simple 

Differentiation and Partial Differentiation)  
 
cÖ_gZ t mvaviYZ AšÍiKj‡Yi †ejvq A‡cÿ‡Ki ỳwU Pj‡Ki g‡a¨ GKwU ¯̂vaxb Ges Ab¨wU Aaxb aiv 
nq| ¯̂vaxb Pj‡Ki ÿz ª̀vwZÿz ª̀ cwieZ©b n‡j Aaxb Pj‡Ki g‡a¨ †h Mo cwieZ©b nq ZvB AšÍiK Øviv 
cÖKvk cvq| Ab¨w`‡K ¯̂vaxb Pj‡Ki msL¨v †Kvb A‡cÿ‡K GKvwaK _vK‡j AvswkK AšÍi‡Ki cÖkœ D‡V| 
G‡ÿ‡Î Acivci ¯̂vaxb Pj‡Ki gvb cÖ`Ë/w ’̄i a‡i GKwU gvÎ ¯̂vaxb Pj‡Ki cwieZ©b †nZz Aaxb Pj‡Ki 
cwieZ©b we‡ePbv Kiv nq|  
z=f(x,y) A‡cÿKwU we‡ePbv Kwi| GLb x =x

o
 ai‡jB 

                                                                                                                                                             

                                                                                                                                                             

δz/δy = fy cvIqv hv‡e| Avevi y=y
o
 a‡i δz/δx = fx wbY©q Kiv m¤¢e| A_P y = g(x) A‡cÿ‡Ki †ejvq 

Avgiv mvaviY AšÍiK dy/dx = g′(x) †ei K‡i _vwK|  
 
wØZxqZ t GB ỳB ai‡bi AšÍiKj‡Yi cÖZxKI wfbœ nq| A‡cÿK y=f(x) n‡j mvaviY AšÍiKj‡Yi cÖZxK 
f′(x) Øviv cÖKvk Kiv nq| A_P y = f(x,z) A‡cÿ‡Ki †ejvq δy/δx = fx Ges δy/δz = fz BZ¨vw` cÖZxK 
e¨envi nq|  
 
Z…ZxqZ t mvaviY AšÍiKj‡Yi R¨vwgwZK e¨vL¨vi Rb¨ ỳB Aÿ wewkó †jLwPÎ n‡jB P‡j| AvswkK 
AšÍiKj‡Yi †ejvq Kgc‡ÿ wZb Aÿ wewkó †jLwPÎ `iKvi nq| wZb Gi AwaK PjK wewkó A‡cÿK 
_vK‡j AvswkK AšÍiKjY e¨vL¨vi †ÿ‡Î R¨vwgwZK c×wZ cÖ‡qvM Kiv Am¤¢e|  
 

AvswkK AšÍiKj‡Yi A_©‰bwZK e¨envi t 

A_©bxwZ‡Z †h mg Í̄ A‡cÿK e¨envi Kiv nq Zvi †ewki fvM A‡cÿ‡KB Pj‡Ki msL¨v ỳB ev Z‡ZvwaK 
n‡q _v‡K| †hgb-Drcv`bZË¡, wbi‡cÿ †iLv we‡kølb BZ¨vw`| ZvB A_©bxwZ‡Z AvswkK AšÍiKj‡Yi 
¸iæZ¡ I e¨envi AZ¨waK| wb‡æ A_©bxwZ‡Z AvswkK AšÍiKj‡Yi e¨envi Av‡jvPbv Kiv n‡jvt 
1. kª‡gi cÖvwšÍK e Í̄yMZ Drcv`bkxjZv (MPP

L
) Ges g~ja‡bi cÖvwšÍK e Í̄yMZ Drc`bkxjZv 

 (MPPK) wbY©‡qi †ÿ‡Î AšÍiKjY e¨eüZ nq| 
2. ỳwU ª̀e¨ †fv‡Mi †ÿ‡Î †fvMKvixi cÖvwšÍK Dc‡hvM wbY©‡qi Rb¨ AvswkK AšÍiKj‡Yi e¨envi 
 nq|  
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3. evRvi fvimv‡g¨i Dci AeaªæeK hv civwgwZmg~‡ni cwieZ©‡bi cÖfve Av‡jvPbv Kivi Rb¨ 
 AvswkK AšÍiKjY e¨eüZ nq|  
4. wewfbœ ª̀‡e¨i †fv‡Mi †ÿ‡Î AvovAvwo w ’̄wZ ’̄vcKZv, Avq w ’̄wZ ’̄vcKZv BZ¨vw` †ei Kivi  Rb¨ 
AvswkK AšÍiKjY e¨eüZ nq|  
Dc‡ii †ÿÎ¸‡jv Qvov AviI wewfbœ †ÿ‡Î AvswkK AšÍiKj‡Yi e¨envi i‡q‡Q| 
D`vniY t 1 

Drcv`b A‡cÿK Q = f(L, K) = ALα
K
1-α 

(0<α< 1)  

†mLv‡b Q = Drcv`b L = kªg K = g~jab| 
G‡ÿ‡Î kª‡gi cÖvwšÍK Drcv`b (Q

L
 ev MP

L
) 

Ges g~ja‡bi cÖvwšÍK Drcv`b (Q
k
 A_ev MP

k
) n‡e wbæiƒct 

QL = fL
 = �Q/�L =αAL

α-1
K
1-α

  

Qk = fk
 = �Q/�K =(1-α)AL

α
K
-α
  

Ab¨w`‡K wØZxq gvÎvi AvswkK AšÍiKjY (QLL ev fLL Ges Q
kk
ev f

kk ) kªg I g~ja‡bi cÖvwšÍK 

Drcv`‡bi cwieZ©‡bi nvi wb‡ ©̀k K‡it 

 QLL = fLL 
= �

2
Q/�L

2
 =(α−1)αAL

α−2
K
1-α

 

 Qkk = fkk = �
2
Q/�K

2
 =-α(1−α)AL

α
K
-α−1 

 QLk =QkL=fLk=fkL= α(1−α)AL
α
K
-α 

D`vniY t 2 
Dc‡hvM A‡cÿK t U = f(q

1
,q
2
) = q

1
q
2
 

 U1 = f1
 = 

�U

�q1
  = q

2
, 

 U21 =  f21
 = 

�
2
U

�q2�
q
1
 = 1 

 

 U2 = f2
 = 

�U

�q2
 = q

1
,  

 U12 = f12
 = 

�
2
U

�q1�
q
2
  =1 

Bqs Gi wbqg (Young's rule) Abymv‡i †h†nZz f
12

 = f
21
 = 1 ZvB ejv hvq q

1
 Ges q

2
 ci¯úi cwic~iK 

(Complementary) ª̀e¨| 
D`vniY t 3 
Pvwn`v A‡cÿK t q

1
 = 150-2p

1
2
 + 5p

2
3 †hLv‡b P

1
 = 3 Ges P

2
 = 4| Pvwn`vi g~j¨ w ’̄wZ ’̄vcKZv (e

1
) 

