
 

  

†hvMRxKiY 

(Integrations) 
 

fywgKv  
Integration k‡ãi AvwfavwbK A_© n‡jv GKv½xKiY ev mgwóKiY| MvwYwZKfv‡e Integration‡K †hvMRxKiY 
ejv nq| †hvMRxKiY A_© n‡jv ‡Kvb e ‘̄i AmsL¨ AwZ ÿz ª̀ †ÿÎd‡ji mgwó| mij‡iLv ev eμ‡iLv Øviv Ave× 
mgZj‡K ÿz ª̀vwZÿz ª̀ As‡k wefw³Ki‡Yi gva¨‡g G‡`i mgwó Øviv mvgwMÖKfv‡e Gi †ÿÎdj wbY©q Kivi c×wZ 
wnmv‡eB †hvMRxKi‡Yi DrcwË| †hvMRxKiY ev mgvKjb we`¨vi (Integral Calculus) Ab¨Zg cÖavb Ask| Bnv 
AšÍi‡Ri wecixZ cÖwμqv I mgwóKiY aviYvi m¤úÖmviY| me©cÖ_g cÖvPxb MÖxK ‡R¨vwZwe©` G‡·vWvm †hvMRxKi‡Yi 
Kjv‡KŠkj wb‡q Av‡jvPbv I M‡elYv K‡ib| G‡·vWvm Rvbv e¯‘i †ÿÎdj ev AvqZb‡K ÿz ª̀ ÿz ª̀ AmsL¨ L‡Ð 
wef³ K‡i †hvMRxKi‡Yi gva¨‡g ‡ÿÎdj ev AvqZb wbY©q K‡ib| cieZx©‡Z MÖxK weÁvbx AvwK©wgwWm (287B.C-
212B.C) Zv ms¯‹vi K‡i e„‡Ëi I Dce„„‡Ëi †ÿÎdj wbY©q K‡ib| 
Z‡e AvaywbK †hvMRxKi‡Yi cÖe³v wnmv‡e mß`k kZvãx‡Z weªwUk weÁvbx m¨vi AvBR¨vK wbDUb (Sir Issac 
Newton; 1642-1727) I Rvgv©b MwYZwe` I `vk©wbK MU‡d«W DBwjqvg wjebxR (Gottfried William 
Leibniz;1646-1716) c„_K c„_K fv‡e †hvMRxKi‡Yi g~jbxwZ wjwce× K‡ib| wjebxR Infinitesimal 
Calculus, Mechanical CalculusAvwe®‹vi K‡ib|  
 

 
BDwb‡Ui D‡Ïk¨ 

GB BDwbU †k‡l Avcwb - 
 wbw`©ó †hvMR Ges Awbw ©̀ó †hvMR e¨vL¨v Ki‡Z cvi‡eb, 
 cÖwZ ’̄vcb c×wZ‡Z I AvswkK fMœvsk e¨envi K‡i Awbw`©ó †hvMR wbY©q Ki‡Z cvi‡eb, 
 Askvqb m~‡Îi mvnv‡h¨ †hvMRxKiY wbY©q Ki‡Z cvi‡eb, 
 wbw`©ó †hvMR m¤úwK©Z mgm¨vi mgvavb Ki‡Z cvi‡eb, 
 wbw`©ó †hvMR e¨envi K‡i ‡ÿÎdj m¤úwK©Z mgm¨vi mgvavb Ki‡Z cvi‡eb, 
  y f x mgxKi‡Yi †jL X  Aÿ Øviv Ave× †ÿ‡Îi ‡ÿÎd‡ji Avmbœ gvb wbY©q Ki‡Z 

cvi‡eb| 
 

 
BDwbU mgvwßi mgq BDwbU mgvwßi m‡ev©”P mgq 10 w`b 

 

 GB BDwb‡Ui cvVmg~n 
cvV 10.1: wbw`©ó †hvMR 
cvV 10.2: Awbw`©ó †hvMR 
cvV 10.3: cÖwZ ’̄vcb c×wZ‡Z Awbw`©ó †hvMR  
cvV 10.4: AvswkK fMœvsk e¨envi K‡i Awbw ©̀ó †hvMR 
cvV 10.5: Askvqb m~‡Îi mvnv‡h¨ †hvMRxKiY 
cvV 10.6: wbw`©ó †hvMR m¤úwK©Z mgm¨v 
cvV 10.7: wbw`©ó †hvM‡Ri mvnv‡h¨ ‡ÿÎdj 
cvV 10.8: e¨envwiK 

 

 

BDwbU 
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 wbw ©̀ó †hvMR  
 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 †ÿÎdj wnmv‡e wbw`©ó †hvMR eY©bv Ki‡Z cvi‡eb, 
 cÖwZAšÍiR Kx e¨vL¨v Ki‡Z cvi‡eb, 
 wbw`©ó †hvMR m¤úwK©Z g~j Dccv`¨ eY©bv Ki‡Z cvi‡eb, 
 wbw`©ó †hvMR e¨envi K‡i †ÿÎdj wbY©q Ki‡Z cvi‡eb| 

 

g~L¨ kã  wbw`©ó †hvMR, cÖwZAšÍiR, †hvwRZ dj, g~j Dccv`¨, ‡ÿÎdj 
 

 
 g~jcvV-  

 

HwZnvwmK „̀wó‡KvY †_‡K †hvRb ev mgwó wbY©‡qi cÖwμqv‡K wewklfv‡e wPwýZ Kivi Rb¨ MÖxK MwYZÁMY MÖxKeY©-†K 
e¨envi Ki‡Zb| Bs‡iwR kã Summation Gi cÖ_g Aÿi ÔS’ ‡K m¤úÖmviY (Elongated) K‡i †hvMRxKiY cÖZxK 
wnmv‡e Ô  Õ wPýwU me©cÖ_g wjebxR e¨envi K‡ib| mgwóKiY I wjwg‡Ui aviYv e¨envi K‡i eμ‡iLv Øviv Ave× 
†ÿÎdj wbY©‡qi D‡Ï‡k¨B †hvMRxKi‡Yi Avwef©ve| Rvgv©b MwYZwe` RR© ‡d«WwiK evb©vW †iBg¨vb (George 
Friedrich Bernhard Reimann,1826 -1866) dvsk‡bi †hvMRxKi‡Yi AvaywbK msÁv cÖ`vb K‡ib| †hvMRxKiY 
cÖwμqv‡K `yBwU c„_K Dcv‡q Av‡jvPbv Kiv hvq| h_vt cÖwZAšÍiR (Anti-Derivative) wnmv‡e I mgwóKi‡Yi 
mxgviƒ‡c (As the Limit of Sum)| †hvMRxKiY‡K Avevi, (1) wbw`©ó †hvMR I (2) Awbw ©̀ó †hvMR; GB ỳBfv‡M 
fvM Kiv hvq| 
 

wbw`©ó †hvM‡Ri msÁv: hw` ( )f x  dvskbwU e× e¨ewa  ,a b -G mxgve× nq Ges D³ e¨ewa‡K n msL¨K Dce¨ewa, 

 1, ;r r rx x  1,2, ,r n  -G Ggbfv‡e wef³ Kiv nq †hb, n  -Gi Rb¨ me©v‡cÿv `xN© 

Dce¨ewa 0   nq Ges  1,r r ru x x -Gi Rb¨  
0

1

n

r r
r

Lim f u



 
 -Gi GKwU mmxg gvb cvIqv hvq, Z‡e †mB 

gvb‡K wbgœcÖvšÍ a  ‡_‡K DaŸ©cÖvšÍ b  ch©šÍ ( )f x -Gi wbw ©̀ó †hvMR ejv nq| G‡K  
b

a

f x dx  cÖZxK Øviv cÖKvk Kiv 

nq| AZGe    
0

1

bn

r r
r a

Lim f u f x dx



 

   wb‡`©k K‡i| 

Ab¨fv‡e, ¯̂vaxb PjK x -Gi Rb¨ ( )f x  dvskbwUi e¨ewa  ,a b -G Awbw`©ó †hvMR ( )G x n‡j, 

A_v©r ( ) ( )f x dx G x  n‡j,  ( )G b G a †K ( )f x  dvskbwUi wbw`©ó †hvM‡Ri gvb ejv nq Ges Bnv 

 
b

a

f x dx  cÖZxK Øviv m~wPZ| A_v©r        ;
b

b

a
a

f x dx G x G b G a     GLv‡b a n‡jv wbw`©ó †hvM‡Ri 

wbgœmxgv ev wbgœcÖvšÍ Ges b  DaŸ©mxgv ev DaŸ©cÖvšÍ| 

cvV 10.1 
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  
b

a

f x dx -Gi R¨vwgwZK e¨vL¨v t ( )y f x  eμ‡iLv Ges ,x a x b  I 0y  ( X -Aÿ) wZbwU mij‡iLv Øviv 

Ave× †ÿ‡Îi †ÿÎdj‡K  
b

a

f x dx  Øviv cÖKvk Kiv nq|  

A_v©r  
b

a

f x dx ABCDA †ÿ‡Îi †ÿÎdj| 

hw` x -‡K Pjivwk a‡i  ,a b  e× e¨ewa‡Z ( )f x  dvskbwUi 

†hvMR ( )G x nq, A_v©r ( ) ( )f x dx G x  nq, Z‡e  ( )G b G a  

†K ( )f x  dvskbwUi wbw`©ó †hvM‡Ri gvb ejv nq Ges G‡K  
b

a

f x dx  

cÖZxK Øviv cÖKvk Kiv nq|  

A_v©r        .
b

b

a
a

f x dx G x G b G a      GLv‡b a  

n‡jv wbw ©̀ó †hvM‡Ri wbgœcÖvšÍ Gesb  DaŸ©cÖvšÍ| 
 

†ÿÎdj wnmv‡e wbw`©ó †hvMR: aiæb, ( )y f x  mgxKiYwU GKwU eμ †iLv wb‡ ©̀k K‡i Ges ( )f x  dvskbwU 
a x b  e¨ewa‡Z Awew”Qbœ, †hLv‡b b a I ,a b wbw`©ó| ,x a x b  we› ỳ‡Z ỳBwU †KvwU h_vμ‡g AC I BE  
AsKb Kiæb| Zvn‡jOA a  I ,OB b  hLb O  g~jwe› ỳ| Kv‡RB .AB b a   
GLb, AB †K , 2 ,x a h a h    we› ỳ‡Z h ˆ`‡N©¨i n msL¨K mgvb As‡k wef³ Kiæb †hb nh b a  ev, 
b a nh   nq|  
Avevi, , 2 ,x a h a h    we› ỳ‡Z 1 1 2 2, ,A D A D  †KvwU AsKb Kiæb| Zvn‡j ,a b  e¨ewai g‡a¨ †ÿÎwU 
KZK¸wj ÿz ª̀ ÿz ª̀ AvqZ‡ÿ‡Î wef³ n‡jv| 
aiæb, ( )y f x  eμ‡iLv Ges 0y  ( X -Aÿ) 
I ,x a x b   ỳBwU ‡KvwU Øviv Ave× †ÿÎ S Øviv m~wPZ n‡jv|                     
Avevi, wb‡Pi AvqZ‡ÿÎ¸wji (h_v: 2 1,ACC A ) †ÿÎd‡ji mgwó 

1S  Ges DcwifvMmn AvqZ‡ÿÎ¸wji(h_v: 1 1 1,AC D A  ) †ÿÎd‡ji  
mgwó 2S  Øviv m~wPZ n‡jv| Zvn‡j ¯úUZ: 1 2 ;S S S  †hLv‡b, 

     
   

1

1

0

1.

i
n

r

S hf a hf a h hf a n h

h f a rh




      

 




 

Ges 

       

            

2
1

2

2 1.

n

r

S hf a h hf a h hf a nh h f a rh

hf a hf a h hf a h hf a n h hf b hf a b a nh



        

            



 
 

       
1

0

{ } ii
n

r

h f a rh f b f a




      

0y  A 

x=a 

D

C
y=f(x) 

x=b 

Y 

X 
B O 

D 
C1 

C 

D2 

C2 

y=f(x) 

x=b x=a+2h x=a+h x=a 
A A

h 

D1 

E 

Y 

X A B O 
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GLb n Gi gvb Lye †ewk e„w× Ki‡j A_©vr n   n‡j 0h  n‡e Ges  i †_‡K cvB, 

   
1

1
0

0

bn

h
r a

S Lim h f a rh f x dx


 

     

Avevi,  ii †_‡K cvB,        
1

2
0

0

{ } ;
bn

h
r a

S Lim h f a rh f b f a f x dx


 

      †h‡nZz  
0

0
h
Lim hf a


  

Ges  
0

0
h
Lim hf b


     d‡j 1 2 .S S S  myZivs  
b b

a a

S f x dx ydx    

 

cÖwZAšÍiR (Anti-derivative) wnmv‡e †hvMR: mgvKjbwe`¨vi GKwU ¸iæZ¡c~Y© w`K Av‡Q, Avi Zv n‡jv †Kvb 
dvsk‡bi Pj‡Ki mv‡c‡¶ AšÍiR Rvbv _vK‡j g~j dvskbwU wbY©q Kiv hvq| ‡Kv‡bv dvsk‡bi AšÍiR ‡_‡K D³ 
dvskbwU wd‡i cvIqvi cÖwμqvB n‡jv cÖwZAšÍiR ev †hvMR| †hvMRxKiY n‡jv AšÍiR-Gi wecixZ  cÖwμqv 
(Integration is the inverse process of differentiation)| †Kv‡bv ¯^vaxb PjK x -Gi GKwU dvskb ( )G x hvi 

AšÍiR ( ) ( )G x f x  A_©vr    ( )
d

G x f x
dx

  n‡j, ( )G x  dvskbwU‡K ( )f x Gi cÖwZAšÍiR A_ev Awbw`©ó 

†hvMR (Indefinite Integral) ev mgvKwjZ gvb ev †hvMR ev †hvwRZ dj ejv nq Ges Bnv‡K 
( ) ( )f x dx G x cÖZxK Øviv cÖKvk Kiv nq| ‡Kvb dvsk‡bi †hvMR wbY©‡qi c×wZ‡K †hvMRxKiY (Integration) 

ejv nq| dvskb ( )f x ‡K †hvR¨ ivwk (Integrand),  cÖZxK‡K †hvMR wPý (Integral sign), dx Øviv x -Gi mv‡c‡ÿ 
(With respect to x ) Ges x ‡K †hvMRxKiY PjK e‡j| ( )f x dx -†K co‡Z n‡e, ( )f x Gi †hvMR  

(Integration of  f x dx )| 

myZivs
d

dx
 Ges dx  ci¯úi wecixZ cÖwμqv hviv ci¯úi‡K cÖkwgZ K‡i| †hgb- (1)  sin cos ,

d
x x

dx
 Kv‡RB 

cos x Gi †hvwRZ dj sin x A_©vr cos sin .dx x (2)  2 2
d

x x
dx

 †hLv‡b, 
2

22 2 2
2

x
xdx xdx x     

‡bvU t hw`     d
G x f x

dx
  nq, Z‡e †hvMRxKi‡Yi msÁv n‡Z cvIqv hvq,    f x dx G x  A_©vr 

       .d d
f x dx G x f x

dx dx
   Avevi hw`     d

G x f x
dx

  Ges    f x dx G x  nq, Z‡e 

    d
G x dx G x

dx
   
   n‡e| Kv‡RB    .G x f x   G Kvi‡YB AšÍiR I †hvMRxKiY cÖwμqvØ‡qi 

GKwU‡K AciwUi wecixZ cÖwμqv ejv nq| 
 

wbw`©ó †hvMR m¤úwK©Z g~j Dccv`¨ (Fundamental Theorem on Definite Integrals)- Bw›UMÖvj K¨vjKzjv‡mi 
g~j Dccv`¨: eY©bv: hw` ( )f x  dvskbwU e× e¨ewa  ,a b -†Z  Awew”Qbœ (Contineous) nq Ges    G x f x   

nq A_©vr ( )f x  dvsk‡bi cÖwZAšÍiR ( )G x  nq, Z‡e  
b

a

f x dx   ( ) .G b G a  

cÖgvY: aiæb  ,a b  e× e¨ewa‡Z 0 1 2 1, , , , ,n na x x x x x b   GBiƒc we›`ymg~n †hb,  

0 1 2 1n na x x x x x b        nq| ‡h‡nZz 0x a  Ges nx b ,†m‡nZz  0( )G x G a  Ges 

 ( ) .nG x G b  myZivs we›`ymg~n  ,a b  e¨ewa‡K  1, ,a x  1 2, , ,x x   1,nx b  Dce¨ewa‡Z wef³ K‡i| 
aiæb, Dce¨ewa mg~‡ni ˆ`N©¨ h_vμ‡g 1 2, , , .n   hv‡`i g‡a¨ me©v‡cÿv `xN© Dce¨ewa 0  Ges r ru   
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hLb  1 1,r r r r rx x x x      nq| AZGe, wbw ©̀ó †hvM‡Ri msÁvbymv‡i  

     
0

1

bn

r r
r a

Lim f u f x dx i



 

    

‡h‡nZz ( )f x  dvsk‡bi cÖwZAšÍiR ( )G x A_©vr    .G x f x   AZGe ( )G x  dvskb wWdv‡ibwkqvj 
K¨vjKzjv‡mi  ga¨gvb Dccv‡`¨i mKj kZ© wm× K‡i| myZivs AšÍZ c‡ÿ GKwU we› ỳ  1, ,r r ru x x  Ggb cvB 
hLb 1r r rx u x    Gi Rb¨        1 1( )r r r r r r rG x G x x x G u f u      ,( ‡h‡nZz 

   G x f x  )| Abyiƒcfv‡e, 

       1 0 1 0 1 1 1( ) ,G x G x x x G u f u     hLb 0 1 1x u x   

       2 1 2 1 2 2 2( ) ,G x G x x x G u f u     hLb 1 2 2x u x   

       3 2 3 2 3 3 3( ) ,G x G x x x G u f u     hLb 2 3 3x u x   
                                        

       1 1( ) ,n n n n n n nG x G x x x G u f u       hLb 1n n nx u x    
 

†hvM K‡i cvB,        0 1
1

( )
n

n r r r r r
r

G x G x x x G u f u


      

              ev,    
1

( ) ,
n

r r
r

G b G a f u


  ‡h‡nZz 1r r rx x    

‡h‡nZz ( )f x  dvskb Awew”Qbœ Ges Dce¨ewa mg~n ,r ( 1,2, ,r n  )-G n  -Gi Rb¨ me©v‡cÿv `xN© 

Dce¨ewa 0   n‡e| myZivs    
0 0

1

{ ( ) }
n

r r
r

Lim G b G a Lim f u
 


  

      

ev,      
0

1

( )
bn

r r
r a

G b G a Lim f u f x dx



 

     ,(  i †_‡K) 

myZivs    ( ) .
b

a

f x dx G b G a  ( cÖgvwYZ ) 

†bvU: HwZnvwmK „̀wó‡KvY †_‡K Amxg avivi mgwóB †hvMRxKi‡Yi cÖ_g „̀wóf½x| wØZxq „̀wóf½x A_©vr 
'†hvMRxKiY‡K, AšÍixKi‡Yi wecixZ cÖwμqv ejv nq| mgvKjb we`¨vi '†gŠwjK Dccv`¨' (Fundamental 
Theore) - G GB ỳwU „̀wóf½xi mgb¦q mvwaZ n‡q‡Q|  
 

wbw`©ó †hvMR e¨envi K‡i ‡ÿÎdj (Area by using definite integral): †ÿÎd‡ji msÁv t †Kv‡bv mij‡iLv 
A_ev eμ‡iLv Øviv †Kv‡bv mgZj †ÿ‡Î Ave× Zj ev c„‡ôi mxgveä As‡ki cwigvY‡K †ÿÎdj ev Kvwj e‡j| 

  i ( )a y f x  eμ‡iLv Øviv Ave× mgZj †ÿ‡Îi ‡ÿÎdj: 

hw` ( )f x  dvskbwU e× e¨ewa  ,a b -†Z Awew”Qbœ (Contineous) 

nq, Z‡e ( )y f x  eμ‡iLv Ges 0y   
( X -Aÿ) I ,x a x b   Øviv Ave× †ÿ‡Îi ‡ÿÎdj 

 n‡j,   .
b b

a a

f x dx ydx     

wP‡Î, ABCDA †ÿÎwU ( )y f x  eμ‡iLv Ges 0y   
( X -Aÿ) I ,x a x b   Øviv Ave×|  

∆

0y  A 

x=a 

D

C
y=f(x) 

x=b 

Y 

X 
B O 
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myZivs ABCDA †ÿ‡Îi ‡ÿÎdj   .
b b

a a

f x dx ydx     

  i ( )b x f y  eμ‡iLv Øviv Ave× mgZj †ÿ‡Îi ‡ÿÎdj:  

hw` ( )f y  dvskbwU e× e¨ewa  ,c d -†Z Awew”Qbœ (Contineous) nq,  
Z‡e ( )x f y  eμ‡iLv Ges 0x   
(Y -Aÿ) I ,y c y d   Øviv Ave× †ÿ‡Îi ‡ÿÎdj 

 n‡j,   .
d d

c c

f y dy xdy     

wP‡Î, ABCDA †ÿÎwU ( )x f y  eμ‡iLv Ges 0x   
(Y -Aÿ) I ,y c y d   Øviv Ave×|  

myZivs ABCDA †ÿ‡Îi ‡ÿÎdj   .
d d

c c

f y dy xdy     

 ii  ỳBwU eμ‡iLv Øviv Ave× mgZj †ÿ‡Îi ‡ÿÎdj: 

  ii a  aiæb, 1 ( ),y f x 2 ( )y g x   ỳBwU eμ‡iLv Ges ,x a x b   ỳBwU †KvwU Øviv Ave× †ÿ‡Îi 
‡ÿÎdj 
 n‡j, A_v©r PQRSP  †ÿ‡Îi ‡ÿÎdj wbY©q Ki‡Z n‡e| 
GLb, PQRSP †ÿ‡Îi ‡ÿÎdj  
 ABRSA †ÿ‡Îi ‡ÿÎdj ABQPA †ÿ‡Îi ‡ÿÎdj 

   
b b

a a

f x dx g x dx    

   
b

a

f x g x dx      1 2

b

a

y y dx   

 

  iii b  hw` 1 ( ),x f y 2 ( )x g y ỳBwU eμ‡iLv Ges ,y c y d   ỳBwU fzR Øviv Ave× †ÿ‡Îi ‡ÿÎdj 
 n‡j, A_v©r PQRSP  †ÿ‡Îi ‡ÿÎdj wbY©q Ki‡Z n‡e| 
GLb, PQRSP †ÿ‡Îi ‡ÿÎdj  
 ABRSA †ÿ‡Îi ‡ÿÎdj ABQPA †ÿ‡Îi ‡ÿÎdj 

   
d d

c c

f y dy g y dy    

   
d

c

f y g y dy     

 1 2

d

c

x x dy   

 
 

R 

B 

Q 

x=b 

Y 

X O 

S 

P 

A 

Y2=g(x) 

Y1=f(x) 

x=a ∆

∆x=0 

y=d 
D 

C 

A 

y=c 

x=f(y) 

Y 

X 

B 

O 

O 

S 
P 

B R 

A 

X 

Y X2=g(y) 

X1=f(y) ∆

Q 

y=d 

y=c 
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D`vniY 1:   
4

2

4x dx   wbY©q Kiyb| 

mgvavb:        
44 4 4 4 4 2

4 2 2

2
2 2 2 2 2 2

1
4 4 4 4 4 2 4 4 2

2 2

x
x dx xdx dx xdx dx x

 
           

 
      

                1 12
16 4 4 2 8 6 8 14

2 2
         

 

D`vniY 2: 
3

2

1

3x dx   wbY©q Kiyb| 

mgvavb:  
33 3 3

2 2 3 3

1 1 1

1
3 3 3 3 3 1 27 1 26

3 3

x
x dx x dx

 
        

 
   

 

  
wkÿv_x©i 

KvR gvb wbY©q Kiyb,  1. 
1

0

1

1

x
dx

x


 ,    2. 