Ges AvovAvwo w ’̄wZ ’̄vcKZv (e
2
) wb‡æv³fv‡e †ei Kiv hv‡e| 

 e1 = 
�q1

�p1
  . 

p
1

q
1
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 = -4p
1
. 

p1

150-2p
1
2
+5p

2
3
  

 
= 

−4p
1
2

150-2p1
2
+5p

2
3
   

 = 
 -4(3)

2

150-2(3)
2
+5(4)

3
  

 = 
-36

150-18+320
   

 = 
-36

452
   

 = -0.08 (cÖvq) 

 e
2
 = 

�q1

�p2
  . 

p
2

q
1
   

  = 15p
2
2
. 

p
2

150-2p
1
2
+5p

2
3
  

 = 

15P
2
3

150-2(3)
2
+5(4)

3
 
  

 = 
960

452
   

 = 2.12 (cÖvq) 
D`vniY t 4 
A‡cÿK z = f(x,y)Gi m‡e©v”P I me©wb¤œ gv‡bi cÖ‡qvRbxq Ges ch©vß kZ© AvswkK AšÍiKj‡Yi mvnv‡h¨ 
wb‡ ©̀k Kiv m¤¢e: 

m‡e©v”Pgv‡bi kZ© me©wb¤œgv‡bi kZ© 
cÖ‡qvRbxq kZ© : cÖ‡qvRbxq kZ© : 

fx = 
�z

�x
  = 0 fx = 

�z

�x
  = 0 

 

fy = 
�z

�y
  = 0 fy = 

�z

�y
  = 0 

 

ch©vß kZ© t ch©vß kZ© t 

fxx = 
 �
2
z

�x
2
  <0 fxx =  

�
2
z

�x
2
  >0 

 

fyy = 
 �
2
z

�y
2
 <0 fyy =  

�
2
z

�y
2
  >0 

 Ges Ges 

(fxx fyy)> (fxy)
2 

(fxx fyy)> (fxy)
2 
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aiv hvK, GKwU LiP A‡cÿK C = 5+
48

x
  + 3x2, †hLv‡b x Drcv`‡bi GKK Ges C †gvU Li‡Pi 

cwigvY| GLb, me©wb¤œ Li‡Pi cwigvY wbY©q Kie| 

GLv‡b, C = 5+
48

x
  + 3x2 

 
dc

dx
  = 0-

48

x2
  + 6x 

Avgiv Rvwb, m‡e©v”P I me©wb¤œ we› ỳ‡Z, 
dc

dx
  = 0 

 ∴ Ñ
48 

x2 
 + 6x= 0 

 ev, 
-48+6x3

x2
  = 0 

 ev,  6x3 = 48 
 ev, x3 = 8 
 ∴ x = 2 

Avevi, hLb 
d2c

dx2
  = - ve ZLb A‡cÿKwU m‡e©v”P gvb m¤úbœ Ges 

d2c

dx2
  = + ve n‡j A‡cÿKwU me©vb¤œ 

gvb m¤úbœ n‡e|  

GLv‡b, 
d2c

dx2
  = 

d

dx
 




dc

dx
   

 =  
d

dx
  






-

48

x2
 + 6x    

 = 
96

x3
  + 6 

hLb x = 2; ZLb, 
d2c

dx2
  =  

96

(2)3
  + 6 = 18 

A_©vr me©wb¤œKi‡Yi kZ© cvwjZ n‡q‡Q| AZGe ej‡Z cvwi hLb x = 2 ZLb A‡cÿKwU me©wbæ gvb m¤úbœ 
hv:- 

 C= 5 + 
48

2
  + 3(2)2 

 = 5 + 24 + 12 

 = 41 

∴ wb‡Y©q DËi t 41 GKK| 
 
mvivsk t `yB ev Z‡ZvwaK ¯̂vaxb Pj‡Ki g‡a¨ GKwU‡K cwieZ©bkxj Ges Aci¸‡jv‡K w ’̄wZkxj a‡i 
AšÍiKjY Ki‡j Aaxb Pj‡Ki hZUzKz cwieZ©b nq Zvi nvi‡K AvswkK AšÍiKjY e‡j| A_©bxwZ‡Z †h 
me  A‡cÿK e¨envi Kiv nq Zvi †ekxi fvM A‡cÿ‡KB Pj‡Ki msL¨v `yB ev Z‡ZvwaK n‡q _v‡K, 
†hgb-Drcv`b ZË¡, wbi‡cÿ †iLv we‡kølY, BZ¨vw`| ZvB A_©bxwZ‡Z AvswkK AšÍiKj‡Yi ¸iæZ¡ I 
e¨envi AZ¨waK|  
 

cv‡VvËi g~j¨vqb 9.1 

mZ¨/wg_¨v wbY©q Kiæb t 
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1| AvswkK AšÍiKj‡Yi mgq †h Pj‡Ki †cÖwÿ‡Z AšÍiKjY Kiv nq, †mUv e¨vZxZ Ab¨vb¨ me¸‡jv 
 ¯̂vaxb PjK w ’̄i ev aªæeK wnmv‡e we‡ewPZ nq| 
2|  AvswkK AšÍiKj‡Yi cÖKvk d wPý Øviv Kiv nq| 
3|  AvswkK AšÍiKj‡Yi R¨vwgwZK e¨vL¨vi Rb¨ m‡e©v”P ỳB Aÿ wewkó †jLwPÎ `iKvi nq|  

cvV-9.2 
R¨vKweqvb wbY©vqK  

(Jacobian Determinant) 

 
 
 
G cvV †k‡l Avcwb- 
◆  R¨vKweqvb wbY©vqK m¤ú‡K© Rvb‡Z cvi‡eb| 
 
R¨vKweqvb wbY©vqK (Jacobian Determinant) 

AvswkK AšÍiKj‡Yi Øviv AviI eyS‡Z cviv hvq †h †mLv‡b ˆiwLK I A‰iwLK A‡cÿ‡Ki Aw Í̄Z¡ f(x) 
A‡cÿ‡Ki x Pj‡Ki Dci wbf©i Ki‡Q wKbv| GUv g~jZ R¨vKweqvb wbY©vq‡Ki mv‡_ m¤úwK©Z| c~‡e© hvi 
bvg wQj R¨vKwe| 
wb‡¤œi ỳwU A‡cÿK  we‡ePbv Kwi :  
 y

1
 = 2x

1
+3x

2
 

 y
2 
= 4x

2
1
+12x

1
x
2
+9x

2
2 

GLb hw` PjK PviwU‡KB AvswkK AšÍiKjY Kwi, Zvn‡j Avgiv cvB  

 
ϑy1

ϑx1
  = 2, 

  

ϑy
1

ϑx
2
  = 3, 

  

ϑy
2

ϑx
1
  = 8x

1
+12x

2
, 

  
ϑy2

ϑx
2
   = 12x

1
+18x2 

AvswkK AšÍiKj‡Yi gvb¸‡jv‡K AW©vi Abyhvqx ¯‹qvi g¨vwUª· G mvRv‡j †h g¨vwUª·-cve Zv‡K ejv nq 
R¨vKweqvb g¨vwUª· Ges G‡K J Øviv cÖKvk Kiv nq| Gi gvb¸wj emv‡j †h dj Avm‡e Zv‡K Avgiv eje 
R¨vKweqvb wbY©vqK hv‡K wPwýZ Kiv nq |J|, Øviv t 

 |J| +









ϑy
1

 ϑx
1

ϑy
2

 ϑx
1

  

ϑy
1

 ϑx
2

 

ϑy
2

 ϑx
2

   

 = 






2

(8x
1
+12x

2
)    

3

(12x
1
+18x

2
)   
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RvqMv msKzjv‡bi Rb¨ gv‡S gv‡S R¨vKweqvb‡K Gfv‡eI cÖKvk Kiv nq t 

 | |J   + 






�(y1

,y
2
)

�(x1
,x
2
)

  

we Í̄vwiZfv‡e ejv hvq, GLb hw` n PjK wewkó n  msL¨K ˆiwLK ev A‰iwLK A‡cÿK _v‡K Z‡e mn-
A‡cÿK¸‡jv‡K wb‡æ †`qv nj t 

 y
1
 = f

1
 (x

1
,x
2
............x

n
) 

 y2 = f
2
 (x

1
,x
2
,..........x

n
) 

 .................................... 

 yn = f
n
 (x

1
, x
2
.........x

n
) 

‡hLv‡b fn cÖKvk K‡i n Zg A‡cÿK (A‡cÿKwU †Kvb µ‡gB n Zg kw³‡Z DV‡e bv), GLb Avgiv †gvU 

n
2 AvswkK AšÍiKjY Ki‡Z cvwi|  

 | |J   = 






�(y1,y2........yn)

�(x1,x2..........xn)
  + 











�y1

dx
1
   
�y1

�x2
.........

�y1

�xn

..........................

�yn

�x1
   
�yn

 �x2
.......

�yn

 �xn

  

R¨vKweqvb n †mU Gi A‡cÿ‡Ki Dci cixÿv K‡i wb‡æi m~ÎwU cÖ`vb K‡ib Ò†h †Kvb gvb 
x
1
,x
2
..........,x

n
 Gi Rb¨ Avjv`vfv‡e R¨vKweqvb | |J   Gi gvb k~b¨ n‡e, hw` n A‡cÿK f′,........., (ˆiwLK 

A_ev A‰iwLK) ci¯úi wbf©ikxj nq|Ó 
D`vniY ¯̂iƒc ejv hvq,  

 |J|= 






2

(8x
1
+12x

2
)    

3

(12x
1
+18x

2
)   

 
GLb R¨vKweqvb Gi gvb nq k~b¨; A_©vr 
 |J|= (24x

1
+36x

2
)-(24x

1
+36x

2
)=0  

djkªæwZ‡Z, m~Î †gvZv‡eK D‡jøwLZ y
1
 = 2x

1
+3x, y

2
 = 4x21 + 12x1

x
2
+9x

2
2
 A‡cÿK ỳwU Aek¨B 

ci¯úi wbf©ikxj| Avgiv cÖgvY Ki‡Z cvwi †h, y
2
,y
1
 Gi e‡M©i mgvb| AZGe Giv A‡cÿKfv‡e 

wbf©ikxj| 
 
mvivsk t AvswkK AšÍiKj‡Yi Ab¨Zg †gŠwjK welq n‡”Q, ˆiwLK I A‰iwLK A‡cÿ‡Ki Aw Í̄Z¡ Pj‡Ki 
Dci wbf©i K‡i wK bv| GB welqwU R¨vKweqvb wbY©vq‡Ki mv‡_ m¤úwK©Z| G‡ÿ‡Î x1, x2,.......xn -Gi 
Rb¨ Avjv`vfv‡e R¨vKweqvb |J|-Gi gvb k~b¨ n‡e, hw` A‡cÿK f,........ (‰iwLK ev A‰iwLK) wbf©ikxj 
nq| 
 

cv‡VvËi g~j¨vqb 9.2 

mwVK DËiwU wPwýZ Kiæb t 

1| R¨vKweqvb wbY©vqK wPwýZ Kiv nq- 
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 (K) |A| Øviv (L) d Øviv 
 (M) δ Øviv (N) |J| Øviv 

cvV-9.3 
†gvU cÖ‡f`K I D”PZi gvÎvi cÖ‡f`K  

(Total Differential and Higher Order Differential) 
 
 

G cvV †k‡l Avcwb- 
◆  †gvU cÖ‡f`K m¤ú‡K© aviYv cvi‡eb| 
◆  †gvU cÖ‡f`K †ei Ki‡Z cvi‡eb| 
◆  †gvU cÖ‡f`‡Ki e¨envi m¤ú‡K© Rvb‡Z cvi‡eb| 
◆  D”PZi gvÎvi cÖ‡f`K †ei Ki‡Z cvi‡eb| 
 

†gvU cÖ‡f`‡Ki aviYv (Concept of Total Differential) 
hw` y=f(x,z) nq, Z‡e †Kej x ev z Gi cwieZ©‡bi d‡j y ‡Z wKiƒc cwieZ©b n‡e Zv AvswkK AšÍiK 
wb‡ ©̀k K‡i| wKšÍz x Ges z Df‡qi mvgvb¨ cwieZ©b n‡j y-Gi cwieZ©b n‡e| GwU †gvU cÖ‡f`K Gi 
mvnv‡h¨ we‡kølb Kiv m¤¢e| awi w,x Ges y h_vµ‡g Mg Drcv`‡bi cwigvY, kªwg‡Ki msL¨v Ges Rwgi 
cwigvY wb‡ ©̀k K‡i| G‡ÿ‡Î †jLv hvq t w = f(x,y) 

GLb hw` x Ges y Gi mvgvb¨ cwieZ©b Kiv nq, Z‡e w-‡Z wK cwigvY cwieZ©b Avm‡e ? x Gi cwieZ©b 

hw` ∆x Øviv wb‡ ©̀k Kwi Z‡e w-‡Z †h cwieZ©b n‡e Zv njt 
δw

δx
  . ∆x 

Abyiƒcfv‡e x-‡K w ’̄i a‡i y-‡K hw` ∆y Øviv cwieZ©b Kwi, Z‡e w-‡Z †h cwieZ©b Avm‡e Zv n‡et 