2
2

0

cos xdx



 ,     3. 
4

0

ln xdx   

 

DËi wgwj‡q wbb: 1. ln 4 1 0.38629   2. 1
(2 sin 2) 0.72732

4
   3. ln 256 4 1.5452   

 
 
 Awbw`©ó †hvMR  

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 cÖwZ AšÍiR‡K Awbw`©ó †hvMRiƒ‡c cÖKvk Ki‡Z cvi‡eb, 
 KwZcq cÖwgZ dvsk‡bi †hvMR wbY©q Ki‡Z cvi‡eb|  

 
g~L¨ kã  Awbw`©ó †hvMR, †hvMRxKiY ayeK, †hvM‡Ri ‡¯‹jvi ¸Y, cÖwgZ dvskb 
 

 
 g~jcvV-  

 

cÖwZAšÍiR‡K Awbw`©ó †hvMR  (Indefinite Integral) iƒ‡c cÖKvk:  B‡Zvc~‡e© cÖwZAšÍiR Av‡jvwPZ n‡q‡Q| 

cÖwZAšÍiRB n‡”Q Awbw ©̀ó †hvMR|  G x dvskbwUi AšÍiR       d
G x G x f x

dx
  n‡j,  G x dvskbwU 

( )f x Gi cÖwZAšÍiR ev Awbw ©̀ó †hvMR| Awbw ©̀ó †hvMR Abb¨ bq, AmsL¨| KviY, D`vniY w`‡q Av‡jvPbv Kiv 
hvK t 

cvV 10.2 
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     2i 2 ,
d

x x f x
dx

         2ii 1 2 ,
d

x x f x
dx

         2iii 1 2 ,
d

x x f x
dx

    

     2iv 2 2 ,
d

x x f x
dx

         2v 2 2 ,
d

x x f x
dx

         2vi 5 2 ,
d

x x f x
dx

    

     2vii 5 2 ;
d

x x f x
dx

   BZ¨vw`|  

GLv‡b, 2 ,x 2 1,x  2 1,x  2 2,x  2 2,x  2 5,x  2 5,x   BZ¨vw` cÖwZwU ivwk   2f x x -Gi cÖwZAšÍiR ev 

Awbw`©ó †hvMR| ( )f x -Gi cÖwZAšÍiR ev Awbw`©ó †hvMR‡K ( )f x dx  AvKv‡i wjLv nq| myZivs 
22 ,xdx x C   †hLv‡b C  -Gi gvb h_vμ‡g 0,1, 1,2, 2,5, 5,     BZ¨vw`| GKvi‡YB Awbw`©ó 

†hvMRxKi‡Yi me©‡ÿ‡Î GKwU aªæeK C  AšÍf©~³ _vK‡e| 
 

†hvMRxKiY aªæeK (Constant of Integration): g‡b Kiyb, x  Pj‡Ki mv‡c‡¶ ( )f x dvsk‡bi Rb¨ 

    d
G x f x

dx
  n‡j, msÁvbymv‡i    .f x dx G x   

Avevi,            0 ;
d d d

G x C G x C f x f x
dx dx dx

       n‡j,     .f x dx G x C   †hLv‡b 

C  GKwU x -wbi‡c¶ I B”Qvg~jK aªæeK (Arbitrary Constant)| 

Abyiƒcfv‡e,           1 1( ) 0 ;
d d d

G x C G x C f x f x
dx dx dx

       n‡j,     1.f x dx G x C   

          2 2( ) 0 , ;
d d d

G x C G x C f x f x
dx dx dx

       n‡j,     2 ,f x dx G x C    

BZ¨vw`|  †hLv‡b 1 2, , ;C C    x -wbi‡c¶ I B”Qvg~jK aªæeK|  
GLv‡b †`Lv hv‡”Q †h,  ;G x x Pj‡Ki mv‡c‡¶ ( )f x †hv‡R¨i GKwU †hvMR| Abyiƒcfv‡e,   ;G x C x Pj‡Ki 
mv‡c‡¶ ( )f x †hv‡R¨i Ab¨ GKwU †hvMR|   1;G x C x Pj‡Ki mv‡c‡¶ ( )f x †hv‡R¨i Ab¨ Av‡iv GKwU †hvMR| 

  2;G x C x Pj‡Ki mv‡c‡¶ ( )f x †hv‡R¨i Ab¨ Av‡iv GKwU †hvMR| Gfv‡e, x Pj‡Ki mv‡c‡¶ ( )f x †hv‡R¨i 
Rb¨ AmsL¨ †hvMR cvIqv hv‡e| 
Dc‡ii Av‡jvPbv n‡Z ¯úó †evSv hvq †h, C aªæeKwUi wewfbœ gv‡bi Rb¨ x  Pj‡Ki mv‡c‡¶ ( )f x  Gi wewfbœ 
†hvMR cvIqv hv‡”Q| myZivs   ;G x C x Pj‡Ki mv‡c‡¶ ( )f x Gi †hvM‡Ri A_©vr  f x dx Gi mvaviY AvKvi| 
GB C -†K B”Qvg~jK aªæeK ev B”Qvaxb aªæeK ev †hvMRxKiY ayeK (Constant of Integration) e‡j|  
 

†bvU: AZGe, †`Lv hv‡”Q †h, †Kvb PjK x Gi mv‡c‡¶ †Kvb ( )f x dvskb ev †hv‡R¨i GKvwaK †hvMR cvIqv hvq| 
A_©vr  †Kvb dvskb‡KB wbw`©ó K‡i ejv hvq bv †h, GwUB GKgvÎ x Pj‡Ki mv‡c‡¶ ( )f x Gi †hvMR| GB 
Kvi‡YB  f x dx   AvKv‡ii †hvMR‡K  Awbw`©ó †hvMR  (Indefinite Integral) ejv nq|  
 

'0 ' k~b¨-Gi †hvMR ayeK (Integral of '0 ' (Zero) is Constant): Avgiv Rvwb,  Any Constant, 0
d

C
dx

  

ev,    Any Constant, 0 Constant .
d

C dx dx C
dx

    
    A_©vr '0 '  k~b¨-Gi †hvMR ev ‡hvwRZ dj ayeK 

(Constant)| 
 

†hvM‡Ri ag© (Properties of integration): 
(K) †hvM‡Ri ‡¯‹jvi ¸Y: ‡Kvb aªæeK I dvsk‡bi ¸Yd‡ji ‡hvwRZ dj H aªæeK Ges dvsk‡bi ‡hvwRZ d‡ji 
¸Yd‡ji mgvb n‡e| A_v©r †h †Kvb x-wbi‡c¶   aªæeK  A Gi Rb¨,  ∫ A ƒ(x)  dx = A ∫ ƒ(x) dx  



D”PZi MwYZ 1g cÎ  BDwbU `k 

†hvMRxKiY   c„ôv 333 

cÖgvY:  aiyb,  ∫ ƒ(x) dx = F(x)+C   †hLv‡b  C GKwU †hvMRxKiY  aªæeK|  

myZivs †hvMRxKi‡Yi msÁvbymv‡i,  
d
dx (F(x)+C) = ƒ(x)      

GLb A hw` †Kvb x-wbi‡c¶ aªæeK nq, Z‡e  
d
dx (A{F(x)+C})= A 

d
dx (F(x) +C)= Aƒ(x)   

AZGe, †hvMRxKi‡Yi msÁv n‡Z cvIqv hv‡e, ∫ A ƒ(x) dx = A ∫ ƒ(x) dx 
 

(L)  †h †Kvb ỳwU dvskb, ƒ(x) I g(x) Gi Rb¨, ∫  [ƒ(x) ± g(x)] dx = ∫ ƒ(x) dx  ± ∫ g(x) dx    
cÖgvY:  g‡b Kiæb,  ∫  ƒ(x)   dx    =  F (x)  Ges   ∫  g(x)   dx =  G(x)  

myZivs †hvMRxKi‡Yi msÁvbymv‡i,  
d
dx (F(x))  = ƒ(x)  Ges    

d
dx (G(x)) = g (x)  n‡e| 

GLb    
d
dx (F(x) ± G(x))=  

d
dx (F(x))  ±  

d
dx (G(x)) = ƒ(x) ±  g(x) 

AZGe, †hvMRxKi‡Yi msÁvbymv‡i, ∫ [ƒ(x) ± g(x)] dx = ∫ ƒ(x) dx  ± ∫ g(x) dx  
 

(M)  Gevi hw` A1 ,  A2 ,  A3 ,    ...   ... An cÖf…wZ  n  msL¨K x wbi‡c¶  aªæeK  Ges  
ƒ1(x),ƒ2(x),ƒ3(x),  ...  ...  ...  ,ƒn(x)  cÖf…wZ  n  msL¨K †hvR¨ dvskb nq ,Z‡e ( K) I (L) Aby‡”Q‡` cÖgvwYZ 
ag©vejx n‡Z mve©Rbxb fv‡e  G Z_¨‡K cÖgvwYZ e‡j a‡i †bIqv hvq †h, 
∫ [A1ƒ1(x)±A2ƒ2(x)±A3ƒ3(x)± ...  ... ... ±Anƒn(x) ] dx  
   =A1∫ƒ1(x) dx±A2∫ƒ2(x) dx ±A3∫ƒ3(x) dx ±  ... ... ... ±An∫ƒn(x) dx 
 

(N) wbw ©̀ó msL¨K KZK¸wj dvsk‡bi exRMwYZxq mgwói ‡hvwRZ dj Zv‡`i c„_K c„_K †hvwRZ d‡ji 
exRMwYZxq mgwói mgvb A_v©r 
                f x g x x x dx f x dx g x dx x dx x dx                    
 

KwZcq cÖwgZ(Standard) dvsk‡bi AšÍiR I cÖwZAšÍiR ev †hvMR wb‡P †`qv n‡jv:  

(a) 
1

1

n
n x

x dx c
n



 
 ( GLv‡b, 1n   )  †h‡nZz  1( )n nd

x nx
dx

        

(b) dx x c  ; ev, 1dx x c   †h‡nZz ( ) 1
d

x
dx

   

(c)  0dx c     †h‡nZz ( ) 0
d

c
dx

                                                           

(d) 1
ln , 0dx x c x

x
      †h‡nZz 1

(ln ) , ( 0)
d

x x
dx x

     

(e) x xe dx e c    †h‡nZz ( )x xd
e e

dx
  

(e*) 
1mx mxe dx e c
m

     †h‡nZz ( )mx mxd
e me

dx
    

(f) 
ln

x
x a

a dx c
a

    †h‡nZz ( ) .lnx xd
a a a

dx
  

(g) cos sinxdx x c    †h‡nZz (sin ) cos
d

x x
dx

    

(h) sin cosxdx x c   ; ev, sin cos ;xdx x c     †h‡nZz (cos ) sin
d

x x
dx

     

(i) 
1

cos sinmxdx mx c
m

      †h‡nZz (sin ) cos
d

mx m mx
dx

    
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(j) 
1

sin smxdx co mx c
m

   ,ev, 1
( sin ) cos ;mx dx mx c

m
     †h‡nZz (cos ) sin

d
mx m mx

dx
          

(k) 2sec tanxdx x c     †h‡nZz 2(tan ) sec
d

x x
dx

  

(l) 2sec cotco xdx x c   ; ev, 2( sec ) cot ;co x dx x c     †h‡nZz 2(cot ) cos
d

x ec x
dx

   

(m) sec tan secx xdx x c    †h‡nZz sec sec tan
d

x x x
dx

   

(n) sec cot secco x xdx co x c       †h‡nZz (cos ) cos cot
d

ecx ecx x
dx

   

(o) 1

2

1
sin

1
dx x c

x

 


    †h‡nZz 1

2

1
(sin )

1

d
x

dx x

 


 

(p) 1
2

1
tan

1
dx x c

x
 

   †h‡nZz 1
2

1
(tan )

1

d
x

dx x
 


 

(q) 1

2

1
sec

1
dx x c

x x

 


  †h‡nZz 1

2

1
(sec )

1

d
x

dx x x

 


  

(r) 1

2

1
cos

1
dx x c

x

  


 ,ev, 1

2

1
cos ;

1
dx x c

x

 
   

 
   †h‡nZz 1

2

1
(cos )

1

d
x

dx x

  


  

(s) 1
2

1
cot

1
dx x c

x
      , ev, 1

2

1
cot

1
dx x c

x
  

      †h‡nZz 1
2

1
(cot )

1

d
x

dx x
  


   

(t)  1

2

1
cos

1
dx ec x c

x x

  


   †h‡nZz 1

2

1
(cos )

1

d
ec x

dx x x

  


 

(u)  1
2dx x c

x
    †h‡nZz  1

( )
2

d
x

dx x
  

 

cÖwZAšÍi‡Ri msÁv n‡Z †hvMR wbY©q:  
dvsk‡bi AšÍixKi‡Yi djvdj n‡Z †hvR¨ dvsk‡bi †hvMR mivmwi wbY©q Kiv hvq| wb‡P KwZcq cÖwgZ ev †gŠwjK 
dvsk‡bi †hvMR †`qv n‡jv| cÖwZwU †¶‡Î C-†K †hvMRxKiY aªæeK eyS‡Z n‡e| 

(K)   †h †Kvb x -wbi‡c¶ aªæeK  n  n‡j,  ∫x
n  dx  = 

1
n+1  xn+1+C   †hLv‡b  n  ≠ –1 

cÖgvY:    †h‡nZz     
d 
dx (

1
n+1 xn+1+C)  =  

n+1
n+1 xn+0 †hLv‡b  n +1 ≠ 0 

AZGe, †hvMRxKi‡Yi msÁvbymv‡i,  ∫ xn  dx = 
1

n+1 xn+1+C  

(L)  ∫  
1
xdx =loge|x | +C    †hLv‡b  x ≠ 0 

cÖgvY: x > 0   n‡j,  logex  ev Í̄e  nq    Ges    
d 
dx (logex+C) = 

1
x  

myZivs x > 0 n‡j, †hvMRxKi‡Yi msÁvbymv‡i,  ∫  
1
x dx = logex +C    ...   ...  (1) 

Avevi x < 0   n‡j, –x > 0   Ges     
d 
dx (loge(—x)+C) =   

1
—x (—1)= 

1
x  

myZivs x < 0  n‡j, †hvMRxKi‡Yi msÁvbymv‡i,  ∫ 
1
x dx = loge(–x) +C  ...   ...  (2) 



D”PZi MwYZ 1g cÎ  BDwbU `k 

†hvMRxKiY   c„ôv 335 

AZGe, mvaviYfv‡e ejv hvq †h,  ∫ 
1
x  dx = loge|x | +C ln x C      

(M)     ∫ e
xdx  = ex+C          

cÖgvY:  †h‡nZz   
d 
dx (ex+C)  = ex     †hvMRxKi‡Yi msÁvbymv‡i, ∫  ex dx  = ex+C 

(N)     ∫a
xdx  =  

ax

logea+ C  †hLv‡b  a > 0 Ges   a ≠ 1 

cÖgvY:    †h‡nZz   
d 
dx ( 

ax

logea+C)=  
logea

logea   ax= ax †hLv‡b   logea ≠ 0 

AZGe, †hvMRxKi‡Yi msÁvbymv‡i,     ∫  ax dx  =  
ax

logea
   + C  

(O)     ∫ sinx dx  = – cosx +C   

cÖgvY:  †h‡nZz  
d
dx (– cos x+C)= sinx  †hvMRxKi‡Yi msÁvbymv‡i, ∫sinx  dx = – cosx+C 

(P)  ∫ cosx dx = sinx +C  

cÖgvY:   †h‡nZz  
d
dx (sinx+C) = cosx  †hvMRxKi‡Yi msÁvbymv‡i, ∫ cosx dx = sinx+C  

 (Q)     ∫ sec2x dx = tanx+C  

cÖgvY: †h‡nZz  
d
dx (tan x+C)= sec2x  †hvMRxKi‡Yi msÁvbymv‡i, ∫ sec2x dx = tanx+C  

(R)   ∫ cosec2x dx = – cotx+C 

cÖgvY: †h‡nZy  
d
dx(—cotx+C)= cosec2x  †hvMRxKi‡Yi msÁvbymv‡i, ∫ cosec2x dx= – cotx+C 

(S)   ∫ secx tanx dx =secx+C  

cÖgvY:  †h‡nZz  
d 
dx(sec x+C) = secx tanx  †hvMRxKi‡Yi msÁvbymv‡i, ∫ secx tanx dx = secx+C 

(T)  ∫ cosecx cotx dx = – cosecx+C  

cÖgvY:    
d 
dx( – cosecx+C) = cosecx  cotx e‡j,  msÁvbymv‡i,  ∫ cosecx cotx dx = – cosecx+C 

D`vniY 1: †hvMR wbY©q Kiæbt  i
5 3

x
dx

x
 ,  ii

5

1

x
dx

x  ,  iii
 32 1x

dx
x


 ,  iv 1516x dx , 

 v 38

3
qx x dx

  
   

mgvavb:   i
5 3

x
dx

x
 =

3

5.x x dx


  ∫ x 5
2

 dx =
7

55

7
x  + C  

 (ii)∫ 
x5

x—1dx = ∫ 
x5—1+1

x—1 dx = ∫  
x5—1
x—1 dx  + ∫  

1
x—1 dx  = ∫ 

(x—1)(x4+x3+x2+x+1)
x—1 dx +∫ 

1
x—1 dx     

=   ∫ (x
4+x3+x2+x+1) dx +∫  

1
x—1 dx  =   

1
5  x5+

1
4  x4+

1
3  x3+

1
2  x2+x+ ln 1x  +C   

(iii)∫
(x2—1)3

√x dx=
x6—3x4+3x2—1

√x dx = ∫  
x6—3x4+3x2—1

√x dx =
1 1 1 1

6 4 2
2 2 2 23 3x x x x dx

    
   

 
  
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11 7 3 1

2 2 2 23 3x x x x dx
 

    
 
 = 

13

22

13
x  –

9

22

3
x + 

5

26

5
x  –

1

22x C  

 
15 1

15 1516 16 16.
15 1

x
iv x dx x dx C



  
  16 1616

16
x C x C     

 v 3 3 38 8 8

3 3 3
q q qx x dx x dx x dx x dx x dx

      
     

4 1
4 18 2 1

.
3 4 1 3 1

q
qx x

C x x C
q q


     

 
 

 

D`vniY 2: †hvMR wbY©q Kiæbt (i) pvdv ,  (ii) ∫  
1+cos2
1—cos2 d (iii) ∫ sec(sec+tan) d

mgvavb:   i  
2

21
.

2 2

v
pvdv p vdv p C pv C        

 (ii)  ∫ 
1+cos2
1—cos2 d=∫ 

2cos2

2sin2
 d=∫ cot2 d =∫ (cosec2–1) d = –cot–+C 

 (iii) ∫ sec(sec+tan) d= ∫ (sec2+sec tan) d= tan+ sec+ C  
 

D`vniY 3: (i) ∫e
5 loge2x dx,  (ii)  

91+x+31+x

3x   dx,   (iii) ∫ 
e3x+e—x

e2x+e—2x  dx,  (vi) 2 2sec cosx ec xdx  

mgvavb: (i)   ∫  e
5 loge2x dx  ∫  e

 loge(2x)5dx  ∫ (2x)5 dx  6 632 16

6 3
x C x C    

(ii)  ∫ 
91+x+31+x

3x   dx  ∫ 
9.9x+3.3x

3x   dx  ∫ (9.3x+3)dx
3

9. 3
log 3

x

e

x C     

(iii)  ∫  
e3x+e—x

e2x+e—2x dx   ∫ e
x . e

2x+e—2x

e2x+e—2x  dx  ∫ e
x dx  ex + C 

 iv  2 2 2 2 2 2sec cos 1 tan cos cos secx ec xdx x ec xdx ec xdx xdx       cot tanx x C     

D`vniY 4:  i ∫
sinx—cos2x

 1+sinx dx,   ii  ∫ 
cos4x

 sin2x
 dx,    iii  ∫ 

asin2x + bcos2x

 sin2x cos2x
   dx,   iv

1 cos 2

1 cos 2
d

 



  

mgvavb:   sin cos 2

1 sin

x x
i dx

x


  

21 2sin

1 sin

sinx x
dx

x

 


  
22sin 1

1 sin

x sinx
dx

x

 


  

 
  1 sin 2sin 1

1 sin

x x
dx

x

 


 (2sin 1)x dx  2sin 2cosxdx dx x x C        

 ii  ∫  
cos4x

sin2x
dx =∫ 

(1—sin2x)2

sin2x
dx =∫  

(1—sin2x)2

sin2x
dx= ∫ 

(1—2sin2x+sin4x)

sin2x
 dx 

= ∫ (cosec2x–2+sin2x) dx =–cotx–2x+ 
1
2  ∫ (1–cos2x) dx = – cotx– 

5
2  x+ 

1
4  sin2x+C    

 iii  ∫ 
asin2x+bcos2x

sin2x cos2x
dx = ∫ asec2x + bcosec2x) dx  = atanx–bcotx+C 



D”PZi MwYZ 1g cÎ  BDwbU `k 

†hvMRxKiY   c„ôv 337 

 iv  
2

2 2 2
2

1 cos 2 2sin
tan sec 1 sec

1 cos 2 2cos
d d d d d d

         
 


     

     
tan C     

D`vniY 5:  i  ∫ 
1

1+sinx  dx   ii 1 sin xdx - Gi †hvwRZ dj wbY©q Kiæb | 

mgvavb:  i ∫
1

1+sinx  dx = ∫ 
1

1+sinx 
1–sinx
1–sinx dx = ∫ 

1–sinx

1–sin2x
 dx = ∫ 

1–sinx

cos2x
 dx 

2 2

1 sin

cos cos

x
dx dx

x x
    

 = ∫ sec2x dx – ∫secx tanx dx = tanx – secx+ c    

 ii 1 sin xdx 2 2sin cos 2sin cos
2 2 2 2

x x x x
dx  

2

sin cos
2 2

x x
dx

   
   

sin cos
2 2

x x
dx

   
  sin cos

2 2

x x
dx dx  

cos sin
2 2

1 1
2 2

x x

C   

2

2 cos sin 2 cos sin
2 2 2 2

x x x x
C C

             
   

2 1 sin x C     

 

 
 cv‡VvËi g~j¨vqb 10.2- 

 

wbgœwjwLZ †hvMR¸wji †hvwRZ dj wbY©q Kiæb: 

1.  i  ∫  
1

1—sin x  dx,  (ii)∫ 
1

1+cosx dx,  (iii) ∫ 
1

1—cos x dx,  (iv)∫ 1—cos2x dx,  (v)∫ 1+cos2x dx 

  

(vi) ∫   1+sinx  dx,  (vii)  ∫  1+sin2x  dx,   (viii) ∫ 1—sin2xdx,  (ix)
tan

sin cos

x
dx

x x   

 x
1

1 cos 2
dx

x ,  xi 1 cos xdx ,  xii 1 cos 4xdx  

2. (i) 4sin d  ,  ii cosecydy ,  iii 2cos tdt ,  iv 2 2sin cost tdt ,  v 4cos xdx ,  

 vi 5sin d  ,  vii 3sin 2xdx ,  viii 2cos 2xdx ,  ix  sin cos ,pt qtdt p q ,  

 x sin 3 cos5x xdx ,  xi sin 2 sin 4x xdx ,  xii 2sin 3xdx ,  xiii 2sin cos 2x xdx ,  

 xiv sin 3 sin 5x xdx  

3.  i cos 2x -Gi m~Î¸wj / A‡f`¸wj wjLyb|       
 ii 5cos xdx  wbY©q Kiæb|          

 iii sin 5 cos7x xdx  wbY©q Kiæb|        
eûwbe©vPwb cÖkœ:  
4. 5xe dx -Gi †hvwRZ dj ‡KvbwU? 

  (K) 
51

5
xe     (L)  

51

5
xe C    (M)  

51

5
xe C   (N) 

51

5
xe C

x
   
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5. 9x dx -Gi †hvwRZ dj ‡KvbwU? 

  (K) 
101

10
x C     (L)  

91

9
x C

x
    (M)  

101

9
x C   (N) 

101

10
x C    

6. †`Iqv Av‡Q, 4sin xdx 
3 1 1

sin 2 sin 4 .
8 4 32

x x x C    

 i  †hvwRZ d‡j †hvMRxKiY aªæeK bv w`‡jI DËi mwVK n‡e| 
 ii  †hvwRZ dj wbY©‡q 

22sin 1 cos 2x x    myÎwU e¨eüZ n‡q‡Q|  

 iii  C-†K †hvMRxKiY aªæeK ejv nq, hv _vK‡Z n‡e| 
Dc‡ii Z‡_¨i wfwË‡Z wb‡Pi †KvbwU mwVK? 
  (K)  i  I  ii   (L)  i  I  iii   (M)  ii  I  iii   (N)   ,i  ii  I  iii  
 
 

 cÖwZ ’̄vcb c×wZ‡Z Awbw ©̀ó †hvMR  
(Method of Substitution for Indefinite Integrals) 

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 cÖwZ ’̄vcb c×wZ‡Z Awbw ©̀ó †hvMR wbY©q Ki‡Z cvi‡eb| 

 

g~L¨ kã  cÖwZ ’̄vcb c×wZ, PjK cwieZ©b, Av`k© †hvMR, exRMvwYwZK GKNvZ dvskb, wÎ‡KvYwgwZK dvskb 
 

 
 g~jcvV-  

 

Awbw`©ó †hvMR wbY©‡qi wewfbœ ‡KŠkj:  cÖwZ ’̄vcb c×wZ‡Z, AvswkK fMœvsk e¨envi K‡i, Askvqb m~‡Îi mvnv‡h¨ 
Awbw`©ó †hvMR wbY©q Kiv hvq| †hvMRxKiY cÖwμqvq †h †Kvb †hvRb‡hvM¨ (Integrable) †hvM‡Ri †hvMRxKiY Kivi 
†Kvbiƒc aiv euvav wbqg cvIqv hvq bv| †hvMRxKi‡Yi c×wZmg~n g~jZt cix¶vg~jK (Tentative)| GB Kvi‡Y 
AšÍixKiY A‡c¶v †hvMRxKiY cÖwμqv RwUjZi| †hvMRxKiY cÖwμqvi g~j j¶¨ n‡jv †hvR¨ dvskb‡K Av`k© AvKv‡i 
cwiYZ Kivi †Póv Kiv| cÖwZ ’̄vcb c×wZ G‡`i g‡a¨ Ab¨Zg| 
 

cÖwZ ’̄vcb c×wZ (Method of substitution) - PjK cwieZ©b: †hvMRxKiY cÖwμqvi me‡P‡q cÖ‡qvRbxq c×wZi 
bvg cÖwZ ’̄vcb c×wZ| G c×wZ‡Z cÖ`Ë dvsk‡bi PjK‡K cwieZ©b K‡i GKwU bZzb PjK mv‡c‡ÿ †hvMRxKiY Kiv 
nq| cÖ`Ë †hvR¨ ivwk(Integrand) Gi AšÍf©y³ †Kv‡bv dvsk‡bi cwie‡Z© GKwU Pjivwk ’̄vcb K‡i †hvwRZ dj 
wbY©‡qi cÖwμqv‡K cÖwZ ’̄vcb c×wZ ejv nq| 
aiæb,  f x Øviv m~wPZ dvsk‡b  x g z ewm‡q Pj‡Ki cwieZ©b Kiv n‡jv| Avevi aiæb,  G f x dx  Ges 

 .x g z Zvn‡j, msÁvbymv‡i,  dG
f x

dx
 Ges  .dx

g z
dz

 GLb    . .
dG dG dx

f x g z
dz dx dz

   

   .f g z g z     myZivs    G f g z g z dz    ev,      f x dx f g z g z dz      
 

cÖwZ ’̄vcb c×wZ‡Z †hvMR wbY©‡qi †KŠkj: 
wbqg 1:  ∫   ƒ(ax+b) dx     cÖwZwU ayeK Ges 1.n   AvKv‡ii †hvMR 

cvV 10.3 
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[†hvR¨ dvskbwU hw` GKwU dvsk‡bi dvskb nq Ges AšÍeZ©x dvskbwUi AšÍiK GKwU x wbi‡c¶ aªæeK nq, Z‡e 
AšÍeZ©x dvskbwU‡K  z  a‡i cÖwZ ’̄vcb c×wZ‡Z †hvMR wbY©q Ki‡Z n‡e|  ]  

D`vniY 1: (a)    
 

1

; , ,
1

n
n ax b

ax b dx C a b n
a n


  

  cÖwZwU ayeK Ges 1.n    

(b)∫ sin (ax+b) dx (c)∫(3x+5)
6

dx   (d)∫e
a–bx

dx      

mgvavb: (a) g‡b Kiyb,  z = ax+b   dz = a dx  
1

dx dz
a

  

    
 

111 1
.

1 1

nn
n n ax bz

ax b dx z dz C C
a a n a n

 
     

    

(b)   aiæb,  z = ax+b   dz = a dx  

 ∫ sin (ax+b) dx  = 
1
a  ∫ sin (ax+b) a dx  = 

1
a  ∫ sin z dz = – 

1
a  cos z + C = – 

1
a  cos (ax+b) + C 

weKí c×wZ: Bnv‡K ms‡ÿ‡c      cos 1
sin cos

ax b
ax b dx C ax b C

a a


         wbY©q Kiv hvq| 

 (c)  aiæb, z = 3x+5        dz = 3 dx  

 ∫ (3x+5)
6

 dx = 
1
3 ∫ (3x+5)

6
3 dx = 

1
3  ∫ z

6 
 dz = 

1
21  z

7 
+ C  = 

1
21 (3x+5)

7
 + C  

weKí c×wZ: Bnv‡K ms‡ÿ‡c    
   

6 1
6 73 5 1

3 5 3 5
3 6 1 21

x
x dx C x C


     

  wbY©q Kiv hvq| 

  (d)  aiæb,  z = a–bx       dz = – b dx  

 ∫  e
a–bx

 dx = – 
1
b  ∫  e

a–bx
(– b) dx = – 

1
b  ∫  e

z
dz = – 

1
b  e

z
+ C = – 

1
b   e

a–bx
+ C 

weKí c×wZ: Bnv‡K ms‡ÿ‡c 1a bx
a bx a bxe

e dx C e C
b b


     

  wbY©q Kiv hvq| 

UxKv: cÖwZ ’̄vcb‡hvM¨ dvsk‡bi AšÍiR aªæeK n‡j, eûc`x †hvM‡Ri GKwU c‡`i †¶‡Î mivmwi H c‡`i †hvMRxKiY 
K‡i, AšÍiK mnM Øviv fvM K‡i †hvMR wbY©q Kiv hv‡e| 
 

wbqg 2:  ∫   
ƒ'(x)
ƒ (x)   dx  AvKv‡ii †hvMR: 

[†hvR¨ dvskbwU  ỳwU dvsk‡bi fvMdj AvKv‡i _vK‡j Ges n‡i Aew ’̄Z dvskbwUi AšÍiK j‡e Ae ’̄vb Ki‡j, 
ni‡K  z a‡i cÖwZ ’̄vcb c×wZ‡Z †hvMR wbY©q Ki‡Z n‡e|  ]   

D`vniY 2:  (a)  ∫ 
1

a+bx  dx     (b) ∫ 
1+cosx
x+sinx

 
 dx        (c) 

cot

ln sin

x
dx

x  

mgvavb: (a)  aiæb,  z = a+bx  dz = b dx  

myZivs ∫ 
1

a+bx   dx = 
1
b  ∫ 

b
a+bx   dx = 

1
b ∫ 

1
z   dz = 

1 1
ln lnz C a bx C

b b
     

(b)  aiæb,   z =x+sinx dz  = (1+cosx) dx   

 myZivs  ∫ 
1+cos

 
x

x+sin x  dx   = ∫ 
1
z   dz  = ln ln sinz C x x C     

(c)   aiæb, ln sinz x  
1

.cos cot
sin

dz xdx xdx
x

   
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myZivs cot

ln sin

x
dx

x  =  ∫ 
1
z   dz   = ln ln ln sinz C x C    

 
 

UxKv: †Kvb †hvR¨ dvskb hw` GBiƒc GKwU fMœvs‡ki AvKv‡i _v‡K †hLv‡b †hv‡R¨i je = n‡ii mwVK AšÍiK nq,  
Z‡e †hvMR n‡e n‡ii jMvwi`g| eûc`x †hvM‡Ri GKwU c‡`i †¶‡Î Giƒc n‡j mivmwi H c‡`i †hvMR wnmv‡e 
ln (ni)  ev loge(ni) †jLv hv‡e|  
 

GB c×wZi K‡qKwU Av`k© †hvMR: 
(i)  ∫ tanx dx  = ln sec x C  

cÖgvY:  ∫ tanx dx =∫  
sin x
cos x  dx =  –∫ 

—sinx
cosx    dx    Gevi aiæb, z = cosx dz= – sinx dx  

=  –∫  
1
z   dz = ln z C   = ln cos x C   =  ln sec x C  

(ii) ∫ cotx dx dx  =  ln sin x C  

cÖgvY:  ∫ cotx dx  =  ∫  
cos x
sin x   dx  Gevi  aiæb, z = sinx   

dz = cosxdx =∫ 
1
z   dz= ln z C  = ln sin x C  

(iii) ∫ secx dx   = ln tan
4 2

x
C

   
 

   A_ev,  ln sec tanx x C   

cÖgvY : ∫ secxdx =∫ 
1

cos x
 
 dx =∫ 

dx

sin (

2+x)

 = ∫ 
dx

2sin(

4+

x
2 )cos(


4+

x
2 )

 = ∫ 

1
2sec2(


4+

x
2 )

tan(

4+

x
2 )

 dx 

 Gevi  aiæb, z = tan (

4+

x
2 )dz = 

1
2  sec2(


4+

x
2 )dx   

AZGe, ∫ secxdx = ∫ 
1
z  dz = ln z C  = ln tan

4 2

x
C

   
 

  

weKí cÖgvY:  aiæb, z = secx+tanx myZivs dz = secx (secx+ tanx) dx   

myZivs ∫ secx dx =∫ sec x 
secx+ tanx
secx+ tanx dx = ∫ 

1
z   dz = ln z C = ln sec tanx x C   

(iv)  ∫ cosecx dx =  ln tan
2

x
C  A_ev,  ln cos cotecx x C   

cÖgvY: ∫ cosecx dx = ∫ 
1

sinx dx = ∫ 
dx

2sin
x
2 cos

x
2

  =  ∫  

1
2 sec2x

2

tan
x
2

  dx 

Gevi aiæb, z = tan 
x
2 dz = 

1
2  sec2x

2  dx   

AZGe, ∫ cosecx dx = ∫  
1
z   dz = ln z C  = ln tan

2

x
C      

weKí cÖgvY:  aiæb, z = cosecx–cotx myZivs dz = cosecx (cosecx–cotx) dx 

∫ cosecx dx=∫ cosecx 
cosecx— cotx
cosecx— cotx dx =∫ 

1
z  dz= ln z C =  ln cos cotecx x C   
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wbqg 3: ∫{ƒ(x)}
n

ƒ(x)  dx AvKv‡ii †hvMR 
[†hvR¨ dvskbwU hw`  ỳwU dvsk‡bi ¸Ydj nq hvi GKwU ƒ(x) Gi NvZwewkó Ges AciwU ƒ(x) Gi  AšÍiK nq Z‡e  
ƒ(x) = z  a‡i cÖwZ ’̄vcb c×wZ‡Z †hvMR wbY©q Ki‡Z n‡e| ] 

D`vniY 3:  (a)∫ 
4x—3

3

4x2
—6x+9

  dx               (b)∫  
1—sinx

4
x+cosx

  dx            (c)∫ 
3  1+logex2

x  dx 

mgvavb:   (a)     aiæb, z = (4x2–6x+9)  myZivs  dz = (8x–6) dx  

GLb∫
4x—3

3
4x2

—6x+9

dx=
1
2 ∫

8x—6

3
4x2

—6x+9

dx=
3

1 1

2
dz

z  

=  
1 2

11 2 23 3
23 3 3

1 1 1 1 3 3
. . . 4 6 9

1 22 2 2 2 2 41
3 3

z z
z dz C C z C x x C




         
 

   

(b) aiæb, z =x+ cosx  myZivs  dz = (1–sinx) dx  

  GLb ∫ 
1—sinx

4
x+cosx

 dx = ∫ 
1

4
 z

   dz  = 
1

4z dz


  =  

1
1

4

1
1

4

z
C

 

 
  =  

3
3 34
4 4

3

4

4 4
cos

3 3

z
C z C x x C       

 (c) aiæb, z = 1+log ex2     myZivs  dz =  
2x
x2  dx  =  

2
x   dx   

 GLb  ∫ 

3
 1+logex2

x  dx = 
1
2 ∫ 

3
 1+logex2 

2
x dx = 

1
2 ∫ 

3
 z  dz = 

1
2∫ z  dz= 

3
8 z +C = 

3
8(1+logex2) +C 

 

wbqg 4: Abywm×všÍt ∫  ƒ(x) ƒ(x)  dx  AvKv‡ii †hvMR  
[Dc‡ii AvKv‡ii †hvM‡R hw` n = 1  nq Z‡e †hvR¨ dvskbØ‡qi GKwU ƒ(x) Ges AciwU ƒ(x) Gi  AšÍiR n‡e 
G‡¶‡Î  ƒ(x) = z  a‡i cÖwZ ’̄vcb c×wZ‡Z †hvMR wbY©q Ki‡Z n‡e|  ] 

D`vniY 4: (a) ∫  
1

1+x2   tan–1x dx      (b)   ∫ tanx sec2x dx   

mgvavb:   (a)  aiæb,    z = tan–1x    dz = 
1

1+x2   dx   

myZivs ∫ 
1

1+x2   tan–1x  dx   =  ∫ z  dz   = 
1
2   z2 

+ C = 
1
2 (sin—1x)2+ C  

 (b)  aiæb,    z = tanx      dz = sec2x dx  

 myZivs  ∫ tanx sec2x dx   =  ∫  z  dz   =  
1
2   z2 

+ C   =  
1
2 (tanx)2 

+ C  
 

wbqg 5: ∫ (ƒ (x))
 
ƒ(x)  dx  AvKv‡ii †hvMR 

GLv‡b ƒ(x) = z  ai‡j, 
 
dz = ƒ(x)  dx n‡e| myZivs ∫ (ƒ(x))

  
ƒ(x)  dx =∫  (z)

 
 dz   n‡e|  

[myZivs †hvR¨ dvskbwU hw` GKwU †hvRb‡hvM¨ dvsk‡bi dvskb, (ƒ(x))
 
Ges wØZxq dvskbwUi AšÍiK ƒ(x) Gi 

¸Ydj nq, Z‡e 2q dvskb, ƒ(x)=z  a‡i cÖwZ ’̄vcb c×wZ‡Z †hvMR wbY©q Kiv hv‡e|]  

D`vniY 5: (a) ∫ x2cosx3dx     (b) ∫  
tan (logex)

x
    dx    (c) ∫ 

1

1—x2
 e

asin–1x
dx  

mgvavb: (a)  g‡b Kiyb,  z = x3   dz = 3x2  dx  
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GLb ∫ x2cosx3 dx =  
1
3  ∫ cosx3 (3x2)  dx =  

1
3  ∫ cosz  dz =  

1
3  sinz  + C =  

1
3  sinx3 + C 

(b)  aiæb,   z = logex    dz =  
1
x  dx  

 ∫ 
tan (logex)

x
   dx =∫ tan (logex) 

1
xdx =∫ tan z  dz= loge| secz | + C= loge| sec(logex) |+C 

 (c)  g‡b Kiyb,   z = e
sin–1x  dz = 

1

1—x2
 dx 

 

 ∫ 
1

1—x2
 e

asin–1x
 dx     = ∫ e

az 
 dz  = – 

1
a e

az
+ C = – 

1
a  e

asin–1x
+C 

 

wbqg 6:  ∫ e
x[ƒ (x)+ƒ(x)]  dx  AvKv‡ii †hvMR 

[†hvR¨ dvskbwU hw` †Kvb dvskb ƒ(x) Ges Gi AšÍiK ƒ(x) Gi mgwói mv‡_  ex A_ev  ax RvZxq c~bive„Ë 
dvsk‡bi ¸Ydj nq, Z‡e †hvR¨ dvskbwU n‡Z  exƒ(x) c`wU‡K  z cÖwZ ’̄vcb  K‡i †hvMR wbY©h Ki‡Z n‡e  ] 

D`vniY 6: (a)   ∫  e
x(tanx+sec2x)  dx   (b)  ∫  

xex

(1+x)2 dx  c   ∫ex(tanx– logecosx)dx  

mgvavb:   (a)     g‡b Kiyb,  z = ex tanx     dz = ex(tanx+sec2x)  dx    

 myZivs   ∫   e
x(tanx+sec2x)  dx  =  ∫ dz  = z+C   =  extanx+C  

 (b)  g‡b Kiyb,  z = 
ex

1+x      dz =  
(1+x) ex

— ex

(1+x)2  dx   =  
x ex

(1+x)2 dx   

   myZivs  ∫  
x ex

(1+x)2  dx   =  ∫  dz =  z +C   =   
ex

1+x +C 

 c  aiæb,    tan ln cosxI e x x dx   

GLb, aiæb,   ln cosf x x       1
sin tan

cos
f x x x

x
      

       ln cosx x xI e f x f x dx e f x C e x C         
  

wbqg 7:   ∫tan
n

x dx    A_ev   ∫cot
n

x dx   AvKv‡ii †hvMR  
[†hvR¨ dvskbwU hw` tan A_ev cot Abycv‡Zi †h †Kvb c~Y© mvswL¨K NvZ wewkó nq, Z‡e tan2A = sec2A –1 A_ev 
cot2A= cosec2A –1 m~‡Îi mvnv‡h¨ cwieZ©b K‡i cieZ©x‡Z z = tanx  A_ev z = cotx   cÖwZ ’̄vcb K‡i †hvMR wbY©q 
Ki‡Z n‡e| †hgb,  
D`vniY 7:   (i) ∫tan5x dx    (ii) ∫cot4x dx  
mgvavb:  (i) g‡b Kiæb, z = tanx  dz  = sec2x  dx  
myZivs ∫ tan5x  dx  =∫ tan3x (sec2x–1)  dx  =∫ tan3x sec2x  dx –∫ tanx (sec2x–1) d dx  

=∫ (tan3x–tanx) sec2x  dx +∫  tanx  dx  =  loge sec x + ∫ (tan3x–tanx) sec2x  dx  

=  logesecx+ 
∫  z3 dz – ∫ z

  dz = logesecx
 
+ 1

4  z4– 
1
2 z2 

+ C =  logesecx +  
1
4

 tan4x
 
– 

1
2 tan2x+ C 

(ii)   g‡b Kiæb,  z = cotx    dz = – cosec2x  dx  
myZivs ∫ cot4x dx  =∫ cot2x (cosec2x–1)  dx = ∫  cot2xcosec2x  dx  –∫  cot2x   dx   

= ∫  cot2xcosec2x  dx –∫ (cosec2x–1)  dx = x + cotx +∫  cot2x cosec2x  dx = x + cotx –∫  z2 dz  

= x + cotx – 
1
3 z3 

+ C  = x + cotx – 
1
3cot3x + C 
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wkÿv_x©i  

KvR 
(i)    ∫  tan3x dx    (ii)   ∫  tan 4x dx   (iii) ∫  tan6x dx   
(iv)  ∫  cot3x dx   (v)   ∫  cot 5x dx     