 
δw

δy
  . ∆y  

myZivs x Ges y Pj‡Ki gvb ∆x Ges ∆y cwigvY cwieZ©b n‡j w-Gi †gvU cwieZ©b n‡e wbæiƒc t 

 ∆w = 
δw

δx
  . ∆x + 

δw

δy
  . ∆y 

GLb hw` x Ges y Gi ÿz ª̀vwZÿz ª̀ (Infinitesimal) cwieZ©‡bi welq we‡ePbv Kiv nq Z‡e PjKmg~‡ni 
ÿz ª̀Zg cwieZ©b n‡e wbæiƒc t 
 ∆w = dw, ∆x =dx; ∆y=dy 

G‡ÿ‡Î, dw = 
δw

δx
  . dx + 

δw

δy
  . dy = fx.dx+fy.dy [

δw

δx
  = fx Ges 

δw

δy
  = fy cÖZxK e¨envi Ki‡j ] 

G‡ÿ‡Î dw-‡K w=f(x,y) dvsk‡bi †gvU cÖ‡f`K ejv nq| A‡bK mgq dw cÖZx‡Ki cwie‡Z© df cÖZxK 
e¨envi Kiv hvq| GLv‡b dx Ges dy h_vµ‡g x Ges y Pj‡Ki cwieZ©b wb‡ ©̀k K‡i| d‡j G‡`i‡K 
aªæeK (Constants) wnmv‡e we‡ePbv Kiv hvq|  
mvaviYZ t y = f(x

1
,x
2
, x
3
.........xn) n‡j 

 dy = 
δy

δx
1
 . dx

1
+

δy

δx
2
  . dx

2
 + 

δy

δx
3
  . dx

3
 +............+ 

δy

δx
n
  . dxn 

 = f
1
dx
1
+f
2
dx
2
+f
3
dx
3
+............+fndxn n‡e|  

D`vniY: y = f(x,z) = 4x2+3z2 

 dy = 
δy

δx
  . dx +  

δy

δz
  .dz = fxdx + fzdz 
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G‡ÿ‡Î, fx =  
δy

δx
  = 

δ(4x
2
+3z

2
)

δx
  = 8x 

 fz =  
δy

δz
  = 

δ(4x
2
+3z

2
)

δz
  = 6z 

myZivs dy = 8xdx + 6zdz 
†gvU cÖ‡f`K †ei Kivi wbqg (Rules for Finding Total Differential) 

†gvU cÖ‡f`K †ei Kivi wbqg mvaviY AšÍiK †ei Kivi wbq‡gi gZB| g‡b Kwi g= f(x,y) Ges h =ψ 

(x,y), x Ges y Gi dvskb| GLb Gi wfwË‡Z Avgiv cÖ‡f`K Gi wb‡æv³ wbqgmg~n cvBt- 
 

K. †hv‡Mi wbqg (Sum Rule) t 
hw` z = g+h nq, Z‡e dz = dg+dh n‡e| 

D`vniY 1 t z  = 3x
2
+2y

3
 

   dz  = d(3x
2
) + d(2y

3
) 

   = 6xdx + 6y
2
dy 

 

D`vniY 2 t  y  = 2x
3
+ z   

  dy  = d(2x
3
) + d( z ) 

  = 6x2dx + 
1 

2
 z

-1

2 dz 

L. ¸‡bi wbqg (Product Rule): 

hw` z = gh nq Z‡e dz = g.dh+h.dg n‡e| 

D`vniY t z = (2x2+y) (x+2y2) 
 dz = (2x

2
+y).d(x+2y

2
)+(x+2y2). d(2x

2
+y) 

 = (2x
2
+y) [dx+d(2y

2
)]+(x+2y

2
) [d(2x

2
)+dy] 

 = (2x
2
+y) (dx+4ydy) + (x+2y

2
) (4xdx+dy) 

 = 2x
2
dx+8x

2
ydy+ydx+4y

2
dy+4x

2
dx+xdy+8xy

2
dx+2y

2
dy 

 = 6x
2
dx+8x

2
ydy+6y

2
dy+8xy

2
dx+ydx+xdy 

 = 6x
2
dx+8xy

2
dx+ydx+8x

2
ydy+6y

2
dy+xdy 

 = (6x
2
+8xy

2
+y)dx+(8x

2
y+6y

2
+x)dy 

M. fv‡Mi wbqg (Quotient Rule) t 

hw` z = 
g

h
  nq Z‡e dz = 

hdg-g.dh

h
2

  

D`vniY t z = 
x
2
+y

2

x+y
  

  dz = 
(x+y)d(x

2
+y

2
)-(x

2
+y

2
)d(x+y)

(x+y)
2

  

 = 
(x+y)(2xdx+2ydy)-(x

2
+y

2
)(dx+dy)

(x+y)
2
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 = 
(2x

2
dx+2xydy+2xydx+2y

2
dy-x

2
dx-y

2
dy-y

2
dx-x

2
dy)

(x+y)
2

  

 = 
(x
2
+2xy+y

2
)dx-(x

2
+y

2
-2xy)dy

(x+y)
2

  

N. A‡cÿ‡Ki A‡cÿK wbqg (Function of a Function Rule) t 

hw` z = z(u) ‡hLv‡b u = u(x) nq, Z‡e dz = d{z(u)} = 
d

du
 (z)  .du 

GLv‡b du ‡Kvb aªæeK bq eis GwU u -Gi cÖ‡f`K| 

A_©vr du = d{u(x)} = 
d

dx
 (u)  du 

myZivs dz = [
d

du
 (z) ] [

d

dx
(u) .dx] 

D`vniYt 1. z = u2+1 ‡hLv‡b u = x2+2 

  dz  = [ 
d

du
 (u

2
+1) ] [

d

dx
 (x

2
+2) .du] 

 = (2u) (2x)dx 

 = 4xu.dx  

 = 4x(x
2
+2)dx 

 

D`vniYt 2 z = 
1

(x
2
-y
2
)
  g‡b Kwi u = (x2-y2)  

 Zv n‡j z = 
1

u
  = 

1

u

1

2

  = u
-
1

2  

GLb, dz = 
d

du
(u

-1

2. du   

 = -
1

2
  u

-3

2 du 

 du= 2xdx-2ydy 

myZivs, dz = -
1

2
  u

-3

2
 (2xdx-2ydy

  

 = -
1

2
 (x

2
-y
2
)
-
3

2 (2xdx-2ydy)  

†gvU cÖ‡f`‡Ki e¨envi (Use of Total Differential) 
cÖ_gZ t GKvwaK ¯̂vaxb PjK wewkó †Kvb A‡cÿ‡Ki Xvj wbY©‡qi Rb¨ †gvU cÖ‡f`K Gi e¨envi Kiv 
hvq| Ab¨ K_vq ỳ‡Uv ¯̂vaxb Pj‡Ki g‡a¨ weKíb ev wewbgq nvi (rate of substitution) wbY©‡qi Rb¨ †gvU 
cÖ‡f`K e¨envi Kiv hvq| GRb¨ wbi‡cÿ †iLv Ges Drcv`b Z‡Ë¡ mg Drcv`b †iLvi Xvj Gi mvnv‡h¨ 
wbY©q Kiv hvq|  
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D`vniY t Drcv`b A‡cÿK Q =f(L,K) ‡hLv‡b Q= ‡gvU Drcv`b, L Ges K kªg Ges g~jab DcKiY| 

G‡ÿ‡Î ‡gvU cÖ‡f`‡Ki mvnv‡h¨ Avgiv mg Drcv`b †iLvi Xvj 
dk

dL  A_ev g~ja‡bi Rb¨ kª‡gi cÖvwšÍK 

KvwiMix cwieZ©‡bi nvi (MRTSLk) wbY©q Ki‡Z cvwi| 

awi, dQ= 
ϑQ

 ϑL
 .dL+

ϑQ

 ϑk
  .dK

 = 0
 

 ev 
ϑQ

 ϑk
  .dk=

ϑQ

 ϑL
  .dL

  

 
ev 

ϑQ

 ϑK
  . 

dK

dL
  = 

-ϑQ

 ϑL
  [ Dfq w`‡K dL Øviv fvM K‡i]  

 
dk

dL
  = MRTS

Lk
 = 

-ϑQ

 ϑL
 / 

ϑQ

 ϑk
  = -

fL

fk
  

G‡ÿ‡Î fL = kª‡gi (L) cÖvwšÍK Drcv`b = Mp
L 

fk = g~ja‡bi (k) cÖvwšÍK Drcv`b = MPk 
2. wØZxqZ t dvsk‡bi kZ©hy³ m‡e©v”P Ges me©wbæ gvb wbY©‡qi Rb¨I †gvU cÖ‡f`K e¨envi Kiv hvq| 
G‡ÿ‡Î cÖ_g Ges wØZxq gvÎvi cÖ‡f`K‡K cÖ‡qvRbxq Ges ch©vß kZ© wnmv‡e MY¨ Kiv †h‡Z cv‡i|  
D`vniY t Dc‡hvM A‡cÿK t U=f(q

1
,q
2
) 

ev‡RU mgxKiY t M = P
1
q
1
 + p

2
q
2
 

 ev, q
2
 = 

M

p
2
  -

p
1

p
2
  .q

1
 

GLb U m‡e©v”PKi‡Yi kZ©vw` wbæiƒcfv‡e ejv hvq t 

cÖ‡qvRbxq kZ© t du = 
�u

�q1
  dq1+

�u

�q2
  dq

2
 = o 

 ev, du = 
�u

�q1
  dq

1
+ 
�u

�q2
 (-p

1
/p
2
)  dq

1
=0 

 = f
1
dq
1
+f
2
(-p

1
/p
2
)dq

1
=0 

ch©vß kZ© t d2u = 
�
2
u

∂q
1
2
  dq

1
2
+ 2

�
2
u

�q1�
q
2
  dq

1
dq

2 
+ 
�
2
u

�q2
2
  dq

2
2
<o 

 = f
11
dq
1
2 
+ 2f

12
dq
1
dq
2
+f
22
dq

2
2
<0 

Dc‡iv³ Av‡jvPbv †_‡K †`Lv hvq A_©bxwZi eû †ÿ‡Î wewfbœ welq e¨vL¨v we‡køl‡Yi Rb¨ Avgiv †gvU 
cÖ‡f`K e¨envi Ki‡Z cvwi|  
 

D”PZi gvÎvi cÖ‡f`K wbY©q (Finding Higher Order Differential) 
cÖ_g gvÎvi cÖ‡f`‡Ki Avevi cÖ‡f`K †ei Ki‡j wØZxq gvÎvi cÖ‡f`K cvIqv hvq| Abyiƒcfv‡e wØZxq 
gvÎv †_‡K Z…Zxq Ges µgv¤̂‡q AviI D”PZi gvÎvi cÖ‡f`K †ei Kiv hvq|  
awi, u = f(x,y) GKwU A‡cÿK| GLv‡b x Ges y ¯̂vaxb PjK| GB A‡cÿKwUi cÖ_g gvÎvi cÖ‡f`K 
wbæiƒc t 

 du = df= 
δu

δx
  .dx+ 

δu

δy
  .dy = fx.dx+fy.dy 

GLb hw` du ev df Gi cybivq cÖ‡f`K †ei Kiv nq; Z‡e Zv d2u ev d2f Øviv wb‡ ©̀k Kiv hvq hv wØZxq 
gvÎvi cÖ‡f`K n‡e|  

 d
2
u =d

2
f=d(df)= 

δ

δx
 (df) .dx+ 

δ

δy
  . (df).dy 
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 = 
δ

δx
 (fxdx+fydy)  dx+ 

δ

δy
 (fxdx+dydy) .dy 

 = [fxxdx + fx.
δ

δx
(dx)  + fyxdy+fy

δ

δx
(dy) ]dx + [fxydx+fx.

δ

δy
(dx) +fydy+fy

δ

δy
 (dy) ]dy 

GLv‡b dx Ges dy aªæeK (Constant) e‡j 

 δ

δx
(dx)  = 0; 

δ

δx
(dy) =0; 

δ

δy
(dx) =0 ; 

δ

δy
 (dy)  = 0 

myZivs, d2u=d2f=(fxxdu+fyxdy)dx+(fxydx+fyydy)dy 

 d
2
u=fxx(dx)

2
+2fyxdxdy+fyy(dy)

2
 [†h‡nZz fxy=fyx] 

 = fxx(dx)
2
+2fxydxdy+fyy(dy)

2
 

D`vniY 1 t  z = x
2
+xy 

 dz = fxdx+fydy 

 d
2
z =  fxx(dx)

2
+fyy(dy)

2
+2fxydxdy 

 GLb, fx =  
δ

δx
(x
2
+xy)  = 2x+y; fy= 

δ

δy
(x
2
+xy) =x 

 fxx =  
δ

δx
(2x+y) =2; fyy= 

δ

δy
(2)  = o 

 fxy =  
δ

δx
(fy)  =  

δ

δx
(x)  =1 

 fyx =  
δ

δy
 (fx)  =  

δ

δy
 (2x+y)  = 1 

myZivs ejv hvq t d2z = 2(dx)2+2dxdy 

D`vniY 2 t y  = (x
2
+1)

-1

2
 

 †hLv‡b u = x2+1 

Zv n‡j t  y  = u 

- 1

2 
 

 
dy  = f′(u)du  

 d
2
y  = f′(u)d

2
u + fδ(u) (du)