 

wbqg 8: ∫  sec
n

x  dx  A_ev   ∫  cosec
n

x  dx  AvKv‡ii †hvMR   
[ †hvR¨ dvskbwU hw` sec  A_ev  cosec   Abycv‡Zi  †h †Kvb  c~Y© mvswL¨K  NvZ wewkó nq| ]  
(A)  NvZ, n hw` we‡Rvo c~Y© msL¨v nq Z‡e, sec2x A_ev cosec2x-†K wØZxq dvskb a‡i mLÛ c×wZ‡Z †hvMR 
wbY©q Ki‡Z n‡e| cieZ©x‡Z mLÛ c×wZ‡Z †hvMR wbY©‡qi mgq Gi D`vniY †`qv n‡e| 
(B)   NvZ, n hw` †Rvo c~Y© msL¨v nq Z‡e, sec2x-†K  tanx Ges cosec2x-†K  cotx Gi dvskb iæ‡c cÖKvk K‡i 
h_vμ‡g  z = tanx  A_ev  z = cotx  cÖwZ ’̄vcb K‡i †hvMR wbY©q Ki‡Z n‡e|  †hgb, 
D`vniY 8:  (i)   ∫   sec6x  dx   (ii)    ∫  cosec4x  dx 
mgvavb:  (i) GLv‡b ∫ sec6x dx =∫  (1+tan2x) 2sec2x  dx =∫  (1+ z2) 2 dz  

g‡b Kiæb,  z = tanx dz = sec2xdx = ∫  (1+ 2 z2+ z4)  dz =  z + 
2
3 z3+ 

1
5  z5+ C   

  = tanx + 
2
3 tan3x+ 

1
5   tan5x+ C 

 (ii)  g‡b Kiæb,  z = cot x dz = – cosec2x  dx   

GLb ∫  cosec
4
x dx = –∫ (1+cot2x) (–cosec2x) dx = –∫ (1+ z2) dz= – z – 

2
3 z3+C = – cotx – 

2
3cot5x+ C 

 

  
wkÿv_x©i 

KvR 
(i) ∫  sec2x dx      (ii)  ∫  sec4x dx   (iii) ∫  cosec2x dx     
(iv)  ∫  cosec6x dx    

 

wbqg 9: GKwU NvZ hw` fMœvsk nq wKš‘ Aci NvZwU we‡Rvo nh Z‡e †hwUi NvZ fMœvsk Zv‡K z cÖwZ ’̄vcb K‡i 
†hvMR wbY©q Ki‡Z n‡e|    
D`vniY 9:  ∫  sinx   cos3x  dx  
mgvavb:  g‡b Kiæb,  z = sinx     dz = cosx  dx  
GLb ∫  sinx  cos3x dx=∫  sinx (1—sin2x) cosx dx=∫ √z (1–z2) dz  

                                =∫ z  dz –∫ z dz =  
2
3   z – 

2
7  z +=  

2
3   sinx – 

2
7  sinx+C  

 

wbqg 10: Dfq NvZ hw` †h †Kvb ev Í̄e   msL¨v nq wKš‘ NvZØ‡qi †hvMdj GKwU FYvZ¥K †Rvo c~Y©msL¨v nq Z‡e, 
z = tanx  cÖwZ ’̄vcb K‡i †hvMR wbY©q Ki‡Z n‡e|   

D`vniY 10:  ∫ 
 sinx

 cos5x 
   dx   

mgvavb: g‡b Kiæb, z = tanx       dz = sec2x dx  

GLb    ∫ tan x  sec2xdx =  ∫ √z  dz =  ∫  z  dz = 
2
3   z + C = 

2
3  tanx+ C  

 

wÎ‡KvYwgwZK dvsk‡bi KwZcq we‡kl AvKvi 

wbqg 11: (K) ∫ 
sin x

sin (x+a)   dx AvKv‡ii †hvMR  
[†hvR¨ dvskbwUi je Ges n‡i hw` GKB Abycv‡Zi ‡hŠwMK †Kv‡Yi Dcw ’̄wZ _v‡K Z‡e, n‡i Aew ’̄Z Abycv‡Zi 
†KvYwU‡K  z  cÖwZ ’̄vcb K‡i †hvMR wbY©q Ki‡Z n‡e|   

D`vniY 11:  ∫ 
sin x

sin (x+a)   dx       
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mgvavb: g‡b Kiæb,  z = x+a  x = z–a  dz = dx   

GLb  ∫ 
sin x

sin (x+a)  dx =∫ 
sin (z–a )

sinz dz =∫ [cosa – sina cotz ] dz  

   = z cosa – sina logesinz+C = (x+a) cosa – sin a logesin(x+a)+C  
 

wbqg 12: ∫ 
1

asinx+bcosx dx  AvKv‡ii †hvMR 
[†hvR¨ dvskbwUi n‡i hw` wewfbœ mnMwewkó sin Ges cos Abycv‡Zi  †hvMdj _v‡K Z‡e †hvMdj‡K  cos A_ev  
sin Gi GKwUgvÎ  Abycv‡Z cÖKvk K‡i †hvMR wbY©q Ki‡Z n‡e| ] 

D`vniY 12:   ∫ 
1

2 sinx+3cosx dx   

mgvavb:  g‡b Kiyb,  2 = r cosI   3 = r sin  22+32 = r2  r = 13 Ges = tan—13
2  

 
 

GLb  ∫  
 dx

2sinx+3cosx = ∫  
dx

r cos sinx+r sin cosx
 = 

1
r ∫ 

1
sin(x+)

dx = 
1
13

 ∫ cosec(x+)  dx 

           = 
1
13

  loge | tan
x+ 

2   |+C = 1
13

 loge| tan (
x 

2 + 
1
2tan—1( 

3
2)|+ C 

 

wbqg 13:  ∫
1

acosx+bsinx+c   dx  AvKv‡ii †hvMR 
[†hvR¨ dvskbwUi n‡i hw` wewfbœ mnMwewkó sinGescosGi †hvMd‡ji mv‡_ GKwU aªæeK c` _v‡K Z‡e, cosx = 

cos2x
2–sin2x

2
  ; sinx = 2 sin

x
2cos

x
2
    Ges 1= sin2x

2+cos2x
2
  ewm‡q, je I ni Dfq‡K cos2x

2
  Øviv fvM Kivi 

c‡i  z = tan
x
2
   cÖwZ ’̄vcb K‡i †hvMR wbY©q Ki‡Z n‡e| ]  

D`vniY 13:  i   
3 2sin

dx

x  ii  ∫ 
dx

2cos x+3sin x+4  iii
3 2sin cos

dx

x x   

mgvavb:  i
2

2 2

2

1 tan sec
2 2

3 2sin 2 tan 3 3tan 4 tan 3tan 4 tan 3
2 2 2 2 23 2.

1 tan
2

x x
dxdx dx

dx
x x x x xx

x


  

    




      

aiyb, 21
tan sec

2 2 2

x x
z dx dz    ev, 2sec 2

2

x
dx dz  

2

22
2 2 2

sec 2 2 22
43 4 3 3 2 2 53tan 4 tan 3 3 1 2. .2 2 3 3 3 9

x
dx dz dz dz

x x z z
z z z z

   
                 

     

22

2

3 2 5
3 3

dz

z


      

   

 1
22

2
2 2 1 3

. tan
3 3 5 52 5

3 33 3

z
dz

C

z



  
   

      
   

  
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   1 1

2
tan 2 3tan 2 22 3 23. tan tan

3 5 5 5 5
3

x x
C C 

 
   

     
    
 

 

 ii   I = ∫ 
dx

2cos2x
2–2sin2x

2+6sin
x
2cos

x
2+4 sin2x

2+4cos2x
2

   =  ∫ 
sec2x

2dx

3+tan2x
2 +3tan

x
2

  dx  

g‡b Kiyb,  z = tan x
2    dz = 

1
2 sec2x

2 dx    I = ∫ 
dz

z2 +3z+3
  = ∫ 

dz

( z+
3
2 )2 + ( 

√3
2  ) 2

     

Gevi z+
3
2  = y n‡j, dz =dy     AZGe,   ∫ 

dx
2cosx+3sinx+4 = ∫ 

dy

y2+( 
√3
2 )2

 = 
2

√3 tan—12y
√3+C 

=  
2

√3  tan—1[ 
2

√3(z + 
3
2)] + C =  

2
√3  tan—1[

2
√3tan

x
2+√3] + C 

 iii  ‡h‡nZz, 
2

2 tan
2sin

1 tan
2

x

x
x




,       

2

2

1 tan
2cos

1 tan
2

x

x
x





 

2

2 2

3 2sin cos 2 tan 1 tan
2 23 2.

1 tan 1 tan
2 2

dx dx
x xx x

x x

 
  

 
 

 
2

2 2

2 tan 1 tan
2 23 2.

1 tan 1 tan
2 2

dx
x x

x x




 
 

  

2 2

2 2 2

1 tan sec
2 2

3 3tan 4 tan 1 tan 2 tan 4 tan 4
2 2 2 2 2

x x

dx dx
x x x x x


 

     
 

2 2 2

2
2 2

sec sec sec
2 2 2

2 tan 4 tan 4 2 tan 2 tan 2 2 tan 1 12 2 2 2 2

x x x
dx dx

dx
x x x x x

  
                  

    

Gevi aiyb, 21
tan sec

2 2 2

x x
z dx dz    ev, 2sec 2

2

x
dx dz  

    
 

2

1 1
22 2

sec 22 tan 1 tan 1 tan
21 12 1 1

2 tan 1 1
2

x
dx dz dz x

z C C
zx z

                      
   

    

 

KwZcq exRMvwYwZK GKNvZ dvsk‡bi †hvMR wbY©q  

wbqg 14: ∫ 
ax+b
cx+d    dx AvKv‡ii †hvMR 
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[†hvR¨ dvskbwU hw`  ỳwU GKNvZ ivwki fvMdj AvKv‡i _v‡K Z‡e n‡i Aew ’̄Z ivwkwU‡K  z a‡i cÖwZ ’̄vcb 
c×wZ‡Z †hvMR wbY©q Ki‡Z n‡e|  †hgb,    

 D`vniY 14: ∫ 
2x+3
3x─ 4 dx   

mgvavb:  g‡b Kiæb,  z = 3x– 4   x = 
z+4

3     Ges    dz = 3  dx  

 GLb  ∫  
2x+3
3x─4 dx = ∫  

2(
z+4

3 ) +3

z    dz =  
1
3  ∫  

2z +17
z    dz =  

2
3   z + 

17
3    log e | z | + C 

AZGe, wb‡Y©q †hvMR   =   
2
3(3x─ 4)+ 

17
3    log e | 3x– 4 | + C  

 

wbqg 15:   ∫ (ax+b)  cx+d  dx ;         ∫ 
 cx+d
 ax+b

   dx     A_ev       ∫ 
1

(ax+b)  cx+d
  dx  

[†hvR¨ dvskbwU hw`  ỳwU GKNvZ ivwki ¸Ydj A_ev fvMdj A_ev n‡i Aew ’̄Z ¸Ydj AvKv‡i _v‡K wKšyÍ GKwU 

ivwk eM©g~j wP‡ýi wfZ‡i _v‡K Z‡e, eM©g~j wP‡ýi wfZ‡i Aew ’̄Z ivwkwU‡K z2 a‡i cÖwZ ’̄vcb c×wZ‡Z †hvMR 
wbY©q Ki‡Z n‡e|  †hgb,   

D`vniY 15: (i)  ∫ (2x+1)  x+3  dx        (ii) ∫ 
 2x+1
 3x+2

   dx           (iii) ∫ 
dx

(x+1)  x+2  

mgvavb:  (i) g‡b Kiæb,  z2 = x+3  x = z2–3 Ges   2z dz = dx  
GLb  ∫  (2x+1)  x+3   dx = ∫ [ 2 (z2–3)+1] z2 2z dz = 2∫ (2z2–5) z2 dz  

= 4 ∫ z4 dz – 10∫ z2 dz = 
4
5  z5– 

10
3   z3+ C= 

4
5  √(x+3)5– 

10
3   √(x+3)3+ C

(ii)  g‡b Kiæb,  z2 = 3x+2     x = 
z2–2

3  2 zdz  =  3 dx 

GLb ∫ 
 2x+1
 3x+2

  dx =  
1
3  ∫ 

 2x+1
 3x+2

  3  dx= 
1
9  ∫ 

2z2–1

z2   2z dz  =  
2
9  ∫ (2z2–1 ) dz 

                         = 
4

27  z3– 
2
9  z +C = 

4
27( 3x+2)3– 

2
9 3x+2+C 

(iii)  g‡b Kiæb,  z2 = x+2           2zdz = dx   Ges   x = z2–2

GLb  ∫ 
dx

(x+1)  x+2
  =∫ 

1

(z2–1) z2 2z dz = ∫ 
2

(z2–1) 
dz = log | 

z–1
z+1| = log 

 x+2 –1
 x+2+1

 + C 

wbqg 16:  ∫ 
1

 ax+b+  ax–b dx  AvKv‡ii †hvMR 

[†hvR¨ dvskbwUi ni hw` x Gi mgvb mnM wewkó ỳwU GKNvZ ivwki eM©g~‡ji mgwô ev AšÍi nq Z‡e, mv‡W©i 
AvbycvwZKiY wbqg Øviv mvW©Øq‡K j‡e Zz‡j wb‡q Avjv`vfv‡e z cÖwZ ’̄vcb K‡i †hvMR wbY©q Ki‡Z n‡e| †hgb,  

D`vniY 16: gvb wbY©q Kiæb ∫ 
dx

2x+3+ 2x–3
 

mgvavb: ∫ 
dx

2x+3+ 2x–3  =  ∫ 
1

2x+3+ 2x–3  
2x+3– 2x–3
2x+3–  2x–3  dx  

    =  
1
6  ∫ 2x+3 dx – 

1
6  ∫ 2x–3 dx  =  

1
18 (2x+3) 2x+3  – 

1
18 (2x–3) 2x–3+ C 

 

K‡qKwU Av`k©/ cÖwgZ †hvMR (Standard Integral) 
1

2 2

1
(i) tan .

dx x
C

a x a a
 

  
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cÖgvY: aiæb, tanx a   Zvn‡j,    2secdx a d   Ges 1tan
x

a
   

 
2 2 2

2 2 2 2 2 2 22 2

sec sec sec 1

tan sec1 tan

dx a d a d a d
d

a x a a a aa

      
 

    
       11 1

tan
x

C C
a a a
      

 †bvU: cotx a  a‡i cÖgvY Kiv hvq 1
2 2

1
cot .

dx x
C

a x a a


 
  

Abywm×všÍ: 1
2

tan .
1

dx
x C

x
 

  

 2 2

1
(ii) ln , .

2

dx a x
C a x

a x a a x


  

   

cÖgvY: GLv‡b, 
2 2

1 1 1 1

2a x a a x a x
      

 

2 2

1 1 1 1

2 2

dx dx dx
dx

a x a a x a x a a x a x
                     

 1 1
ln ln ln .

2 2

a x
a x a x C C

a a a x


      


 

 2 2

1
(iii) ln , .

2

dx x a
C x a

x a a x a


  

   

cÖgvY: ( )ii  Gi Abyiƒcfv‡e cÖgvY Kiv hvq| 

†bvU:
2

1 1
ln .

1 2 1

dx x
C

x x


 

   

  1

2 2
iv sin .

dx x
C

aa x

 


  

cÖgvY: g‡b Kiæb, sinx a  cosdx a d    Ges 1sin
x

a
   

Zvn‡j, 1

2 2 2 2 2 2

cos cos cos
sin .

cossin 1 sin

dx a d a d a d x
d C

a aa x a a a

       
 

      
  

      

†bvU t cosx a  a‡i cÖgvY Kiv hvq 1

2 2
cos .

dx x
C

aa x

  


  

Abywm×všÍ: 1

2
sin

1

dx
x C

x

 


  A_ev 1

2
cos

1

dx
x C

x

  


  

   2 2

2 2
v ln .

dx
x x a

x a
  


  

cÖgvY:  aiæb, 2 2x a z x    Zvn‡j, 2 2z x x a    
2 2

2 2 2 2 2 2

2
1

2

x x a x zdx
dz dx dx

x a x a x a

    
             

 

ev, 
2 2

dz dx

z x a



 myZivs  2 2

2 2
ln ln .

dx dz
z C x x a C

zx a
      


   
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 vi
2 2 2

2 2 1sin .
2 2

x a x a x
a x dx C

a


     

cÖgvY:  aiæb, sinx a   Zvn‡j, cosdx a d    Ges 1sin
x

a
   

 2 2 2 21 sin cosa x dx a a d        

   
2 2 2

2 2 1
cos 1 cos 2 sin 2 sin cos

2 2 2 2

a a a
a d d                

    

2 2 2 2 2 2 2 2
1 1 1

2
sin 1 sin sin .

2 2 2 2 2

a x x x a x x a x x a x a x
C

a a a a a
  

   
         

 
 

 

∫ 
 1

ax2+bx+c
 dx   (a≠0)  AvKv‡ii †hvM‡Ri KwZcq we‡kl iƒc  

wØNvZ ivwk  ax2+bx+c -†K mvaviYZ wØc`x, wÎc`x A_ev ỳwU mij Drcv`K wnmv‡e cvIqv  †h‡Z cv‡i|  A_©vr 

ax2+c, ax2+bx+c  A_ev  a(x+)(x+)| GLb †hvR¨ dvskbwUi n‡i Aew ’̄Z wØNvZ ivwkwUi AvK„wZ †f‡` wb‡P 

K‡qKwU we‡kl cÖwZ ’̄vc‡bi gva¨‡g †hvMR wbY©q c×wZ †`qv n‡jv| Aciw`‡K x2 Gi mnM GKK n‡j, ev Drcv`K 
AvKv‡i †ei K‡i wb‡j, wØNvZ ivwkwU‡K x2+k2, x2–k2 Ges k2–x2 AvKv‡i cvIqv hv‡e Ges GB AvKv‡ii 
†hvMR¸‡jv‡K Abywm×všÍ  wnmv‡e †hvMR wbY©q Kiv †h‡Z cv‡i| 
 

wbqg 17:  ∫ 
1

ax2+c
  dx (a≠0) AvKv‡ii †hvMR 

[†hvR¨ dvskbwUi n‡i hw` wØc`x wØNvZ AvKv‡ii ‰ewRK ivwk _v‡K Ges a I c Dfq mnMB abvZ¥K nq, Z‡e,  x 

= 
√c
√a tan   cÖwZ ’̄vcb K‡i †hvMRxKiY Kiv hv‡e]    

D`vniY 17:   i ∫ 
1

5x2+3 dx      ii
29 4

dx

x   

mgvavb:  i  g‡b Kiyb,   x= 
√3
√5  tan   myZivs  dx  =  

√3
√5  sec2 d 

 GLb  ∫  
dx 

5x2+3
 = ∫ 

 
√3
√5 sec2 d

3tan2+3  = 
1
15

 ∫ d= 
1
15

 + C = 
1
15

   tan
–1 √5 x

√3  
 
+C 

gšÍe¨ :   Avevi  x = 
√3
√5 cot  ai‡j, ∫  

dx 
5x2+3

 =  – 
1
15

   cot 
–1 √5 x

√3  
 
+C  n‡e|   

GLb Avgiv Rvwb    tan
–1 √5 x

√3  
 
+  cot 

–1 √5 x
√3  

 
=  

2  

AZGe, 
1
15

   tan
–1 √5 x

√3  
 Ges – 

1
15

   cot 
–1 √5 x

√3  Gi AšÍidj aªæeK weavq Dfq †hvMRB mwVK| 

 ii  1 1
22

2 2

1 1 1 1 1 3
. tan tan

4 2 29 4 9 9 9 6 22
9 3 33

dx dx dx x x
C C

x x x

              
 

    

Abywm×všÍ:   ∫  
1

x2+k2 dx  =  
1
k tan

–
 

1 x
k

 
+ C 
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gšÍe¨ :  Dc‡iv³ Abywm×všÍ  Abymv‡i, ∫  
dx 

5x2+3
 = 

1
5  ∫  

dx

x2+(
√3
√5)2

 = 
1
5 

√5
√3  tan

–1 √5 x
√3  

 
= 

1
15

   tan
–1 √5 x

√3  
 
+C 

 

wbqg 18: ∫ 
1

ax2–c
  dx    (a≠0)  AvKv‡ii †hvMR  

[†hvR¨ dvskbwUi n‡i hw` wØc`x wØNvZ ivwk nq Ges aªyeK FYvZ¥K nq, Z‡e, x = 
√c
√a sec cÖwZ ’̄vcb K‡i 

†hvMRxKiY Kiv hv‡e ] 

D`vniY 18:  i  ∫  
1

2x2–9
 dx    ii

29 16

dx

x   

mgvavb:  i  g‡b Kiæb,   x = 
3

√2 sec    myZivs  dx =  
3

√2 sec tan d 

 GLb ∫ 
1

2x2–9
 dx = ∫ 

 
3

√2 sec tan d

 9 sec2–9
 = 

1
3√2  ∫ cosecd = 

1
3√2  log | tan2|+C = 

1
6√2  log |tan2

2|+C  

   =  
1

6√2 log| 
√2x–3
√2x+3| + C  †h‡nZz sec = 

1+tan2
2

1– tan2
2

     
√2x

3  = 

1+tan2
2

1– tan2
2

    
√2x–3
√2x+3 = tan2

 

 ii 22
2 2

4
1 1 1 1 1 3 43. ln ln

16 4 49 16 9 9 9 24 3 44 2.
9 3 33

xdx dx dx x
C C

x xx xx

 
     

    
 

    

Abywm×všÍ:   ∫  
1

x2–k2 dx  =  
1

2k  log | 
x–k
x+k | + C 

 

wbqg 19: ∫
1

 c–ax2  dx   (a≠0) AvKv‡ii †hvMR 

[†hvR¨ dvskbwU hw` wØc`x wØNvZ AvKv‡ii nq Ges aªæeK c`wU abvZ¥K wKš‘  x2 Gi mnM hw` FYvZ¥K nq, Z‡e 

x = 
√c
√a sin cÖwZ ’̄vcb K‡i †hvMRxKiY Kiv hv‡e|]  

D`vniY 19:  i  ∫  
1

2–3x2 dx   ii
25

dx

x  

mgvavb:  g‡b Kiæb,  x = 
√2
√3 sin   myZivs  dx  =  

√2
√3 cos d 

∫ 
1

2–3x2 dx = ∫ 
 √2
√3 cos d

 2–2sin2  =  1
√6 ∫ secd = 1

√6  log | tan(

4 +


2) |+C = 1

√6  log | tan(

4 +1

2sin
–1 √3x

√2
 
) |+ C 

 ii
 22

2

1 5
ln

5 2 5 55

dx dx x
C

x xx


  

 
   

Abywm×všÍ:   ∫  
1

k2–x2 dx  =  
1

2k  log | 
k+x
k–x

 | + C 
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wbqg 20:  ∫ 
 1

(x+a) (x+b)    dx   (a≠0)  AvKv‡ii †hvMR 
[†hvR¨ dvskbwUi n‡i Aew ’̄Z wØNvZ ivwkwU‡K hw` ỳwU mij Drcv`‡K wef³ Kiv hvq Z‡e, fMœvskwU‡K AvswkK 
fMœvs‡k iƒcvšÍi K‡i †hvMR wbY©q Ki‡Z n‡e|]  

D`vniY 20: ∫  
 1

6x2+17x+12
 dx     

mgvavb:  ∫  
1

6x2+17x+12
 dx    = ∫  

1
(2x+3)(3x+4)   dx    = ∫ [

3
3x+4  – 

2
2x+3] dx     

=  ∫  
3

3x+4 dx – ∫ 
2

2x+3 dx  = log (3x+4) – log (2x+3)+C =  log 
3x+4
2x+3+ C 

 

wbqg 21: UxKv - ivwkwUi `ywU mij Drcv`K bv n‡j, ax2+bx+c = a(x+
b
2a)2+

4ac–b2

4a2  AvKv‡i cÖKvk K‡i, 

x+
b
2a = z  ai‡j, GwU az2+c  AvKv‡ii ivwk‡Z iƒcvšÍwiZ n‡e, c‡i Dc‡ii  wbq‡g †hvMR wbY©q Ki‡Z n‡e| 

 

wbqg 22:  ∫ 
1

 (x—a)(x—b)
   dx     A_ev   ∫ 

1
 (x—a)(b—x)

    dx   AvKv‡ii †hvMR   

[ †hvR¨ ‰ewRK dvskbwUi n‡i eM©g~‡ji wfZ‡i Aew ’̄Z wØNvZ ivwkwUi Drcv`K Kiv †M‡j, Drcv`KØ‡qi †h †Kvb 
GKwU‡K z2  cÖwZ ’̄vcb K‡i †hvMRxKiY Kiv hv‡e  Aciw`‡K Drcv`KØ‡qi g‡a¨ hw` †Kvb GKwU x FYvZ¥K nq 

Z‡e cos2+sin2 Øviv we‡kl wÎ‡KvYwgwZK cÖwZ ’̄vc‡bi gva¨‡g †hvMR wbY©q Kiv hv‡e|  ]  

D`vniY 21: (i) ∫ 
1

 (x−3)(x−2)
  dx     (ii)   ∫ 

1
(x−2)(3−x)

  dx   

mgvavb: (i) g‡b Kiæb  z2 = x–3    2z dz  = dx   Ges x = 3+z2  

AZGe, ∫ 
1

 (x−3)(x−2)
  dx = 

 2 2

1
2

1
zdz

z z
  = 

2

1
2

1
dz

z
  

= 2 log (z+  z2+1 )+C=2 log( x−3 + x—2))+C 

(ii) aiæb, x = 2 cos2+3sin2x=3–cos2,  x=2+sin2dx =2 sincos d 

  ∫ 
dx

 (x─2)(3─x) 
= 

2 2

2sin cos

sin cos
d

  
  = 2∫ d =2+ C =2 sin–1 x─2 + C 

 

wbqg 23: ∫  
px+q
ax+b    dx    A_ev ∫

 px+q

 ax2+bx+c
   dx   AvKv‡ii †hvMR   

[†hvR¨ ‰ewRK dvskbwU hw` eM©g~‡ji wfZ‡i ỳwU GKNvZ ivwki fvMdj AvKv‡ii nq Z‡e je Øviv AvbycvwZKiY 
K‡i cÖ_‡g j‡ei mvW© gy³ K‡i, cieZ©x‡Z  n‡i Aew ’̄Z wØNvZ ivwkwUi Ae ’̄v‡f‡` †hvMRxKiY Kiv hv‡e| ] 

D`vniY 22: (i) ∫  
a+x
a─x

 dx   (ii)  ∫ 
2x+3

 x2+2x+5
 dx  

mgvavb:  (i) g‡b Kiæb,  =∫  
a+x
a─x  dx = ∫ 

a+x

a2─x2 dx = ∫ 
a

a2─x2 dx +∫ 
x

a2─x2  dx  

g‡b Kiæb, x=asin   dx = acosd=∫ 
a.acos

a2─a2sin2
d +∫ 

a.sin
a2─a2sin2 

acosd

= a∫ d + a∫ sin  d=  a+acos +C =  asin
–

 
1 x

a 
 
+  a2—x2 + C 
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(ii) †hvMRwUi j‡e Aew ’̄Z 2x+3†K 1. 
d
dx (x2+2x+5) +1 AvKv‡i cÖKvk K‡i cvIqv hv‡e 

 ∫ 
(2x+3) dx

 x2+2x+5
=∫

 
d
dx (x2+2x+5)

 x2+2x+5
  dx+ ∫ 

 dx 

 x2+2x+5
  =2  x2+2x+5 ) +∫ 

 dx 

 x2+2x+5
     

=2  x2+2x+5 ) +∫ 
 1

 (x+1)2+22
  dx = 2  x2+2x+5 ) + log (x+1+  x2+2x+5 +C    

 

wbqg 24:  ∫ 
1

(ax+b)  px2+qx++r
  dx  AvKv‡ii †hvMR   

[†hvR¨ dvskbwUi n‡i Aew ’̄Z wØNvZ ivwkwU hw` eM©g~‡ji wfZ‡i wKš‘ GKNvZ ivwkwU evB‡i _v‡K Z‡e evB‡ii 

GKNvZ ivwkwU‡K 
1
z cÖwZ ’̄vcb K‡i  †hvMRxKiY Kiv hv‡e| ]   

D`vniY 23:  ∫ 
1

(x+1)  1+2x—x2
  dx 

mgvavb t g‡b Kiæb, x+1= 
1
z dx = –

1

z2  dzGes   x= 
1
z –1   1+2x–x2 =

4z─1─2z2

z2   

GLb  ∫ 
1

(x+1)  1+2x─x2
  dx = – ∫ 

1

4z─1─2z2 
 dz = – 

1
√2 ∫ 

1
1
2 ─ (z─1)2

  dz 

= – 
1

√2  sin
–1

{ √2(z–1)} +C = – 
1

√2 sin
–1√2x

1+x +C  
 

  
wkÿv_x©i  

KvR 
(i) ∫   

1
x  1+x2   dx  (ii)   ∫  

1
x  2+x2   dx  (iii) ∫

1
(x+2) x2+4x+3

dx 

 

wbqg 25:  ∫ 
1

 ( cx2+d)  ax2+b
   dx AvKv‡ii †hvMR  

[†hvR¨ ‰ewRK dvskbwUi n‡i hw`  wØNvZ AvKv‡ii GKwU ivwk _v‡K Ges Aci wØNvZ ivwkwU eM©g~‡ji wfZ‡i 
Aew ’̄Z nq Z‡e, eM©g~‡ji wfZ‡i Aew ’̄Z ivwkwU‡K  z2x2  cÖwZ ’̄vcb K‡i †hvMRxKiY Kiv hv‡e|   

 D`vniY 24:  i
 2 24 3 2

dx

x x 
    ii  ∫  

dx
 (a2+x2)3

    

mgvavb: (i)g‡b Kiyb, 2 2 23 2x x z   2 24 2 2xdx x zdz xz dx   

  22dx xzdz z dx   22dx z dx xzdz 
22

xz
dx dz

z
 


  

 aiyb=∫ 
dx

(4─x2) 3+2x2
 =∫ 

xz
2─z2 dz

(4─
3

z2─2)xz
  =∫ 

1
11─4z2  dz  

Gevi,  z = 
√11

2  sin  n‡j,  dz = 
√11

2  cos d  

=∫ 
 
√11

2  cos d

11–
11
4  4sin2

  = 
1

2√11 ∫ sec d= 
1

2√11  log | tan (

+


) |+C 
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=  
1

2√11  log | tan (

+ 

1
2  sin

–1 2z
√11 

 
|+C = 

1
2√11 log | tan (


+ 

1
2  sin

–1 2  3+2x2 
√11  |+ C  

 

 ii   aiyb, a2+x2 = x2z2 2x dx = x22z dz +2xz2 dx dx = 
xz

1─z2  dz  

GLb ∫
dx

(a2+x2)3
 =∫

xz
1─z2dz

x3z3  = ∫
dz

x2z2 (1─z2)
 = –

1
a2  ∫ 

1

z2  dz = 
1

a2z
+C = 

x

a2 a2+x2
 +C 

 

 

 
 cv‡VvËi g~j¨vqb 10.3- 

 

eûwbe©vPwb cÖkœ  

 1. 
21

dx

x -Gi †hvwRZ dj ‡KvbwU? 

    (K) 
1sin x     (L)  

1cot x C     (M)  
1tan x   (N) 

1tan x C   

2.
2 2

dx

a x
  -Gi †hvwRZ dj ‡KvbwU? 

 (K) 
1sin

x
C

a
     (L)  

1cos
x

C
a

     (M)  
1cot

x

a
   (N) 

1tan
x

C
a

   

3. 
22

dx

x
  -G  a  Gi gvb  ‡KvbwU?  

 (K) 2     (L)  2    (M)  3   (N) 3  
4. cos ecxdx  KZ?  

     i ln cos cotecx x C          ii ln cot
2

x
C         iii ln tan

2

x
C  

Dc‡ii Z‡_¨i wfwË‡Z wb‡Pi †KvbwU mwVK?  
 (K)  i  I  ii          (L)  i  I  iii     (M)  ii  I  iii       (N)  i ,  ii  I  iii  
wb‡Pi Z‡_¨i Av‡jv‡K 5-6 bs cÖ‡kœi DËi w`b 

   f t dt g t C   

5.  
2 2

1
f t

t a



 n‡j  g t  †KvbwU? 

 (K) 
2 2ln t t a      (L)  

2 2ln t t a     (M)  
2 2ln t t a    (N) 

2 2ln t t a   

6.   2 2lng t t t a    n‡j  f t  †KvbwU? 

 (K) 2 2

1

a t
    (L)  2 2

a

a t
   (M) 2 2

1

t a
  (N) 2 2

t

t a
 

 

m„Rbkxj cÖkœ  
7. aiæb,       2f t t   Ges      g t t             
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(K) 21 cos

dt

t  wbY©q Kiæb|                                                                                        

(L)     sing t f t dt  Ges     2sing t f t dt     wbY©q Kiæb|                                      

(M)
   

1

1 1g t f t      
 Gi †hvMR wbY©q  Kiæb|                                                          

 

†hvMR wbY©q Kiæb  

8.  i  
5

4 3x dx   ii
29 4

dx

x   iii
29 16

dx

x
   iv 6cot xdx

  v
3 2

2 3

x
dx

x

 
    vi

2

3

8 25

dx

x x    vii ∫ 
 dx

 ( 3x2
—4x+2)3

  viii ∫
1

(4+x2)  1+4x2
    dx

  ix ∫ 
1

 (x─1)(3─x)
   dx  x ∫ 

1

4x2–9
  dx 

9.  i 216 9

dx

x   ii ∫cosec8xdx   iii 8sec xdx   iv
2 2cos 3sin

dx

x x   

  v ∫ 
1

sinx+cosx+2 dx   vi ∫
1

5–3cosx dx  vii ∫ 
1

 5+4sin2x
    dx   viii  ∫ 

1

 sin5xcos3x 
 dx  

  ix ∫ 
dx

(x—3)  2x2
—12x+17

   x  ∫  
1

x  4x2
—9

   dx 

 
 
 AvswkK fMœvsk e¨envi K‡i Awbw`©ó †hvMR (Integration 

by Partial Fractions) 
 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 AvswkK fMœvsk e¨envi K‡i Awbw ©̀ó †hvMR wbY©q Ki‡Z cvi‡eb| 

 
g~L¨ kã  g~j` fMœvsk, A‡f`, c~bive„Ë Drcv`K, AvswkK fMœvsk, Kfvi Avc iæj (Cover-up rule) 
 

 
 g~jcvV-  

 

†hvR¨ dvskbwU hw` GKwU exRMvwYK g~j` fMœvsk AvKv‡i _v‡K Z‡e Gi †hvMR wbY©‡qi †¶‡Î cÖ_‡g g~j` 
fMœvskwU‡K AvswkK fMœvs‡k iƒcvšÍwiZ K‡i K‡qKwU mij fMœvs‡k cwieZ©b Ki‡Z n‡e Ges c‡i c„_Kfv‡e G‡`i 
†hvMRxKiY Ki‡Z n‡e| GLv‡b D`vniY wnmv‡e wewfbœ cÖKv‡ii g~j` fMœvs‡ki iƒcvšÍ‡ii gva¨‡g K‡qKwU 
†hvMRxKiY c×wZ †`Lv‡bv n‡jv| 
 

AvswkK fMœvsk wbY©‡qi kZ©: exRMvwYK g~j` fMœvskwUi n‡i Aew¯’Z ivwkwU‡K Gi Pj‡Ki K‡qKwU GKNvZ, wØNvZ Ges 
GKNvZ cybive„Ë Drcv`‡K we†kølY K‡i, G‡`i‡K AvswkK fMœvs‡k iƒcvšÍi Kiv hv‡e| 

cvV 10.4 
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g~j` fMœvs‡ki †hvMR wbY©q: hw`  g x Ges  h x eûc`x nq, Z‡e 
 
 

g x

h x
AvKv‡ii dvskb‡K g~j`xq dvskb 

e‡j| g~j`xq dvsk‡bi †hvMRxKi‡Yi Rb¨ dvskbwU‡K AvswkK fMœvs‡k iƒcvšÍi Kivi ci c„_K c„_Kfv‡e †hvMR 
wbY©q Ki‡Z nq| g~j`xq dvskb‡K AvswkK fMœvs‡k iƒcvšÍi Kivi Rb¨ wb¤œwjwLZ wbqg¸wj AbymiY Kiv †h‡Z cv‡i| 
 

wbqg 1:  i j‡ei NvZ    n‡ii NvZ n‡j A_©vr
   

2ax bx c A B C

x x x x x x     
 

  
     

 

 ii  j‡ei NvZ    n‡ii NvZ n‡j A_©vr 
   

3 2

; 0
ax bx cx d B C D

A a
x x x x x x     

  
    

     
 

 iii j‡ei NvZ   n‡ii NvZ 1  n‡j A_©vr
  

3 2

; 0
ax bx cx d C D

Ax B a
x x x x   
  

    
   

 

 iv  n‡ii Drcv`‡K NvZ cybive„Ë n‡j A_©vr 
   

2

2 2( )

ax bx c A B C

x x xx x    
 

  
   

 

 v  n‡ii Drcv`‡K wØNvZ n‡j A_©vr 
  

2

2 2

ax bx c Ax B C

x x x x   
  

 
   

 

 

D`vniY 1: †hvMR wbY©q Kiyb,  (i)     bxax

dx     ii
 ( 1) 2

dx

x x     (iii) 
 ( 4) 7

dx

x x   

mgvavb:  (i)  g‡bKiyb,   bxax 
1  

A B

x a x b
 

 
 ;    A,B   

Dfq c¶‡K   x a x b   Øviv ¸Y K‡i cvB,    axBbxA 1 , hv x Gi GKwU A‡f`| 

A‡f`wU‡Z x Gi gvb a Ges b ewm‡q cvB,  
1

A
a b




  Ges  
1

B
b a




  

  bxax 


1  

1 1
a b b a
x a x b
  
 

 

AZGe,     bxax

dx
 =∫ ax

ba


1

dx+  
 dx

bx
ab

1
1 1dx dx

a b x a b a x b
 

      

1 1 1 1 1
ln ln ln ln ln

x a
x a x b C x a x b C C

a b b a a b a b a b x b


           

     
 

 ii  aiæb, 
 
1

( 1) 2 1 2

A B

x x x x
 

   
;      A,B   

Dfq c¶‡K   1 2x x   Øviv ¸Y K‡i cvB,    1 2 1A x B x    , hv x Gi GKwU A‡f`| 
A‡f`wU‡Z x Gi gvb 1 Ges 2 ewm‡q cvB,  1A     Ges  1B    

 
1 1 1

( 1) 2 1 2x x x x


  

   
 

AZGe,     21 xx

dx
 =∫ 1

1




x
dx+  

dx
x 2

1
1. 1.

1 2

dx dx

x x
  

    
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2
ln 1 ln 2 ln 2 ln 1 ln

1

x
x x C x x C C

x


            


 

 iii  aiæb, 
 

1

( 4) 7 4 7

A B

x x x x
 

   
;    A,B   

Dfq c¶‡K   4 7x x   Øviv ¸Y K‡i cvB,    1 7 4A x B x    , hv x Gi GKwU A‡f`| 

A‡f`wU‡Z x Gi gvb 4 Ges -7 ewm‡q cvB,  
1

11
A    Ges  

1

11
B


   

 

1 1
1 11 11

( 4) 7 4 7x x x x



  
   

 

AZGe,     74 xx

dx
 =∫ 4

11

1

x
dx+  



dx
x 7
11

1
1 1

11 4 11 7

dx dx

x x
 

    

1 1 1 4
ln 4 ln 7 ln

11 11 11 7

x
x x C C

x


      


 

 

D`vniY 2: (i) ∫ 
x

(x─a)(x─b) dx    (ii) 
 ( 2) 5

xdx

x x     (iii) ∫ 
x

(2x+1)(x+1)   dx  wbY©q Kiyb | 

mgvavb:  (i) g‡b Kiyb, 
x

(x─a)(x─b) 
A B

x a x b
 

 
;     A,B   

Dfq c¶‡K   x a x b   Øviv ¸Y K‡i cvB, 
 x   A(x-b) + B(x-a)  ...   ...  ...  (1)   , hv x Gi GKwU  A‡f`| 

A‡f`wU‡Z x Gi gvb a Ges b ewm‡q cvB,  
a

A
a b




  Ges  
b

B
b a




  

  bxax

x


  

a b

a b b a
x a x b
  
 

 

AZGe, ∫
x

(x─a)(x─b) dx =∫ ax
ba

a


 dx+  

 dx
bx
ab

b
a dx b dx

a b x a b a x b
 

      

ln ln ln ln
a b a b

x a x b C x a x b C
a b b a a b a b

         
   

 

 

  ii  aiæb, 
 ( 2) 5 2 5

x A B

x x x x
 

   
 ;    A,B   

Dfq c¶‡K   2 5x x   Øviv ¸Y K‡i cvB, 
 x   A(x+5) + B(x-2)  ...   ...  ...  (1), hv x Gi GKwU  A‡f`|  

A‡f`wU‡Z x Gi gvb 2 Ges -5 ewm‡q cvB,  
2

7
A    Ges  

5

7
B    
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 

2 5

7 7
( 2) 5 2 5

x

x x x x
  

   
 

AZGe,     52 xx

xdx
 =∫ 2

7

2

x
dx+  

dx
x 5

7

5
2 5

7 2 7 5

dx dx

x x
 

  
2 5

ln 2 ln 5
7 7

x x C      

D`vniY 3: †hvMR wbY©q Kiyb, (i) ∫ 
2x+3

x3+x2-2x
  dx         (ii) ∫ 

1

(x—1)2(x—2)
  dx  

mgvavb :  i  aiæb,  
2x+3

x3+x22x   = 
2x+3

x(x─1)(x+2)    
A
x  + 

B
x─1  +

C
x+2  ;    A,B,C   

evg c‡¶i ni Øviv Dfq c¶‡K ¸Y K‡i cvB, 2x+3A(x–1)(x2)+B x(x+2)+C x(x–1) ...  ...  (1) hv, x 
Gi GKwU A‡f`|  

GLb,  A‡f`wU‡Z x Gi gvb  0,1,–2  ewm‡q cvB, A = – 
3
2 ,B = 

5
3 ,C = – 

1
6 

AZGe,∫ 
2x+3

x3+x22x dx = – 
3
2 ∫ 

1
xdx + 

5
3 ∫ 

1
x─1dx – 

1
6 ∫ 

1
x+2 = – 

3
2  ln|x| + 

5
3  ln|(x–1)| – 

1
6  ln|(x+2)| + C  

 ii    g‡b Kiyb,   
1

(x—1)2(x—2)
    

A
(x—1)2  + 

B
x—1  + 

C
x—2  ; A,B,C   

evg c‡¶i ni Øviv Dfq c¶‡K ¸Y K‡i cvB, 1  A(x–2)+B(x–1)(x–2)+C(x–1)2... (1)   hv, x Gi GKwU 
A‡f`| GLb A‡f`wU‡Z x Gi gvb  0, 1, 2 ewm‡q cvB, A= –1, B = –1,C = 1  

AZGe,   ∫  
1

(x—1)2(x—2)
   dx = –∫ 

1
(x—1)2  dx  –∫  

1
x—1   dx +∫  

1
x—2   dx  

         =  
1

x—1   – ln| (x–1)| + ln |(x–2)| + C 

D`vniY 4:  i ∫
1

(x+3)(x2+4)
   dx     (ii) ∫

x3

(x-a)(x-b)(x-c)  dx    (iii) 
2

2

1

4

x
dx

x


  wbY©q Kiyb  | 

mgvavb:  i  g‡b Kiyb, 
1

(x+3)(x2+4)
   

A
x+3  + 

Bx+C

x2+4
  ;       A,B,C   

evg c‡¶i ni Øviv Dfq c¶‡K ¸Y K‡i cvB, 1A(x2+4)+(Bx+C)(x+3) ...   ...  ...  (1)   hv, x Gi GKwU 
A‡f`|  
GLb A‡f`wUi x Gi wewfbœ Nv‡Zi mnM mgxK…Z K‡i cvB, A+B=0 ;  3B+C=0  ;  4A+3C=1 

Gevi mgxKiY mg~n mgvavb K‡i cvB,  A= 
1
13   , B = – 

1
13   ,C = 

3
13    

AZGe,∫
1

(x+3)(x2+4)   dx = 
1
13 ∫

1
x+3 dx – 

1
13 ∫ 

x—3

x2+4
  dx = 

1
13 ∫

1
x+3 dx – 

1
26 ∫

2x

x2+4
  dx + 

3
13 ∫ 

1

x2+4
  dx 

= 
1
13  ln|x+3| – 

1
26  ln|x2+4| + 

3
26  tan-1 | 

x
2  |+ C 

 ii  aiæb, 
x3

(xa)(xb)(xc)   1+
A

xa
 + 

B
x-b  + 

C
x-c ;  A,B,C   

evg c‡¶i ni Øviv Dfq c¶‡K ¸Y K‡i cvB,   
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x3  (xa)(xb)(xc)+A(xb)(xc)+B(xa)(xc)+C(xa)(xb) … ...  ... (1)  hv, x Gi GKwU A‡f`|  

A‡f`wU‡Z x Gi gvb a, b, c ewm‡q cvB, A = 
a3

(a—b)(a—c) , B = 
b3

(b—c)(b—a) , C = 
c3

(c—a)(c—b)   

∫ 
x3dx

(x-a)(x-b)(x-c)  = 1.dx + 
a3

(a—b)(a—c) ∫ 
dx
x-a  + 

b3

(b—c)(b—a) ∫ 
dx 
x-b  + 

c3

(c—a)(c—b) ∫ 
dx 
x-c  

= x   
a3

(a—b)(a—c)  ln|xa|+ 
b3

(b—c)(b—a)  ln|xb|+ 
c3

(c—a)(c—b)  ln|xc| + C 

 iii
  

2 2 2

2 2 2 2 2

1 4 3 4 3 3 3
1 1

4 4 4 4 4 2 2

x x x

x x x x x x x

   
      

      
 

aiæb, 
  

3

2 2 2 2

A B

x x x x
 

   
 

GLv‡b, 
2

3 3 3

2 2 2 4x

A
x 

      
[Cover-up wbq‡g] 

2

3 3 3

2 2 2 4x

B
x 

       
[Cover-up wbq‡g] 