2 

G‡ÿ‡Î,  f′(u) = 
δ

δu
 (u

1/2
)  = 

1

2
  u 

-1

2  

 fδ(u) = 




1
2
  




-1

2
  u
- 
3

2  

  
= - 

1

4
  u
- 
3

2   

  
du  = 

δ

δx
 (x

2
+1) dx =2xdx 

  d
2
u  =   

δ

δx
 (2xdx) .dx=2(dx)

2 

myZivs  d
2
y  = 

1

2
 (u)

-1

2(dx) 
2
+(-

1

4
  )u

-3

2(2xdx) 
2
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  = (
1

2
 2u

-1

2(dx) 
2
+{-

1

4
 4x

2
u
-
3

2(dx) 
2
} 

  = (u
-
1

2 (dx) 
2
-x
2
u
-
3

2(dx) 
2 

 

 

 

mvivsk t GKwU A‡cÿK, y = f(x,z)- G x I z Df‡qi mvgvb¨ cwieZ©b n‡j y-Gi cwieZ©b n‡e| GwU 
†gvU cÖ‡f`‡Ki mvnv‡h¨ we‡kølY Kiv m¤¢e| GKvwaK ¯^vaxb PjKwewkó ‡Kvb A‡cÿ‡Ki Xvj wbY©‡qi Rb¨ 
†gvU cÖ‡f`‡Ki e¨envi Kiv nq| Gi mvnv‡h¨ Avgiv g~ja‡bi Rb¨ kª‡gi cÖvwšÍK KvwiMix cwieZ©‡bi nvi 
(MRTSLK) BZ¨vw` wbY©q Ki‡Z cvwi| mvaviY AšÍiK †ei Kivi wbq‡gB †gvU cÖ‡f`K †ei Kiv nq|  
 
 
 
 

cv‡VvËi g~j¨vqb 9.3 

mZ¨/wg_¨v wbY©q Kiæb t 

1| GKvwaK ¯̂vaxb PjK wewkó †Kvb A‡cÿ‡Ki Xvj wbY©‡qi Rb¨ †gvU cÖ‡f`‡Ki e¨envi Kiv 
 hvq|  

2| hw` y = f(x,z) nq, Z‡e x ev z Gi mvgvb¨ cwieZ©b n‡j y ‡Z wKiƒc cwieZ©b n‡e Zv †gvU 
 cÖ‡f`K wb‡ ©̀k K‡i| 
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cvV-9.4 
†gvU AšÍiK  

(Total Derivative) 

 
 

G cvV †k‡l Avcwb- 
◆  †gvU AšÍiK †ei Ki‡Z cvi‡eb| 
◆  †gvU AšÍi‡Ki e¨envi m¤ú‡K© Rvb‡Z cvi‡eb| 
 
†gvU AšÍiK (Total Derivative) 
Avgiv c~‡e© u = f(x,y) dvsk‡b x Ges y ‡K ¯̂vaxb PjK wnmv‡e †`wL‡qwQ| awi x Ges y ¯̂vaxb bq, eis 
Pj‡Ki A‡cÿK|  
awi x = ψ(t) Ges y = ϕ(t) ‡hLv‡b t ¯̂vaxb PjK| G‡ÿ‡Î t Gi m¤ú‡K© u Gi AšÍiK wK n‡e A_©vr 

G‡ÿ‡Î 
du

dt
  wK n‡e? GB 

du

dt   n‡”Q A‡cÿwUi †gvU AšÍiK|  
 

K. GKwU gvÎ ¯̂vaxb PjK _vK‡j †gvU AšÍiK wbY©q t 

hw` u = f(x,y) nq †hLv‡b x = ψ(t) Ges y = ϕ(t) nq Z‡e 

 
du

dt
  = 

δu

δx
  . 
dx

dt
  + 

δu

δy
  . 
dy

dt
  

ev, 
du

dt
  = fx . 

dx

dt
  + fy.

dy

dt
  

 

Abyiƒcfv‡e hw` u = f(x,y,z...........) nq Ges x= ψ(t); y = g(t)........... nq Z‡e 

 
du

dt
  = 

δu

δx
  . 
dx

dt
  + 

δu

δy
  . 
dy

dt
  +

δu

δz
  . 
dz

dt
   +.......... 

 ev 
du

dt
  = fx

du

dt
  + fy

dy

dt
  + fz

dz

dt
  + ............... 

 

cÿvšÍ‡i hw` u = f(x,y) Ges x = g(y) nq Z‡e  

 
du

dy
  = 

δu

δx
  . 
dx

dy
  + 

δu

δy
   n‡e| 

Ges hw` u = f(x,y) Ges y = ϕ(x) nq, Z‡e- 

 
du

dx
  = 

δu

δx
  + 

δu

δy
  .
dy

dx
  n‡e| 

 

D`vniY:-1. u = x2+y3 x=t
2
 y=t

2
+1 

 
du

dt
  = 

δu

δx
  . 
dx

dt
  + 

δu

δy
  . 
dy

dt
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  = 
δ(x

2
+y

3
)

δx
  . 
d(t

2
)

dt
  + 

δ(x
2
+y

3
)

δy
  . 
d(t

2
+1)

dt
  

  = (2x). (2t)+(3y
2
)(2t)  

  = 4tx+6ty
2
 

D`vniY:-2. u = x2+y3 ‡hLv‡b y=2x 

 
du

dx
  = 

δu

δx
  + 

δu

δy
  . 
dy

dx
  

  = 
δ(x

2
+y

3
)

δx
  + 

δ(x
2
+y

3
)

δy
  . 
d(2x)

dx
  

  = 2x+(3y
2
)(2) 

  =2x+6y
2 

 
L. ỳB Gi AwaK ¯̂vaxb PjK _vK‡j †gvU AšÍiK wbY©q t 
 u=f(x,y) x= ψ(m,n) y=ϕ(m,n) 

 
δu

δm
  = 

δu

δx
  . 

dx

dm
  + 

δu

δy
  . 

δy

δm
  

  = fx . 
δu

δm
  + fy . 

δy

δm
  

 
δu

δn
  = 

δu

δn
  . 

δx

δn
  + 

δu

δy
  . 

δy

δn
   

  = fx
δx

δn
  + fy.

δy

δn
   

 

GLv‡b 
δu

δm
  n‡”Q m Gi m¤ú‡K© u Gi †gvU AšÍiK hLb n w ’̄i aiv nq| cÿvšÍ‡i 

δu

δn
  n‡”Q nGi m¤ú‡K© 

u Gi †gvU AšÍiK, hLb m w ’̄i aiv nq|  
 
D`vniY: 1. u=x2+y2 x=m

2
+n

2
 y=m

2
-n
2 

 
δu

δm
  = 

δu

δx
  .  

δx

δm
  + 

δu

δy
  . 

δy

δm
  

  = Error!,δx). Error!+  Error!,δy). Error! 
  = (2x) (2m) + (2y)(2m)  
  = 4xm+4ym 

 
δu

δn
  = 

δu

δx
  . 
dx

dn
  + 

δu

δy
  . 