  

3 3
3 4 4

2 2 2 2x x x x



  
   

 

  
2

2

3 3
1 3 4 41. 1.
4 2 2 2 2

x dx
dx dx dx dx dx

x x x x x




     
         

3 3 3 3 3 2
1. ln 2 ln 2 ln

4 2 4 2 4 4 4 2

dx dx x
dx x x x C x C

x x x


           

      

D`vniY 5:  †hvMR wbY©q Kiyb, (i) ∫  
3x2─5

(x+2)3
   dx     (ii) ∫ 

2x2-7x+3

x(x+2)3
   dx   

mgvavb:  i  aiæb,  x+2= y   myZivs   dx = dy  


3x2─5

(x+2)3
= 

3(y─2)2─5

y3  =
3y2─12y+12─5

y3  = 
3
y  – 

12

y2 + 
7

y3 = 
3

x+2  – 
12

(x+2) 2
 + 

7

(x+2) 3
  

∫ 
3x2-5

(x+2)3
  dx = ∫ 

3 dx 
x+2  – ∫ 

12 dx 

(x+2)2
 + ∫ 

7 dx 

(x+2)3
  = 3 ln|x+2| + 

12
x+2  – 

7

2(x+2)2
  +C 

 ii   g‡b Kiyb,  x+2= y    myZivs   dx = dy  

2x2-7x+3

x(x+2)3
  =

2(y—2)2—7(y—2)+3

(y—2)y3   =
2y2

—15y+25
(y—2)y3   = 

1

y3 
25—15y+2y2

—2+y   

GLb fvM cÖwμqv n‡Z cvB, 25—15y+2y2

—2+y   = – 
25
2   + 

25
4   y – 

3
8  y2 +  

3
8 y3

y—2  

∫ 
2x2-7x+3

x(x+2)3
  dy =∫ 

1

y3
25—15y+2y2

—2+y   dy =∫ 
1

y3  [– 
25
2  + 

25
4   y – 

3
8 y2 +  

3
8 y3

y—2  ] dy  

= –∫ 
25

2y3  dy  +∫ 
25

4y2  dy  – ∫ 
3

8y  dy  +∫ 
3

8(y—2)   dy   
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= – 
25
2  ∫ 

1

(x+2)3
   dx  + 

25
4  ∫ 

1

(x+2)2
  dx  –  

3
8 ∫ 

1
(x+2)   dx  + 

3
8 ∫ 

1
x  dx  

= 
25

4(x+2)2
  – 

25
4(x+2)  + 

3
8   ln|

x
x+2  | + C 

 

wbqg 2: Kfvi Avc iæj (Cover-up rule) t g~j`xq fMœvsk‡K Kfvi-Avc iæ‡ji mvnv‡h¨ mn‡R AvswkK fMœvs‡k 

cwiYZ K‡i †hvMR wbY©q Kiv hvq| ‡hgb t    cxbxax

cbxax


2

 ‡K AvswkK fMœvs‡k cwiYZ Ki‡Z n‡e| 

GLb, aiæb,     












CBA

cx

C

bx

B

ax

A

cxbxax

cbxax
,,;

2

  

GLv‡b, 
        

2 2 3. .

x a

ax bx c a a b a c a ab c
A

x b x c a b a c a b a c


      
   

       
 

        
2 2 2 2. .

x b

ax bx c a b b b c ab b c
B

x a x c b a b c b a b c


      
   

       
 

        
2 2 2.

x c

ax bx c ac b c c ac bc c
C

x a x b c a c b c a c b


      
   

       
 

   
        

cx

bcac

cbcac

bx

cbab

cbab

ax

caba

caba

cxbxax

cbxax























2223

2

 

D`vniY 6: †hvMR wbY©q Kiyb, (i) 
   

2 5 7

1 2 4

x x
dx

x x x

 
         (ii) 

 
   

2 1

1 2 2

x dx

x x x


    

mgvavb: (i) aiæb, 
   

2 5 7
; , ,

1 ( 2) 4 1 2 4

x x A B C
A B C

x x x x x x

 
   

     
 

 GLv‡b, 
       

2 2

1

5 7 1 5.1 7 1 5 7 1 1

2 4 1 2 1 4 1 .5 5 5
x

x x
A

x x


       
     

       
   [Cover-up wbq‡g] 

     
2 2

2

5 7 2 5.2 7 4 10 7 14 7 7

1 4 2 1 2 4 1.6 6 6
x

x x
B

x x


       
     

     
     [Cover-up wbq‡g] 

  
   
      

2
2

4

4 5. 4 75 7 16 20 7 16 27 11

1 2 4 1 4 2 5 . 6 30 30
x

x x
C

x x


          
     

         
     [Cover-up wbq‡g] 

         
2

1 7 11
5 7 1 7 115 6 30

1 ( 2) 4 1 2 4 5 1 6 2 30 4

x x

x x x x x x x x x

 
      

        
 

         
2 5 7 1 7 11

1 2 4 5 1 6 2 30 4

x x
dx dx dx dx

x x x x x x

 
   

                                                                 

1 7 11
ln 1 ln 2 ln 4

5 6 30
x x x C        

(ii) aiæb, 
 

   

2 1
; , ,

1 2 2 1 2 2

x A B C
A B C

x x x x x x


   

     
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GLv‡b,
       

2 2

1

1 1 1 1 1 2

2 2 1 2 1 2 1 .3 3
x

x
A

x x


    
    

      
     [Cover-up wbq‡g] 

     
2 2

2

1 2 1 4 1 5

1 2 2 1 2 2 1.4 4
x

x
B

x x


   
    

     
       [Cover-up wbq‡g] 

  
 

     

2
2

2

2 11 4 1 5

1 2 2 1 2 2 3 4 12
x

x
C

x x


    
    

         
     [Cover-up wbq‡g] 

         
2

2 5 5
1 2 5 53 4 12

1 ( 2) 2 1 2 2 3 1 4 2 12 2

x

x x x x x x x x x


 

      
        

 

         
2 1 2 5 5

1 2 2 3 1 4 2 12 2

x
dx dx dx dx

x x x x x x

 
   

        

     
2 1 5 1 5 1 2 5 5

ln 1 ln 2 ln 2
3 1 4 2 12 2 3 4 12

dx dx dx x x x C
x x x

           
      

 

 
 cv‡VvËi g~j¨vqb 10.4- 

 

eûwbe©vPwb cÖkœ 

1.  
2

5

6
dt f t C

t t
 

    n‡j,   f t   KZ? 

 (K)  
2

ln
3

t

t




       (L) 
1 2

ln
5 3

t

t




         (M) 
2

ln
3

t

t




          (N) 
2

ln
3

t

t





 

2. 
2

dt

t t  Gi †hvMR †KvbwU? 

 (K) ln
1

t
C

t



        (L) ln

1

t
C

t
 


     (M) ln

1

t
C

t



     (N) 

1
ln

1

t
C

t





  

3. u  Pj‡Ki †¶‡Î wjLv hv‡e - 

 (i) 1

2 2

1
tan

du u
C

a u a a
 

           (ii) 
2 2

1
ln ,

2

dx a u
C u a

a u a a u


   

   

(iii) 1

2 2

1
sin

du u
C

a aa u
 

  

 Dc‡ii Z‡_¨i wfwË‡Z wb‡Pi †KvbwU mwVK? 
 (K) (i) I (ii)    (L) (i) I (iii)    (M) (ii) I (iii)      (N) (i), (ii) I (iii)  

4. 
  

3

1 1 2

t
dt

t t


   Gi †hvMR wbY©‡qi †ÿ‡Î hLb 

  
3

1 1 2 1 1 2

t A B

t t t t


 

   
 wjLv n‡e| 

(i) A Gi gvb n‡e, 
4

3
A               (ii) B  Gi gvb n‡e, 

5

3
B


  

(iii) 
  

4 5
3 3 3

1 1 2 1 1 2

t

t t t t

 
 

   
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Dc‡ii Z‡_¨i wfwË‡Z wb‡Pi †KvbwU mwVK? 
 (K) (i) I (ii)    (L) (i) I (iii)    (M) (ii) I (iii)      (N) (i), (ii) I (iii)  

2

35

25

x
dx

x


  Gi †hvMR wbY©‡qi †ÿ‡Î hLb 

2

35

25 5 5

x A B

x x x


 

  
 wjLv n‡jv | 

Dc‡ii Z‡_¨i wfwË‡Z 5-7 bs cÖ‡kœi DËi `vI t 
5.  A Gi gvb †KvbwU? 

 (K) 3     (L) 3   (M) 
1

3
  (N) 

1

3


  

6.  B  Gi gvb KZ? 

 (K) 4     (L) 4  (M) 
1

4
 (N) 

1

4
   

7.   
2

35

25

x
dx

x


  Gi †hvMR †KvbwU? 

  (K)
1

ln 5 3ln 5
4

x x         (L)
1

4ln 5 ln 5
3

x x C          

  (M) 4ln 5 3ln 5x x C     (N) 4 ln 5 3ln 5x x C     

†`Iqv Av‡Q t  
  2

2 1

2 3

t
f t dt dt

t t




    Ges aiæb, 
  2 2

2 1

2 3 ( 3)2 3

t A B C

t t tt t


  

   
 

Dc‡ii Z‡_¨i wfwË‡Z 8-10 bs cÖ‡kœi DËi w`b 
8.  A Gi gvb †KvbwU? 

 (K) 3     (L) 
7

5
 (M) 

3

25


 (N) 

3

25
  

9.  B  Gi gvb KZ? 

 (K) 
25

3
  (L) 

7

5
  (M) 

5

7
   (N) 

1

4
   

10.  C  Gi gvb KZ?  

 (K) 
25

3
  (L) 

7

5
  (M) 

3

25


  (N) 

3

25
  

 

m„Rbkxj cÖkœ   

11.  
  2

2

1 4

x
f x

x x




 
Ges  h x x  I   2( 2)g x x   †`Iqv n‡jv| 

(K) 
2 2

dx

a x   wbY©q Kiæb|         (L)
 

   2 1

h x
dx

x g x  wbY©q Kiæb|                                                            

(M)
  2

2

1 4

x
dx

x x


   wbY©q Kiæb|                                                                           

 

†hvMR¸wj wbY©q Kiæb  

12. (i) 
 ( 1) 3

dx

x x   (ii) 
 ( 2) 3

dx

x x   (iii) 
 ( 5) 7

dx

x x   (iv) 
 ( 2) 2

dx

x x   

 (v) 
2 30

dx

x x   
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13. (i) ∫ 
x

(2x─1)(x-1) dx  (ii) ∫  
x—1

(x—2)(x3)    dx  (iii) 
 

 
2 1

( 1) 2

x dx

x x x


    (iv) 

 
  

1

3 2

x dx

x x


   

  (v) 
 

2

1

3 2

x dx

x x


   

14. (i) 
 ( 1) 3

dx

x x x   (ii) ∫ dx
xxx

x

23

1
23 


    (iii)  ∫ 
3x+5

x3—x2-x+1
    dx    

 (iv)  ∫ xxx

dxx

34

)2(
23 


  

15. (i) 
 

  2

3

1 ( 4)

x dx

x x


   (ii) 2( 1)

dx

x x    (iii) ∫  
x2

x(x21)    dx    (iv) 
 

2

( 1) 3

x dx

x x x   

16.  (i)   ∫  
x3

x2
—1   dx   (ii)   ∫ 

x4

x4—1
    dx 

17. (i) ∫
(x—1)(x+3)
(x+2)(x+4)    dx  (ii)

  
   


dx

xx

xx

41

32
   iii

2

2

2 5 11

2 3

x x
dx

x x

 
   

18. (i) ∫  
1

x3
—1

   dx   (ii)   ∫ 
1

x4—1 dx  (iii) ∫ 
x

(x+1)(x2+1)
dx  (iv)  ∫

2x

(x2+1)(x2+3)
dx   

19. (i) ∫  
1

x(x+1)2    dx    (ii) ∫ 
1

x2(x—1)2
    dx   (iii) ∫ 

1

(x2—4)2
    dx   (iv) ∫  

2x+1
(x2)(x—3)2   dx  

 (v) ∫ 
x2

(x+1)(x+2)2
 dx   (vi) ∫ 

x

(x—1)2(x+2)
dx  

20. (i) ∫  
2x─5
(x+1)2   dx   (ii)   ∫  

x2─1

(x─3)3
 dx    (iii)   ∫  

4x2+7

(x─2)4
  dx  

21. (i) ∫  
2x27x+3
x(x+2)3     dx  (ii)   ∫ 

3x-6

x3(x+2)
   dx  (iii)  ∫ 

x3+5

(x-1)3(x-2)
   dx  

 
 
 Askvqb m~‡Îi mvnv‡h¨ †hvMRxKiY (Integration by Parts) 

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 Askvqb m~Î e¨envi K‡i Awbw ©̀ó †hvMR wbY©q Ki‡Z cvi‡eb| 

 

g~L¨ kã  Askvqb m~Î, jMvwi`wgK dvskb, wÎ‡KvYwgwZK dvsk‡bi †hvMR, wecixZ e„Ëxq dvskb, abvZ¥K 
NvZwewkó eûc`x dvskb 

 

 
 g~jcvV-  

 

cvV 5 
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†hvR¨ dvskbwU hw` GKB Pj‡Ki mv‡c‡¶ ỳwU dvsk‡bi ¸Ydj AvKv‡i †`qv _v‡K wKš‘ c~‡e© ewY©Z †Kvb AvKv‡i 
Gi †hvMR wbY©q Kiv m¤¢e bv nq Z‡e Gi †hvMR wbY©‡qi Rb¨ mvaviYZt Askvqb m~Î ev mLÐ †hvMR cÖwμqv cÖ‡qvM 
Kiv nq|  

cÖwZÁv: x-Pj‡Ki mv‡c‡¶ u Ges v ỳwU AšÍixKiY‡hvM¨ dvskb n‡j, ∫ u v dx = u∫ v dx – ∫ [
du
dx ∫ v dx] dx 

cÖgvY: u Ges w dvskbØq x- Pj‡Ki mv‡c‡¶ AšÍixKiY‡hvM¨ n‡j, Avgiv Rvwb, 
d
dx (u w)  = u 

dw
dx+w 

du 
dx     

†hvM‡Ri msÁv n‡Z †hvMRxKiY K‡i cvB,  

 uw = ∫ [u 
dw
dx+w 

du 
dx  ] dx    uw = ∫ u 

dw
dx dx+∫ w 

du
dx  dx  

 myZivs ∫ u 
dw
dx  dx = uw – ∫ 

du
dx  w dx   

Gevi hw`  dw
dx = v aiv nq, Z‡e w = ∫ v dx n‡e|   

AZGe,  ∫ uv dx = u ∫v dx – ∫ [
du
dx ∫v dx] dx  

ª̀óe¨:  Dc‡ii cÖwZÁvwU‡Z u  Ges  v  Df‡qB  x-Gi dvskb| GLb g‡bKiyb,  1u f x  Ges  2v f x   

Zvn‡j cÖwZÁvwUi AvKvi            1
1 2 1 2 2

df x
f x f x dx f x f x dx f x dx dx

dx

 
   

 
      n‡e| 

A_©vr ỳwU dvsk‡bi ¸Yd‡ji †hvMR = cÖ_g dvskb  wØZxq dvsk‡bi †hvMR – {cÖ_g dvsk†bi AšÍiK  wØZxq dvsk‡bi †hvMR} Gi †hvMR  
 

D`vniY 1: ∫ x cosx dx 
mgvavb: [ x-†K cÖ_g Ges cosx-†K wØZxq dvskb a‡i mLÐ c×wZ‡Z ] 

= x ∫ cosx dx – ∫ [ 
dx
dx  ∫ cosx dx ]  = x sinx–∫ 1.sinx  dx  = x sinx + cosx + C 

c¶všÍ‡i cosx-†K cÖ_g Ges x-†K wØZxq dvskb a‡i Askvqb c×wZ‡Z †hvMRxKiY K‡i 

 ∫ x cosx dx = cosx ∫ x
  dx – ∫ [ 

d(cos x)
dx  ∫ x

  dx] = 
x2

2 cosx + 
1
2  ∫ x2 sinx  dx = ?  

j¶¨bxq:  1f x Ges  2f x  Gi †h †KvbwU‡K cÖ_g dvskb g‡b K‡i †hvMR wbY©h Kiv  †h‡Z cv‡i wKš‘ Dc‡ii 
D`vniYwU‡Z  j¶¨ Ki‡j †`Lv hv‡e x-†K cÖ_g dvskb a‡i †hvMR wbY©q Kiv n‡q‡Q| A_P  cosx-†K cÖ_g dvskb 
a‡i †hvMR wbY©q Ki‡Z wM‡q, 2 sinx xdx  cvIqv †Mj| A_©vr †hvMR wbY©q cÖwμqv †kl Kiv †Mj bv|  †hLv‡b 

†hvR¨ dvskbwU GKwU wÎ‡KvYwgwZK dvskb Ges GKwU eûc`x dvsk‡bi ¸Ydj wQj, cieZ©x‡Z 2 sinx xdx G, x 

Gi NvZ Av‡ivI †e‡o †Mj, d‡j †hvMR cÖwμqv Av‡ivI `xN©Zi n‡jv| 
 

cÖ_g dvskb wbe©vPb c×wZ: mLÛ †hvMR cÖwμqvq cÖ_g dvskb wbe©vPb GKwU ¸iƒZ¡c~Y© welq| GwU A‡bKUv AwfÁZv 
I ch©‡e¶‡Yi Dci wbf©ikxj| GB cÖwμqvq cÖ_g dvskb wbe©vP‡bi †Kvb aiveuvav wbqg bvB| Z‡e mvaviYZ †h 
dvsk‡bi †hvMR wbY©q  A‡c¶vK…Z RwUjZi Zv‡KB cÖ_g dvskb wbe©vPb Kiv myweavRbK| AwfÁZvi Av‡jv‡K 
GLv‡b wKQy civgk© †`qv n‡jv| Z‡e g‡b ivL‡Z n‡e †h, GB wbq‡gi e¨wZμgI n‡Z cv‡i| wKšÍz cÖv_wgK fv‡e GwU 
mn‡R Kvh©Kix n‡e| wb‡P K‡qKwU dvsk‡bi ZvwjKv avivevwnKfv‡e †`qv n‡jv| G‡`i μg‡K cÖ_g dvskb wbe©vP‡b 
AMÖvwaKvi w`‡Z n‡e|  

1. Logarithmic Functions  [jMvwi`g& dvskb] 
2. Inverse Circular Functions [wecixZ e„Ëxq dvskb] 
3. Polynomial Functions [abvZ¥K NvZwewkó eûc`x dvskb] 
4. Trigonometric Functions   [wÎ‡KvYwgwZK dvskb] 

    5. Exponential Functions  [m~PK dvskb] 
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6. Repeated Functions  [c~bive„Ë dvskb] 
7. Other Special Functions  [Ab¨vb¨ we‡kl dvskb] 

ª̀óe¨: cÖ_g dvskb wbe©vP‡bi wbqg‡K LIPTERO kãwU Øviv g‡b ivLv †h‡Z cv‡i|   
g‡b Kiyb, †hvR¨ dvskbwU lnx xdx , GLv‡b x n‡jv  Polynomial  dvskb  A_©vr  P dvskb  Ges ln x  n‡jv  
Logarithmic dvskb  A_©vr  L dvskb|  AZGe, P I  L dvsk†bi ¸Yd‡ji †hvMR wbY©q Ki‡Z  LIPTERO 
kãwU‡Z  cÖ_‡g L _vKvq ln x -†K cÖ_g dvskb ai‡Z n‡e| 
Avevi hw` †hvR¨ dvskbwU  ∫ xsec2x  dx nq  Z‡e  GLv‡b x n‡jv  Polynomial  dvskb  A_©vr  P dvskb  Ges  

2sec x n‡jv  ZvwjKv Abyhvqx  Others  dvskb  A_©vr  O dvskb|  AZGe, P I  O dvsk†bi ¸Yd‡ji †hvMR 
wbY©q Ki‡Z LIPTERO kãwU‡Z P cÖ_‡g _vKvq x-†K cÖ_g dvskb ai‡Z n‡e| 
 

mLÛ †hvMR cÖwμqvi K‡qKwU we‡kl AvKvi  
wbqg 1:    1 2f x f x dx  AvKv‡ii †hvMR  
†hvR¨ dvskbwU ỳwU dvsk‡bi ¸Ydj n‡j, cÖ_‡g cÖwZ¯’vcb c×wZ‡Z †hvMR wbY©‡qi †Póv Ki‡Z n‡e| wKš‘ m¤¢e bv 
n‡j,Dc‡ii ZvwjKv n‡Z cÖ_g dvskb wbe©vPb K‡i mLÐ †hvMR cÖwμqvq †hvMRxKiY Ki‡Z n‡e|  

D`vniY 2: (i) lnx xdx       (ii) ∫x tan–1x   dx    (iii) ∫ x
 sec2x  dx     (iv) ∫ xex  dx 

mgvavb:  (i) lnx xdx  [ cÖ_g dvskb ln x ] 

= ln x xdx   ln
d

x xdx dx
dx
       = 

2 21
ln .