δy

δn
   

  = 
δ

δx
(x
2
+y

2
) .

δ

δn
(m

2
+n

2
)  + 

Error!. Error! 
  = (2x)(2n)+(2y)(-2n)  
  = 4xn-4yn 
 

D`vniY:-2. u =f(q
1
, q
2
) 

 M= p
1
q
1
+p

2
q
2 

 †hLv‡b u ‡Kvb †fv³vi Dc‡hvM A‡cÿK, q
1
Ges q2 ỳwU ª̀‡e¨i cwigvY, M, p

1
, p

2
 h_vµ‡g †µZvi 

Avq Ges ª̀e¨ ỳwUi `vg| GLb Avgiv 
du

dq
1
  ‡ei Ki‡Z cvwi| cÖ_gZ Avgiv ev‡RU mgxKiY q

2
 ‡K q

1 

Gi A‡cÿK wnmv‡e cÖKvk Ki‡Z cvwit 
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 M= p
1
q
1
 + p

2
q
2
  

 ev q
2
= 

M-p
1
q
1

p
2

  

GLb U=f(q
1
,q
2
) †hLv‡b q

2
 = 

M-p
2
q
1

p
2

   

myZivs 
du

dq
1
  = 

δu

δq
1
  + 

δu

δq
2
  . 

dq
2

dq
1
  

  = f
1
+f
2
. 
d

dq
1
 






M-p

1
q
1

p
2

  

  = f
1
+f
2 







-p

1

p
2

 
 

 
D`vniY:-3. †Kvb dv‡g©i Drcv`b A‡cÿK Ges LiP mgxKiY wbæiƒc t 
 Q = f(K,L) 

 C = pk.k + PL
.L 

†hLv‡b Q Drcv`b, K Ges L g~jab I kª‡gi cwigvY, C = †gvU Drcv`b e¨q, pk Ges p
L

 g~jab Ges 

kª‡gi `vg wb‡`©k K‡i| G‡ÿ‡Î Avgiv 
dQ

dL  Ges 
dQ

dk   ‡ei Ki‡Z cvwi t 

cÖ_gZ 
dQ

dk   ‡ei Kivi Rb¨ Avgiv e¨q mgxKi‡Yi mvnv‡h¨ L ‡K Q-Gi A‡cÿK iƒ‡c †`LvB: 
 C = P

k
K + P

L
.L  

 ev L = 
C-P

k
.K

P
L

  

GLb, 
dQ

dk   = 
δQ

δk
  + 

δQ

δL
  . 
dL

dk
   

 = fk+fL





-Pk

PL
 
 
 

Abyiƒcfv‡e
dQ

dL  wbY©q Ki‡Z n‡j Avgiv cÖ_‡g e¨q mgxKiY †_‡K K-‡K L Gi A‡cÿK wnmv‡e †`LvB t 

 K = 

C-P
L
L

P
k

    

GLb, 
dQ

dL
  = 

δQ

δk
  . 

dk

dL
  + 

δQ

δL
   

 = fk  






-P

L

P
k

  + f
L 

 
= f

L
+f
k
 






-P

L

P
k

   

†gvU AšÍi‡Ki e¨envi (Use of Total Derivative) 
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cÖ_gZ: A_©bxwZ‡Z Avgiv KwZcq †ÿ‡Î evav/kZ©hy³ (Constrained) m‡e©v”PKiY Ges me©wbæKiY 
mgm¨vi m¤§yLxb nB| †hgb Drcv`K wbw ©̀ó LiP mv‡c‡ÿ Drcv`b m‡e©v”P K‡i| Avevi A‡bK mgq wbw ©̀ó 
cwigvY Drcv`b Drcbœ Ki‡Z wM‡q †m LiP me©wbæKi‡Yi cÖ‡Póv Pvjvq| cÖ_g †ÿ‡Î LiP mgxKiY Ges 
wØZxq †ÿ‡Î Drcv`b A‡cÿK Drcv`‡Ki Rb¨ evav/kZ© wnmv‡e †`Lv †`q| 
Ab¨w`‡K †fv³v Zvi wbw ©̀ó evv‡RU mv‡c‡ÿ Dc‡hvM m‡e©v”P K‡i| ev‡RU mgxKiY †fv³vi Avw_©K Avq, 
Ges cÖ`Ë ª̀e¨ g~‡j¨i m¤úK© cÖKvk K‡i| Dc‡hvM m‡e©v”PKi‡Yi †ejvq ZvB ev‡RU †fv³vi Kv‡Q GKwU 
evav/ mxgve×Zv wnmv‡e Avwef©~Z nq|  
Dc‡iv³ ai‡Yi m‡e©v”P A_ev me©wb¤œKiY mgm¨vi †ÿ‡Î †gvU AšÍiK aviYv cÖ‡qvM Kiv hvq|  
 

D`vniY t Dc‡hvM A‡cÿK t U = f(q
1
,q
2
)..........(1) 

ev‡RU mgxKiY t M = p
1
q
1
+p

2
q
2..........(2) 

2 bs mgxKiY †_‡K †jLv hvq 

 
q
2 = 

M

P
2
  - 

p
1

p
2
  q

1 

GLb †gvU AšÍiK cÖ‡qvM K‡i U Gi m‡e©v”P gv‡bi cÖ‡qvRbxq Ges ch©vß kZ© wbY©q Kiv m¤¢e t 

cÖ‡qvRbxq kZ© t 
du

dq
1
  = 

Error!+ Error!. Error!= 0 
 = f

1
 + f

2 
(-p

1
/p
2
) = 0  

 ev, f1 = f2(p1/p2) 

 ev 
f
1

f
2
  = 

p
1

p
2
  [Dfq w`‡K f

2
 Øviv fvM K‡i] 

 

 ev wbi‡cÿ †iLvi Xvj 
f
1

f
2
  = ev‡RU †iLvi Xvj 

p
1

p
2
  

ch©vß kZ© t 
d
2
u

dq
1
2  =  

Error!+2. Error!. Error!+ Error!2<0 

 = f
11
 + 2f

12
(-p

1
/p
2
)+f

22
(-p1/p2

)
2
<0 

†h‡nZz f
11
<0 ; f

22
<0 Ges f

12
ε 0 

 

wØZxqZ: †Kvb †iLvi AvK…wZ (Shape) A_©vr we‡ePbvaxb †iLv DËj bv AeZj bv mijvK…wZ †mwU wbY©‡qi 
e¨vcv‡iI wØZxq gvÎvi †gvU AšÍiK aviYv e¨envi Kiv hvq hv †Kvb †iLvi Xv‡ji cwieZ©b nvi wb‡ ©̀k 
K‡i|  
D`vniY t Dc‡hvM A‡cÿK U=f(q

1
,q
2
)  

 ev‡RU mgxKiY t M = p
1
q
1
+p

2
q
2
 

 ev, q2 = 
M

p
2
 - 

p
1

p
2
  q

1
  

GLb wbi‡cÿ †iLvi Xvj wbY©q Kwit 
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 du = 

Error!dq
1
+ Error!dq

2 
= 0 

 ev, 
du

dq
2
  .dq

2
 = - 

Error!dq
1 

 ev, 
dq2

dq
1 

 
= wbi‡cÿ †iLvi Xvj = -

Error!/ Error!=-Error! 

  

d
2
q
2

dq
1
2
  =-







ϑ (f

1
/f
2
)

 ϑq
1

+

ϑ (f
1
/f
2
)

 ϑq
2

 . 

dq
2

dq
1
  

 =-









f

1
f
11
-f
1
f
12

f
2
2

+

f
2
.f
21
-f
1
f
22

f
2
2

 . 

-f
1

f
2

  

 = - 
1

f
2
3
 



f

11
f
2
2
-2f

12
f
1
f
2
+f
1
2
f
22

  

GLb 
d
2
q
2

dq
1
2
 >0 n‡j we‡ePbvaxb wbi‡cÿ‡iLv DËj (Convex) n‡e|  

hw` 
d
2
q
2

dq
1
2
  <0 nq Z‡e wbi‡cÿ †iLv mij A_ev AeZj (Concave) AvK…wZi n‡e|  

Dc‡iv³ Av‡jvPbv †_‡K †`Lv hvq A_©bxwZi eû †ÿ‡Î wewfbœ welq e¨vL¨v we‡køl‡Yi Rb¨ Avgiv †gvU 
AšÍiK e¨envi Ki‡Z cvwi| 
 

mvivsk t †Kvb A‡cÿK, y = f(x, z) -G x I z ¯̂vaxb PjK bv nq, †m‡ÿ‡Î x = ψ(t) Ges Z = ϕ (t) aiv 

nq| GLv‡b ¯̂vaxb PjK n‡”Q t, Ges 
dy

dt
  n‡”Q †gvU AšÍiK| GKwU, `yB ev Z‡ZvwaK ¯̂vaxb Pj‡Ki †ÿ‡Î 

†gvU AšÍiK †ei Kivi wbqg wfbœ| A_©bxwZ‡Z kZ©hy³ m‡e©v”PKiY Ges me©wbæKiY mgm¨vi †ÿ‡Î †gvU 
AšÍiK aviYv cÖ‡qvM Kiv nq| †hgb, Dc‡hvM m‡e©v”PKi‡Yi †ÿ‡Î ev‡RU †fv³vi Kv‡Q evav Ges wbw ©̀ó 
cwigvY Drcv`b Kivi Rb¨ LiP me©wbæKiY, Drcv`‡Ki Rb¨ GKwU kZ©|  
 

cv‡VvËi g~j¨vqb 9.4 

mZ¨/wg_¨v wbY©q Kiæb t 

1| GKwU, ỳB ev Z‡ZvwaK ¯̂vaxb Pj‡Ki †ÿ‡Î †gvU AšÍiK †ei Kivi wbqg wfbœ| 
2| †Kvb †iLvi Xv‡ji cwieZ©‡bi nvi wb‡ ©̀‡ki Rb¨ wØZxq gvÎvi †gvU AšÍiK aviYv e¨envi Kiv 
hvq|  

 

P~ovšÍ g~j¨qb-BDwbU 9 

mswÿß I iPbvg~jK cÖkœ t 
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1| A_©bxwZ‡Z AvswkK AšÍiKj‡Yi e¨envi wK wK ? 
2| wb‡æv³ mgm¨v¸‡jvi mgvavb Kiæb t  

 (K) y=(3x1+2) (x2-2) (L) z = 
x2+2y3

2x+3y
  

   f1= ? ; f2= ?  fx= ? ; fy= ? 

 

 (M) y= 3x
2

1
 +x1x2+4x

2

2
  (N) y = 

3u-2v

u2+3v
  

   f1= ? ; f2= ?  fu= ? ; fv= ? 

 
3| GKwU GK‡PwUqv Kviev‡ii Pvwn`v A‡cÿK 3q = 98 - 4p Ges Mo LiP 3q + 2, †hLv‡b q = 

 Drcv`‡bi cwigvb Ges p = GKK cÖwZ weµq g~j¨| GK‡PwUqv Kviev‡ii gybvdv wbY©q Kiæb|  
4| x2-6x+13 A‡cÿKwUi m‡e©v”P I me©wbæ we› ỳ wbY©q Kiæb| 
5| mvaviY AšÍiKjY I AvswkK AšÍiKj‡Yi g‡a¨ cv_©K¨ wK ? 
6| †gvU cÖ‡f`K †ei Kivi †hv‡Mi wbqg wK ? 
7| †gvU cÖ‡f`K wbY©q Kivi Rb¨ A‡cÿ‡Ki A‡cÿK †ei Kivi wbqg wjLyb| 
8| †gvU cÖ‡f`‡Ki wbqgvejx wek`fv‡e Av‡jvPbv Kiæb| 
9| GKwU gvÎ ¯̂vaxb PjK _vK‡j †gvU AšÍiK wKfv‡e wbY©q Kiv nq ? 
10| ỳB ev Z‡ZvwaK ¯̂vaxb PjK _vK‡j †gvU AšÍiK wKfv‡e wbY©q Kiv nq ? 
11| A_©bxwZ‡Z †gvU AšÍi‡Ki e¨envi m¤ú‡K© Av‡jvPbv Kiæb| 
12| A_©bxwZ‡Z †gvU cÖ‡f`‡Ki e¨envi m¤ú‡K© Av‡jvPbv Kiæb| 
13| wb‡æv³ mgvavb¸‡jv †ei Kiæb| 

 (K) z=x2+2y2 Ges x=2t I y=t2 n‡j, Z Gi †gvU AšÍiK mnM KZ ? 

 (L) q=40-3p3+2y
1

2  GKwU Pvwn`v A‡cÿK| Avevi P=2+
1

4
 t Ges y =14+t2 n‡j, q Gi  †gvU 

AšÍiK mnM KZ n‡e ? 
14| †gvU aviYvmg~n †_‡K cÖvwšÍK aviYv mg~n †ei Kiæb| 
 (K) TC = 3q2+7q+12 n‡j MC Gi gvb wbY©q Kiæb| 
 (L) †fvM A‡cÿK C =120+0.8Yd n‡Z MPC Gi gvb wbY©q Kiæb| 

 

 

DËigvjv -BDwbU 9 

cvV-1 t (1) mZ¨ (2) wg_¨v (3) wg_v 
cvV-2 t (1) N  
cvV-3  t (1) mZ¨ (2) wg_¨v  
cvV-4  t (1) mZ¨ (2) mZ¨ 