2 2

x x
x dx

x

 
  

 


2

ln
2 2

x x
x dx   =

2 2

ln
2 4

x x
x C   

(ii) ∫ x tan–1x dx         [ cÖ_g dvskb  tan–1x] 

= tan–1x ∫ x
 dx–∫ [

d
dx (tan–1x)  ∫x dx] dx = 

x2

2   tan–1x –
1
2 ∫ 

x2

1+x2  dx = 
x2

2  tan–1x –
x
2  + tan–1x + C 

 (iii) ∫ x sec2x dx    [ cÖ_g dvskb n‡e, x ] 

= x ∫ sec2x dx –∫ [
 dx
dx  ∫ sec2x dx] dx = x tanx –∫ [1.tanx] dx = x tanx+ logecosx+ C 

 (iv)  ∫ x ex dx       [ cÖ_g dvskb n‡e, x ]  

= x ∫  e
x dx – ∫  [

 dx
dx   ∫  e

xdx ] dx = x ex – ∫  [
 1. ex] dx = x ex– ex + C 

 

wbqg 2: jMvwi`g dvsk‡bi †hvMR wbY©q 
cÖwZ AšÍiR wnmv‡e jMvwi`g dvsk‡bi †hvMR bv _vKvq Gi †hvMR wbY©‡qi Rb¨ D³ dvskb‡K cÖ_g dvskb Ges 1 msL¨vwU‡K 
GKwU ¸wYZK dvskb a‡i Askvqb cÖwμqvq jMvwi`g dvsk‡bi †hvMR wbY©q Ki‡Z n‡e|    
D`vniY 3:  i  ln xdx       ii     2

ln x dx     iii   2ln 5 4x x dx     

   iv   2 2ln x x a dx   

mgvavb:  i  ln xdx          [ ln x   †K cÖ_g dvskb  Ges 1 †K wØZxq dvskb a‡i ] 

= ln x ∫ 1
 dx –  ln 1

d
x dx dx

dx
 
     = x lnx – ∫ [ 

1
x  .x ] dx = x lnx –x + C 

 (ii)  ∫  (lnx) 2 dx    [ (lnx) 2  †K cÖ_g dvskb Ges 1 †K wØZxq dvskb a‡i ]  

= (lnx) 2 ∫ 1 dx –    2
ln 1

d
x dx dx

dx
 
     = x (lnx) 2–∫ [2 

1
x lnx. (x) dx 
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= x (lnx) 2–2∫ lnx dx = x (lnx) 2–2[x lnx –∫ [ 
1
x  .x ] dx]=x (lnx) 2–2x lnx+2x+C 

 (iii)∫ ln(x2–5x+4) dx  =∫ ln(x–1)dx +∫ ln(x–4) dx 

=ln(x–1)∫1dx–   ln 1 1
d

x dx dx
dx
      + ln(x–4)∫ 1dx –   ln 4 1

d
x dx dx

dx
                      

= x ln(x2–5x+4) – ∫ 
x

x–1 dx – ∫ 
x

x–4 dx =  x ln(x2–5x+4) –2∫dx + ∫ 
1

x–1 dx – 4∫ 
1

x–4 dx 

= xln(x2–5x+4) –2x–ln(x–1) – 4ln(x–4) + C 
(iv)  aiyb,  I = ∫  (ln(x+ x2+a2 )  dx 

  = (ln(x+ x2+a2 )∫ 1 dx –   2 2ln 1
d

x x a dx dx
dx
       

  = x (ln (x+ x2+a2 ) –∫ 
x

x2+a2 dx   g‡b Kiyb,  I1 =∫ 
x

x2+a2 dx 

GLb aiyb,  z2 = x2+a2       2 zdz = 2x dx   I1 =∫ 
z dz

√z2=∫ dz = z+C= x2+a2 + C    

myZivs  I= x (ln(x+ x2+a2 ) – x2+a2 + C 
 

wbqg 3: wecixZ e„Ëxq dvsk‡bi †hvMR 
cÖwZAšÍiR wnmv‡e wecixZ e„Ëxq dvsk‡bi †hvMR bv _vKvq wecixZ e„Ëxq dvsk‡bi †hvMR wbY©‡qi Rb¨ D³ dvskb‡K 
cÖ_g dvskb Ges 1 †K wØZxq dvskb a‡i †hvMR cÖwμqvq wecixZ e„Ëxq dvsk‡bi †hvMR wbY©q Ki‡Z n‡e|   
D`vniY 4:   (i)   ∫ cos–1x dx     (ii)   ∫  (sin–1x)2 dx  

         (iii)  ∫ tan–1x dx wbY©q Ki Ges GwU n‡Z  ∫  cot –1x  dx  Gi gvb wbY©q Ki |  

mgvavb: (i)  aiyb,   I =∫ cos–1x dx = cos–1x ∫ 1 dx –∫ [ 
d

dx( cos–1x) ∫ 1 dx] dx 

 = x cos–1x +∫ 
x

1—x2   dx = x cos–1x + I1        †hLv‡b   I1 = ∫ 
x

1—x2   dx  

GLb aiyb,   z2
 = 1–x2      2 zdz = –2x dx     – zdz = x dx  

I1  = –∫ dz  = – z + C = – 1—x2  + C1   myZivs I  = x cos–1x – 1—x2  + C 

 (ii)  g‡b Kiyb,   I =∫  (sin–1x)2 dx = (sin–1x)2 
∫ 1 dx –∫ [

d
dx(sin—1x)2  

∫ 1 dx] dx 

= x(sin–1x)2+ 2∫ 
x sin—1x

1—x2  dx  = x(sin–1x)2+ 2 I1  †hLv‡b,  I1 =∫ 
x sin–1x

1–x2
 dx  

GLb aiyb,   z = sin–1xx = sinzmyZivs dz =  
x

1–x2
 dx    

Gevi, I1 = ∫z sinz dz = z ∫sin z dz – ∫ [ 
dz
dz   ∫ sin z dz] dz  

= – z cosz + ∫ cosz dz = sinz – z cosz + C1  = x – (sin–1x) 1–x2 + C1   

AZGe, ∫ (sin–1x) 2 dx  = x(sin–1x) 2+ 2 [x– sin–1x) 1–x2] + C 

(iii)  ∫ tan–1x dx = tan–1x ∫ 1  dx –∫ [ 
d
dx(tan–1x) ∫ 1  dx]  dx 

  = x tan–1x –∫  
x

1+x2    dx = x tan–1x – 
1
2 ∫  

2x
1+x2 dx = x tan–1x – 

1
2 loge(1+x2) + C  
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AZGe,   ∫  tan–1x dx = x tan–1x – 
1
2 loge(1+x2) + C  

GLb  ∫  cot–1x dx = ∫ [

2 –  tan–1x]  dx =  


2 ∫  dx – ∫ tan–1x dx  

  =  

2 x – [x tan–1x – 

1
2   ln(1+x2) + C ] = x (


2 – tan–1x) + 

1
2 ln(1+x2) + C  

myZivs   ∫  cot–1x dx = x cot–1x + 
1
2 ln(1+x2) + C  

 

wbqg 4: ∫ eax sin bx dx  Ges  ∫ eax cosbx dx  AvKv‡ii †hvMR 

[†hvR¨ dvskbwU hw`  eax cybive„Ë dvskb  Ges Aci GKwU cybive„Ë dvskb sinbx A_ev cosbx Gi ¸Ydj nq Z‡e 
†hvMRwU‡K  I  g‡b K‡i eax †K wØZxq dvskb a‡i  †hvMR cÖwμqvq †hvMRxKiY K‡i †h‡Z n‡e hZ¶Y bv †hvR¨ 
dvskbwU cybive„Ë nq| †hvR¨ dvskbwU cybive„Ë n‡j, I Gi gvb wbY©q Ki‡Z n‡e| GQvov 

 i  
2 2

sin cos
sin

ax

ax
e a bx b bx

e bxdx C
a b


 

 Ges  ii
 

2 2

cos sin
cos

ax

ax
e a bx b bx

e bxdx C
a b


 

  

m~Î e¨envi K‡iI †hvMR wbY©q Kiv hvq| 
 

D`vniY 5: (i) ∫ e3x sin2x   dx      (ii)  ∫e2x cos3x   dx  

mgvavb: (i) g‡bKiyb,  I =∫  e
3x sin2x   dx GLb  e3x†K cÖ_g dvskb a‡i  mLÛ †hvMR cÖwμqvq cvB,  

I =  – e3x 
cos2x

2 + ∫  3 e3x cos2x
2  dx = – 

1
2 e3xcos2x + 

3
2  ∫   e3xcos2x dx 

c~bivq ∫  e3xcos2x  dx   †hvM‡Ri   e3x†K cÖ_g dvskb a‡i mLÛ †hvMR cÖwμqvq cvB, 

I = – 
1
2 e3xcos2x + 

3
2  [ 

1
2  e3xsin2x– 

3
2  ∫  e3xsin2x  dx ] 

I =  – 
1
2 e3xcos2x + 

3
4   e3xsin2x – 

9
4 I + C1  


13
4  I =   

1
4   e3x(3 sin2x–2cos2x) + C1 I =   

1
13  e3x( 3sin2x – 2cos2x) + C 

(ii) aiæb, I =∫  e
2xcos3x  dx  GLb  e2x†K cÖ_g dvskb a‡i mLÛ †hvMR cÖwμqvq cvB, 

I =   e2x 
sin3x

3 – ∫  2 e2x sin3x
3 dx = 

1
3   e2xsin3x – 

2
3  ∫   e2xsin3x  dx 

c~bivq ∫   e2xsin3x  dx  †hvM‡Ri   e2x †K cÖ_g dvskb a‡i mLÛ  †hvMR cÖwμqvq cvB, 

I = 
1
3 e2xsin3x – 

2
3   [ – 

1
3   e2xcos3x +  

2
3  ∫ e2xcos3x  dx ] 

I =  
1
3 e2xsin3x + 

2
9   e2xcos3x – 

4
9 I + C1  


13
9  I = 

1
9 e2x(3sin3x–2cos3x)+ C1 I =   

1
13  e3x(3sin3x–2cos3x) + C 

 

wbqg 5: ∫e
x [ƒ(x)+ƒ(x)] dx  AvKv‡ii †hvMR   

[c~‡e©B †`Lv‡bv n‡q‡Q †h, cÖwZ ’̄vcb c×wZ‡Z D³ AvKv‡ii †hvMR wbY©q Kiv hvq| mLÛ †hvMR cÖwμqv ØvivI D³ 
AvKv‡ii †hvMR wbY©q Kiv †h‡Z cv‡i| ]   

D`vniY 6:  (i)   ∫ e
x(lnsinx+cotx) dx  (ii)∫ 

x ex

(1+x)2
  dx 
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mgvavb: (i)∫e
x (lnsinx + cotx) dx = ∫ e

xlnsinx dx + ∫ e
xcotx) dx  

= ex lnsinx + C – 
 ln sin xd x

e dx dx
dx

 
 
 
   + ∫ e

xcotx)dx   [cÖ_g Ask‡K mLÛ †hvMR cÖwμqvq †hvMRxKiY 

K‡i] 
 = ex lnsinx – ∫ e

xcotx dx + ∫ e
xcotx dx = ex lnsinx + C  

 (ii) ∫  
x ex

(1+x)2     dx =  ∫  e
x[ 

1
(1+x)  – 

1
(1+x)2  ]  dx  

= ∫  e
x 

1
(1+x)   dx – ∫  e

x 
1

(1+x)2    dx  

= 
ex

(1+x)  + C + ∫  
ex

(1+x)2
  dx – ∫  

ex

(1+x)2
 dx   [cÖ_g Ask‡K mLÛ †hvMR cÖwμqvq †hvMRxKiY K‡i]  

= 
ex

(1+x)  +C 
 

wbqg 6: ∫   ax+bx+c dx  AvKv‡ii †hvMR 

wØNvZ ivwk ax2+bx+c †K mvaviYZt wØc`x A_ev wÎc`x wnmv‡e cvIqv hvq| x2 Gi mnM‡K Drcv`K wnmv‡e †ei 
K‡i †bIqvi ci, wØc`x n‡j, x2± k2 I k2– x2 Ges wÎc`x n‡j, (x+)2±k2 I k2–(x+)2 AvKv‡i cvIqv 
hv‡e| †hLv‡b a Ges  ỳwU cwieZ©bkxj  aªæeK| G†¶‡Î x+†K z fve‡jB †m¸‡jv Av‡Mi gZ AvKvi cvIqv 
hv‡e|     

D`vniY 7: (i) ∫  x2±a2 dx  (ii) ∫  a2—x2 dx  

mgvavb: (i) g‡b Kiyb,  I =∫  x2±a2 . 1dx      

GLb  x2±a2 †K cÖ_g dvskb a‡i mLÛ †hvMR cÖwμqvq cvB, I = x2±a2 .∫1dx –∫[
d

dx (  x2±a2 ) ∫1.dx]dx 

= 

 x x2±a2 –∫
x2

 x2±a2 dx 
 2 2 2

2 2

2 2

x a a
x x a dx

x a

  
  


  

 2 2 2 2 2

2 2

2 2

x a x a a
x x a dx

x a

   
  


 = x x2±a2 –∫ x2±a2 . 1 dx + (± a2 )∫ 

1
 x2±a2 dx 

2I = x  x2±a2    + (± a2 )∫ 
1

 x2±a2 dx = x  x2±a2   ± a2 ln (x+  x2±a2  ) 

myZivs I = 
1
2  x  x2±a2 ± 

1
2  a2 ln (x+  x2±a2  ) +C 

(ii)  g‡b Kiyb,   x= a sin  dx = a cosd  

myZivs ∫  a2–x2
 dx =∫  a2–a2sin2 a cosd= a2∫ cos2 d= 

1
2 a2∫ (1+cos2 ) d  

=  
1
2 a2 [  + 

1
2 sin2 ] +C = 

1
2 a2 [  +sincos] +C = 

1
2 a2 sin–1 x

a  + 
1
2x  a2

—x2  +C 
 

wbqg 7:  ∫ sec
n

x  dx A_ev ∫ cosec
n

x  dx  AvKv‡ii †hvMR  
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†hvR¨ dvskbwU hw`  sec  A_ev  cosec   Abycv‡Zi  †h †Kvb  we‡Rvo c~Y© mvswL¨K  NvZ wewkó nq Z‡e, sec2x 

A_ev cosec2x-†K wØZxq dvskb a‡i mLÛ c×wZ‡Z †hvMR wbY©q Ki‡Z n‡e|   
D`vniY 8:  ∫ sec3x dx  

mgvavb: g‡b Kiyb,  I = ∫ sec3x dx =∫ secx
 
.sec2x dx   [sec2x-†K wØZxq dvskb a‡i ]  

= secx ∫ sec2x dx –∫ [
d
dx (secx) ∫ sec2xdx]  dx = secx tanx –∫ secx tan2x dx   

= secx tanx –∫ secx (sec2x–1) dx = secx tanx –∫ sec3x  dx +∫ secx  dx 

myZivs   2I = secx tanx +∫ secx  dx   I =  
1
2 secx tanx + 

1
2 ∫ secx  dx  

  =  
1
2 secx tanx + 

1
2 log e| tan 

x
2  | + C 

 

 
 cv‡VvËi g~j¨vqb 10.5- 

 

eûwbe©vPwb cÖkœ 
1. 1tan xdx  Gi †hvMR †KvbwU ?  

 (K)  1 2tan ln 1x x    (L)  1 21
tan ln 1

2
x x  

 (M)  1 21
tan ln 1

2
x x x    (N)  1 21

tan ln 1
2

x x x C      

2. 2 xx e dx  Gi †hvMR †KvbwU ?  

 (K)  2 2 2xe x x      (L)  2 2 2xe x x C       (M)  2 2xe x x        (N) 2 2 2x x    
3.  i  Awbw`©ó †hvM‡Ri †ÿ‡Î †hvMRxKiY aªæeK _vK‡e| 

 ii ln xdx  Gi †hvwRZdj n‡jv lnx x x C   | 

 iii 2(ln )x dx  Gi †hvwRZdj n‡jv (ln ) 2 lnx x x x C  | 
 Dc‡ii Z‡_¨i wfwË‡Z wb‡Pi †KvbwU mwVK ? 
 (K)  i  I  ii         (L)  i  I  iii     (M)  ii  I   iii      (N)  i ,  ii  I  iii  

4.  i  cosxe xdx  Gi †hvwRZdj wbY©‡q mLÐ †hvMR cÖwμqvq †hvMRxKiY Ki‡Z n‡e| 

 ii cosxe xdx  Gi †hvwRZdj n‡e  cos sin
2

xe
x x C   | 

 iii cosxe xdx Gi †hvwRZdj wbY©‡q mivmwi
 

2 2

cos sin
cos

ax

ax
e a bx b bx

e bxdx C
a b


 

  m~Î e¨envi 

K‡i Kiv hvq| 
Dc‡ii Z‡_¨i wfwË‡Z wb‡Pi †KvbwU mwVK ? 
 (K)  i  I  ii          (L)  i  I  iii     (M)  ii  I   iii      (N)  i ,  ii  I  iii  

Askvqb m~Ît  ∫ uv dx = u ∫v dx – ∫ [
du
dx ∫v dx] dx  

Dc‡ii Z‡_¨i wfwË‡Z 5-6 bs cÖ‡kœi DËi `vI- 
5. cÖ`Ë Askvqb m~Î e¨envi K‡i  lnx xdx  Gi †hvMR wbY©q K‡i mwVK DËi †ei Kiæb| 
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 (K)
1

ln
3 4

x
x x C   (L) 21

ln
2 4

x
x x C   (M) 

2

21
ln

2 4

x
x x C   (N) 

2

21
ln

2 4

x
x x   

6. lnx xdx   wbY©q K‡i mwVK DËi †ei Kiæb| 
 (K) lnx x x         (L) lnx x x C     (M) lnx x x C      (N) 2 lnx x x C    

 

m„Rbkxj cÖkœ 

7.  
 

2 2

sin cos
sin

ax

ax
e a bx b bx

e bxdx C
a b


 

 GKwU m~Î †`Iqv n‡jv | 

(K) cÖ`Ë m~Î e¨envi K‡i 2 sin 3xe xdx   wbY©q Kiæb| 

(L) Askvqb m~Î e¨envi K‡i 2 sin 3xe xdx  wbY©q Kiæb| 

(M) cÖ`Ë m~Î e¨envi K‡i 5 sin 4xe xdx   wbY©q Kiæb| 
 

8.   i ∫x3 e2x dx   ii ∫x3 logex dx   iii ∫xcos23x dx  iv 3 2(ln )x x dx  

 v ∫
x–sin2x
1+cos2xdx   vi ∫  

x+sinx
1–cosx dx   vii ∫ 

cos–1x
x2  dx  viii ∫cosx ln(sinx) dx 

 ix ∫ e
x cos–1(ex) dx   x ∫tan–1 1–x

1+x
 dx 

9.   i  1 ln
xe

x x dx
x

   ii
 2

1 1

1 1
xe dx

x x

 
 

   
    iii ∫ 4x2–9dx     iv ∫ 3+10x+3x2dx 

 v
1

lnxe x dx
x

  
    vi 5 1

5lnxe x dx
x

  
    vii 2 1

2lnxe x dx
x

   
   

 
 
 
 wbw ©̀ó †hvMR m¤úwK©Z mgm¨v  

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 wbw`©ó †hvMR m¤úwK©Z mgm¨vi mgvavb Ki‡Z cvi‡eb| 

 

g~L¨ kã  wbw`©ó †hvMR, mgvKj‡bi †gŠwjK Dccv`¨, wbw`©ó ‡hvM‡Ri ‡¯‹jvi ¸Y, †hvM‡Ri DaŸ©cÖvšÍ I wbgœcÖvšÍ 
 

 
 g~jcvV-  

 

wbw`©ó †hvMR (Definite Integral) 
mgvKj‡bi †gŠwjK Dccv`¨ (Fundamental Theorem of Integral Calculus) hv cvV-1 G Av‡jvPbv Kiv 
n‡q‡Q| †gŠwjK Dccv‡`¨i mvnv‡h¨ mn‡RB wbw`©ó †hvM‡Ri gvb wbY©q m¤¢e|  
wbw`©ó †hvMR wbY©q Ki‡Z wb‡Pi avc¸wj Abymib Kiv cÖ‡qvRb| 

cvV 10.6 
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g‡b Kiæb  
 a

b
 ƒ(x) dx   Gi gvb wbY©q Ki‡Z n‡e|   

cÖ_gZ:  ∫ƒ(x)dx Gi Awbw`©ó †hvMR (x) wbY©q Ki‡Z n‡e| 
wØZxqZ: DaŸ©cÖvšÍ I wbgœcÖvšÍ h_vμ‡g b I a we› ỳ‡Z (x)Gi gvb ev, (x)

b

a
  A_©vr (b)Ges (a) †ei Ki‡Z 

n‡e| 

Z…ZxqZ: (b) n‡Z (a) we‡qvM ev,  ( )b a   wbY©q Ki‡jB  
 a

b
 ƒ(x) dx  Gi gvb cvIqv hv‡e|  

PZz_©Z: wbw`©ó †hvM‡Ri gvb wbY©‡qi mgq, Awbw`©ó †hvM‡Ri Abyiƒc †Kvb aªeK †hvM Kivi cÖ‡qvRb nq bv KviY     

∫ ƒ(x) dx = (x)+ K n‡j, 
 a

b
 ƒ(x) dx = (b) + K – (a) – K= (b) – (a)  

wbw`©ó †hvM‡Ri ‰ewkó¨vewj: (i) ( )
b

a

f x dx = ( )
b

a

f y dy ; ‡hgbt 
1 1

3 3

0 0

x dx y dy   

 (ii) ( )
b

a

f y dy =- ( )
a

b

f y dy ; ‡hgbt
2

0

sin ydy


 =-
0

2

sin ydy

  

(iii) 
0

( )
a

f z dz =
0

( )
a

f a z dz ; ‡hgb t  
2 2

22

0 0

2t dt t dt    

   iv ( )
b b

a a

cf z dz c f z dz  [wbw`©ó ‡hvM‡Ri ‡¯‹jvi ¸Y]  

       v ( )
b b b

a a a

f z g z dz f z dz g z dz        

         
0

0 0

vi 2
a a a

a a

f t dt f t dt f t dt f t dt
 

        

 vii dvskb cwieZ©‡bi †ÿ‡Î †hvM‡Ri DaŸ©cÖvšÍ I wbgœcÖvšÍ Aek¨B cwieZ©b Ki‡Z nq| 
 

Pj‡Ki cÖwZ ’̄vc‡bi gva¨‡g wbw`©ó †hvMR wbY©q: 
c~‡e©B †`Lv‡bv n‡q‡Q †h Pj‡Ki cÖwZ ’̄vcb c×wZi mvnv‡h¨ we‡kl AvKv‡ii †hvR¨ dvsk‡bi Awbw ©̀ó †hvMR wbY©q 
Kiv hvq| GKBfv‡e Pj‡Ki cÖwZ ’̄vc‡bi gva¨‡g wbw ©̀ó †hvM‡Ri gvb wbY©q Kiv hv‡e|  

g‡b Kiæb, cÖwZ ’̄vcb c×wZi mvnv‡h¨  
a

b
ƒ(x)dx wbY©q Ki‡Z n‡e| 

cÖ_‡g, cÖ‡qvRbxq cÖwZ ’̄vcb  [ aiæb  z=(x) ] Øviv †hvR¨ dvskb -†K  z Gi dvskb, ∫ g(z) dz  iƒ‡c cÖKvk 
Ki‡Z n‡e| c‡i, cÖwZ ’̄vcb mgxKiY, z=(x) n‡Z x-Pj‡Ki DaŸ©cÖvšÍ I wb¤œmxgvi Abyiƒc z-Pj‡Ki Da©mxgv I 
wbgœcÖvšÍ wbY©©q Ki‡Z n‡e| A_©vr x-Pj‡Ki DaŸ©cÖvšÍ b Ges  wbgœcÖvšÍ a nIqvq cÖwZ ’̄vcb mgxKiY, z=(x) n‡Z  z-
Pj‡Ki DaŸ©cÖvšÍ (b) Ges  wbgœcÖvšÍ  (a) wbY©q Kiv hv‡e|  

me‡k‡l, z Gi dvskbiƒ‡c †hvR¨ dvskb  
f(a)

f(b)
 g(z) dz  Gi †hvMR wbY©q Ki‡Z n‡e| 
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AZGe,
a

b
 ƒ(x)dx  = 

f(a)

f(b)
 g(z) dz ==G((b))–G((a)) †hLv‡b ∫ g (z)dz = G(z) 

ª̀óe¨ t wbw ©̀ó †hvMR wbY©‡qi †¶‡Î dvskbwUi Pj‡Ki cwieZ©b Kiv `iKvi n‡jB GB c×wZi cÖ‡qvRb|  
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 cv‡VvËi g~j¨vqb 10.6- 

 

gvb wbY©q Kiyb 

1. (i) 
2

0
 xn dx  (n ≠ –1) (ii)

 

3

0
   

1
1+x   dx

  
 (iii)

 

2

0



 cosx dx 

2. (i)
 

2

0



  (sin+cos)2 d   (ii)
 

2

0

1 sin d



    (iii) 
4

0



  tan2x dx  



D”PZi MwYZ 1g cÎ  BDwbU `k 

†hvMRxKiY   c„ôv 375 

3. (i)
 
 

3

0

1

1 sin
dt

t



   (ii) 
4

0

1

1 cos2
dt

t



   (iii) 
2

0



 sin2x dx  

4. (i)  
4

0




1– cos2x
1+cos2x  dx  (ii) 

2

0



  
cos2x
 1+sin2x

  dx  (iii)
 

1

2
0 1

x
dx

x
   

5. (i) 
1

0

 
1

1+x2 dx  (ii) 
4

0



  
1– sin x
1+cos2x dx   (iii)

 

 211

2
0

cos

1

x
dx

x




   

6. (i) 
4

0

1

1 sin
dt

t



  
 (ii)

 

1

0

   dx x31x 4 3    (iii) 
1

0

x2 ex3
 dx 

7. (i) 
2

0



   
cosx

1+sinx  dx  (ii) 
2

0



   
cosx

3+4sinx  dx  (iii)

 






2

0

dx
xcos45

xsin

 

8. (i) 
2

0



   
cosx

1+sin2x
  dx  (ii)

 

2

2
0

sin

1 cos

x
dx

x



   
(iii)

 

2

0



  
sinx

3+sin2x
  dx 

9. (i)
 

1

0

  
 tan–1x

1+x2   dx  (ii)
 

1

0

  cotx dx  (iii) 
3

2
2

2

1

x
dx

x    

10. (i)
 

3

1
  

1+logex

x   dx  (ii)
 

1

0

  tan2xsec2x dx  (iii)
 

1

0

  
loge√x

√x   dx 

11. (i)
 

1

0

  
1

 a2–x2
   dx  (ii)

 

1

0

 
1

x2–4
 dx  (iii) 

1

0

 sin 
x
2  cos 

x
2  dx 

12. (i)

 




1

0
2

dx 
x29

x

 

 (ii)
 

1

0

  cos3x dx  (iii)
 

1

0

  sin5x dx 

13. (i)
 

1

0

 
 cos√x

√x   dx  (ii) 
1

0

 ex(cosx+sinx) dx  (iii)  
1

0

2xcos   dx  

14. (i)
 

1

0

 sinx sin2x dx  (ii)
 

1

0

sin 2 cos3x xdx  (iii)
 

1

0

  cos2x cos3x dx 

15. (i)
 

2

0



   sin2x cosx dx (ii) 
2

0



  sin2x cos2x dx           (iii)
 

2
3 3

0

sin cosx xdx



  
 
  

16. (i) 
1

0

 (1+x) 1+2x  dx (ii) 
1

0

  cos3x
4

sin x  dx (iii)
 

1

0

  sin3x cos x   dx 

17. (i)  
2

0



  
cos3x

 sin x
  dx

  
 (ii) 

2

0



   
1

3 sinx + 4 cosx  dx (iii) 
2

0



 (3+4sinx)2cosxdx  
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18. (i) 
2

0



 
1

 2+cosx  dx (ii) 
2

0



 
1

3+5sinx  dx    (iii)

 
 

2

0 cossin

sin


xx

x
 dx 

 
 

19. (i)
 

3

2

 
1

(x–1) x2–2x
  dx (ii) 

1

0

  
1—x
1+x  dx (iii)

 

2

1

0

 
1

(1–2x2)  1–x2
  dx 

 

20. (i) 
1

0

 
1

2x–x2
 dx (ii)

 

1

0

 
1

(x–1)(2–x)
  dx (iii) 

1

0

  
1

(x—3)  x+1
  dx 

21. (i) 
3

0

  
1

 x+1—  x
  dx (ii) dx

x

x




2

0
229

 
 
 (iii) 

1

0

  
1

3+5x2  dx 

22. (i)
 

1

0

  
1

4–3x2
 dx (ii)

 

5

2

 (x–2)(5–x) dx (iii) 
1

0

  
1

x2+4x+5
  dx 

23. (i)
 

2

1

 
1

x2  1+x2
  dx (ii)

 

1

0

  
1

(x+2) (x2+1)
  dx (iii)

 

 
dx

x




1

0
2

21

1

1sin
 
  
 

24. (i) 
2

0

xsinx dx (ii) 
2

0



xcosx dx (iii) 
2

0



 x2 sinx dx  

25. (i) 
2

1

x lnx dx  (ii)  
1

0

  2x3e
_x2 

dx (iii) 
1

0

 x loge(1+2x) dx 

26. (i) 
2

0



xsin2x dx (ii) 
2

0



xcos2x dx (iii) 
1

0

 x sinx cosx dx 

27. (i) 
1

0

 x tan–1x dx  (ii) 
1

0

 x sin–1x dx (iii)
 

1

0

 
 xsin–1 x

1–x2
dx

 
 

28. (i) 
1

0

 16–x2  dx (ii) 
1

0

 2x–x2  dx (iii) 
2

0



 
x

1+cosx  dx  

29. (i) 
1

0

  tan–1x dx  (ii) 
1

0

  sin–1x dx (iii) 
1

0

 logex dx 

eûwbe©vPwb cÖkœ 

30.
2

2

0

x dx  Gi gvb ‡KvbwU? 

 (K) 8     (L)  8    (M)  8   (N) 8  

31.
2

0

sin xdx



  Gi gvb ‡KvbwU?  

 (K) 1     (L)  1   (M)  0   (N) 2

  
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32. †`Iqv Av‡Q, 
4

2

0

16 x dx  

  i  Bnv‡K cÖwZ ’̄vcb c×wZ‡Z mgvavb Ki‡Z n‡e|  
  ii  Bnv GKwU e„Ë hvi †K› ª̀ g~jwe›`y|  
  iii  wbw ©̀ó †hvM‡Ri gvb  4  

 (K)  i  I  ii   (L)  ii  I  iii    (M)   i  I  iii   (N)  i ,  ii  I  iii  

33. cÖ`Ë wbw ©̀ó †hvMR t 
2

2

0

sin xdx



  

  i  Bnv‡K cÖwZ ’̄vcb c×wZ Qvov mgvavb Kiv hvq|  
  ii  Bnv GKwU e„Ë hvi †K› ª̀ g~jwe›`y bq|  

  iii  wbw ©̀ó †hvM‡Ri gvb  
4


 

 (K)  i  I  ii   (L)  ii  I  iii    (M)   i  I  iii   (N)  i ,  ii  I  iii  
 
wb‡Pi Z‡_¨i Av‡jv‡K 34, 35, 36 bs cÖ‡kœi DËi `vI:  

  2

1

1
f t

t



 Ges  

3

2

I f t dt   

34. hw`  
1
2

1 1

A
f t

t t
 

 
 nq Z‡e A   KZ?  

 (K) 1    (L)  1    (M)  
1

2
  (N) 

1

2
  

35.  f t dt   KZ?  

 (K) 
1 1

ln
2 1

x
C

x





    (L)  

1 1
ln

2 1

x
C

x


 


  (M)  

1 1
ln

2 1

x
C

x





  (N) 

1 1
ln

2 1

x
C

x


 


 

36. I   KZ?  

 (K) 
1 2

ln
2 3

     (L)  
1 3

ln
2 2

   (M)  
1 3

ln
2 2

   (N) 
1 2

ln
2 3

 

 
 
 
 wbw ©̀ó †hvM‡Ri mvnv‡h¨ †ÿÎdj  

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
 wbw`©ó †hvMR e¨envi K‡i ‡ÿÎdj m¤úwK©Z mgm¨vi mgvavb Ki‡Z cvi‡eb| 

 

cvV 10.7 
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g~L¨ kã  eμ‡iLv Øviv Ave× †ÿ‡Îi ‡ÿÎdj, e„‡Ëi ‡ÿÎdj, Dce„‡Ëi ‡ÿÎdj| 
 

 
 g~jcvV-  

 

eZ©gvb BDwb‡Ui cvV-1 G †hvMRxKiY †¶Îdj cÖKvkK, Zv Av‡jvPbv Kiv n‡q‡Q| cÖK…Zc‡¶, eμ‡iLv Øviv 
mxgve× †¶‡Îi †¶Îdj wbY©‡qi cÖ‡Póv n‡Z avivi D™¢e Ges Gi †hvMd‡ji gvb wbY©‡qi cÖ‡Póv n‡Z †hvM‡Ri 
DrcwË| †hvMd‡ji mxgviƒ‡c †hvM‡Ri msÁvqb mgvKjb we`¨v‡K GKwU cÖv‡qvwMK wfwËi Dci cÖwZwóZ K‡i‡Q| Gi 
d‡j A‡bK e¨envwiK cÖ‡kœi mgvavb Lye mn‡RB m¤¢e n‡q‡Q| D`vniY ¯^iƒc, g‡b Kiæb yx2 dvskbwU, X   A¶, 
x2 Ges x3 †KvwUØ‡qi Øviv mxgve× †¶‡Îi †¶Îdj wbY©q Ki‡Z n‡e| 
 

D`vniY 1: 2 4y x  cive„Ë Ges y x  mij‡iLv Øviv Ave× †ÿ‡Îi †ÿÎdj wbY©q Kiæb| 
mgvavb:  cÖ`Ë cive„‡Ëi mgxKiY,  2 4 iy x   
 Ges mij‡iLvi mgxKiY,  iiy x   
 i bs I  ii bs †_‡K cvB, 

2 4x x  2 4 0 4 0x x x x       
0, 4x x    

GLv‡b 2 4y x  cive„Ë Ges y x mij‡iLvi ms‡hvM we› ỳ ỳBwU 
h_vμ‡g   0,0  Ges  4,4  

2 4y x   cive„Ë Ges y x mij‡iLv Øviv Ave× †ÿ‡Îi 

†ÿÎdj  
4

1 2

0

y y dx   

 
4

1
1 44 4 4 1 12

0 0 0 0

0

2 2 2
1 1 11
2

x x
x x dx xdx xdx

 
 
             
 

    

   
3

22
2 1

2. 4 0 4 0
3 2

       4 1 32 32 24 8
8 16 8

3 2 3 3 3


       eM© GKK| 

 

D`vniY 2: 2y x  cive„Ë Ges y x  mij‡iLv Øviv Ave× †ÿ‡Îi †ÿÎdj wbY©q Kiæb| 
mgvavb:  cÖ`Ë cive„‡Ëi mgxKiY,  2 iy x   
 Ges mij‡iLvi mgxKiY,  iiy x   
 i bs I  ii bs †_‡K cvB, 

2x x  2 0 1 0x x x x       
0, 1x x    

GLv‡b 2y x  cive„Ë Ges y x  mij‡iLvi ms‡hvM we›`y 
ỳBwU h_vμ‡g  0,0  Ges  1,1  

2y x   cive„Ë Ges y x  mij‡iLv Øviv Ave× †ÿ‡Îi 

†ÿÎdj  
1 1

2

2 1

0 0

( )y y dx x x dx      
1 11 1 1 1 2 1

2

0 0 0 01 1 2 1

x x
xdx x dx

                  
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1 1 3 2 1

2 3 6 6


    eM© GKK|  

 

D`vniY 3: 2 2 9x y   e„‡Ëi †¶Îdj wbY©q Kiyb |   
mgvavb: cÖ`Ë e„‡Ëi mgxKiY, 2 2 9x y   hvi †K› ª̀  0,0  Ges e¨vmva© 3   
GLv‡b, 2 2 2 2 29 9 9x y y x y x               

Zvn‡j e„ËwUi 1g †PŠK‡Yi †¶Îdj
3 3

2 2

0 0

9ydx x dx     
3

2 2 2

1

0

3 3
sin

2 2 3

x x x
 

  
 

 

2 2 2 2

1 13 3 3 9 3 0 3 3 9 0
sin sin

2 2 3 2 2 3
 

    
         
   

 

 19 9 9
0 sin 1 0 0 .

2 2 2 4

        eM© GKK| 

 mgMÖ e„‡Ëi †ÿÎdj 
9

4 9
4

     eM© GKK|  

weKí c×wZ: Zvn‡j e„ËwUi 1g †PŠK‡Yi †¶Îdj
3 3

2 2

0 0

9ydx x dx     

aiæb, 3sin 3cosx dx d     . Zvn‡j, cwiewZ©Z mxgv t 0x   n‡j, 0   Ges 3x   n‡j, 

3 3sin 1 sin sin sin
2 2

            
  

 
3 2 2

22 2 2 2

0 0 0

3 3 3sin 3cos 9 1 sin cosx dx d d

 

            
2

2

0

9 s cosco d



     

 
2 2 2

2

0 0 0

9 9 9
2cos cos 2cos 1 cos 2

2 2 2
d d d

  

           
2 2

0 0

9
1. cos 2

2
d d

 

  
 
  
 
 
   

 
2

2

0

0

9 sin 2 9 1
0 sin 2. sin 2.0

2 2 2 2 2 2


   

                     
 9 1 9
0 0

2 2 2 4

       
 eM© GKK| 

 mgMÖ e„‡Ëi †ÿÎdj 
9

4 9
4

     eM© GKK| 

D`vniY 4:
2 2

2 2
1

x y

a b
   Dce„‡Ëi †¶Îdj wbY©q Kiyb |  

mgvavb:  Dce„ËwUi †K› ª̀   0,0O | aiæb, a b Zvn‡j e„nr A‡ÿi ˆ`N©¨ = 2a , ÿz ª̀ A‡ÿi ˆ`N©¨ = 2b , 
  1g †PŠK‡Yi kxl©Øq h_vμ‡g  ,0A a  I  0,B b |  

Zvn‡j Dce„ËwUi 1g †PŠK‡Yi †¶Îdj 2 2

0 0

a a b
ydx a x dx

a
     

2 2 2 2

2 2

2 2 2
1

y x a x b
y b a x

b a a a

 
        

 
  
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2 2

0

ab
a x dx

a
 

2 2 2

1

0

sin
2 2

a

b x a x a x

a a


 
  

 
2 2 2 2 2

1 10 0 0
sin sin

2 2 2 2

b a a a a a a a

a a a
 

     
               

 

2 2

1 10 sin 1 0 sin 0
2 2

b a a

a
       

2 1
.

2 2 4

b a
ab

a

    
 

 eM© 

GKK| 

 mgMÖ Dee„‡Ëi †ÿÎdj 
1

4
4

ab ab     eM© GKK| 

 

 
 cv‡VvËi g~j¨vqb 10.7- 

 

1.  2y x  mij‡iLv, 0y   ev X   Aÿ I 3x   Øviv mxgve× †ÿ‡Îi †ÿÎdj wbY©q Kiæb| 
2.  4y x  dvskbwU, X   A¶, x=2 Ges x=4 †KvwUØ‡qi Øviv mxgve× †¶‡Îi †¶Îdj wbY©q Kiyb| 
3.  y =x2 dvskbwU, X   A¶, x=2 Ges x=3 †KvwUØ‡qi Øviv mxgve× †¶‡Îi †¶Îdj wbY©q Kiyb| 
4.  2y x  cive„Ë Ges X   A¶, x=-5 I x= 5 †iLv Øviv Ave× †ÿ‡Îi †ÿÎdj wbY©q Kiyb|  
5.  2y x  cive„Ë Ges x=0 I x= 4 †iLv Øviv Ave× †ÿ‡Îi †ÿÎdj wbY©q Kiyb|  
6.  2 4y x Ges 1x   I x= 6 †iLv Øviv Ave× †ÿ‡Îi †ÿÎdj wbY©q Kiyb| 
7.  2 4y x Ges 2 4x y eμ †iLv Øviv Ave× †ÿ‡Îi †ÿÎdj wbY©q Kiyb| 
8.  2 2 2x y r   e„‡Ëi †¶Îdj wbY©q Kiyb |   
9.  2 2 16x y   e„‡Ëi †¶Îdj wbY©q Kiyb |   
10.  2 2 16x y   Ges 2x   I 4x   †iLv Øviv Ave× †ÿ‡Îi †ÿÎdj wbY©q Kiyb|   
11.  2 2 25x y   Ges 2x    I 5x   †iLv Øviv Ave× †ÿ‡Îi †ÿÎdj wbY©q Kiyb| 

12.  
2 2

1
9 4

x y
   Dce„‡Ëi †¶Îdj wbY©q Kiyb | 

13.  
2 2

1
25 36

x y
   Dce„‡Ëi †¶Îdj wbY©q Kiyb |  

14.  
2 2

1
144 81

x y
   Dce„‡Ëi †¶Îdj wbY©q Kiyb| D³ Dce„Ë Ges 0x   I 12x   Gi ga¨eZ©x †ÿ‡Îi 

†¶Îdj wbY©q Kiyb | 
15.  x y a   eμ‡iLv I AÿØq Øviv †ewóZ †ÿ‡Îi †¶Îdj wbY©q Kiyb | 
 

eûwbe©vPwb cÖkœ 
16.  e„‡Ëi †ÿÎd‡ji m~Î †KvbwU?  

 (K)  2r  eM© GKK       (L)   ab  eM©  GKK        (M) r  eM©  GKK        (N) 21

2
r  eM©  GKK 

17.  sin ,y x X   Aÿ Ges 0x   I x   †iLvØq   Øviv Ave× †ÿ‡Îi †ÿÎdj wbY©q KZ? 
 (K) 2  eM© GKK       (L) 2  eM©  GKK   (M) 3  eM©  GKK         (N) 3  eM©  GKK 
18.  i  wbw`©ó †hvM‡Ri †ÿ‡Î †hvMRxKiY aªæeK _vK‡e bv| 
  ii 2 2 100x y   e„‡Ëi †¶Îdj n‡jv 100  eM© GKK| 
  iii 2 2 100x y   e„‡Ëi †¶Îdj wbY©‡q wbw ©̀ó ‡hvM‡Ri wbgœcÖvšÍ 0 Ges DaŸ©cÖvšÍ 10aiv n‡e| 
  Dc‡ii Z‡_¨i wfwË‡Z wb‡Pi †KvbwU mwVK? 
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 (K)  i  I  ii         (L)  i  I     iii    (M)    ii  I   iii      (N)  i ,  ii  I  iii  

19.   i  2y x Ges 2x y eμ †iLv Øviv Ave× †ÿ‡Îi †ÿÎdj 
1

3
 eM© GKK| 

  ii 2y x  Ges 0x   I 2x   eμ †iLv Øviv Ave× †ÿ‡Îi †ÿÎdj 
8 2

3
 eM© GKK| 

  iii 2x y Ges 0x   I 2x   †iLv Øviv Ave× †ÿ‡Îi †ÿÎdj 
8

3
 eM© GKK| 

 Dc‡ii Z‡_¨i wfwË‡Z wb‡Pi †KvbwU mwVK? 
 (K)  i  I  ii         (L)  i  I     iii    (M)    ii  I   iii      (N)  i ,  ii  I  iii  

2 8y x GKwU eμ †iLvi mgxKiY| Dc‡ii Z‡_¨i wfwË‡Z 20-22 bs cÖ‡kœi DËi `vI t 
20.  cÖ`Ë eμ †iLv 2 8y x Ges y x  mij‡iLv Øviv Ave× †ÿ‡Îi †ÿÎdj KZ? 

 (K) 
31

3
 eM© GKK       (L) 

32

3


 eM©  GKK   (M) 

32

3
 eM©  GKK  (N) 

3


 eM©  GKK 

21.  cÖ`Ë eμ †iLv Ges  3y x    mij‡iLv Øviv Ave× †ÿ‡Îi †ÿÎdj KZ? 

 (K) 
32

31
 eM© GKK       (L) 

32

81
 eM©  GKK   (M) 32  eM©  GKK   (N) 

32

81


 eM©  GKK 

22. 2 8y x Ges 2 8x y eμ †iLv Øviv Ave×  †ÿ‡Îi †ÿÎdj KZ ? 

 (K) 
64

3
 eM© GKK       (L) 

64

3


 eM©  GKK   (M) 

61

3
 eM©  GKK    (N) 

61

3


 eM©  GKK 

m„Rbkxj cÖkœ 

23.  
2 2

1
16 9

x y
  GKwU eμ †iLvi mgxKiY †`Iqv n‡jv | 

 (K) cÖ`Ë eμ †iLvwU wK‡mi mgxKiY wPÎ AsKb Kiæb| 
 (L) cÖ`Ë eμ †iLvwU Øviv Ave× †ÿ‡Îi †ÿÎdj wbY©q Kiæb| 

(M) cÖ`Ë eμ †iLv‡K 0x  I 2x  ‡iLv Øviv mxgve× Ki‡j †h †ÿÎ Drcbœ nq Zvi †ÿÎdj wbY©q 
Kiæb| 

 
 
 e¨envwiK  

 

 
cvVwfwËK D‡Ïk¨ 

GB cvV †k‡l Avcwb- 
  y f x mgxKi‡Yi †jL Ges X  Aÿ Øviv Ave× †ÿ‡Îi ‡ÿÎd‡ji Avmbœ gvb wbY©q Ki‡Z 

cvi‡eb| 
 
g~L¨ kã  mxgve× ev Ave× †ÿÎ, †ÿÎdj, †jL, Avmbœ gvb, MÖvd‡ccvi, mv‡qw›UwdK K¨vjKz‡jUi, MÖvwds K¨vjKz‡jUi 
 

 
 g~jcvV-  

 

wbw`©ó †hvMR e¨envi K‡i  y f x  †iLv Ges X  Aÿ Øviv mxgve× †ÿ‡Îi ‡ÿÎd‡ji Avmbœ gvb wbY©q| 
‡ÿÎd‡ji Avmbœ gvb wbY©‡qi Rb¨ UªvwcwRqvg m~Î (Trapezoidal Rule) ¸iæZ¡c~Y©, hv wb‡P Av‡jvPbv Kiv n‡jv| 

cvV 10.8 



I‡cb ¯‹zj  GBPGmwm †cÖvMÖvg 

c„ôv 382   evsjv‡`k Dš§y³ wek̂we`¨vjq 

g‡b Kiæb,  ,p q  e¨ewai g‡a¨  y f x  GKwU Awew”Qbœ 
(continuous) dvskb| A_©vr p Ges q Gi g‡a¨ dvskbwUi 
†jLwP‡Î †Kv_vI †Kv‡bv †Q` †bB| wP‡Î  y f x  eμ‡iLv 
X  Aÿ, 0x p Ges nx q  Øviv mxgve× †ÿÎwU †`Lv‡bv 
n‡jv|†ÿÎ ABCDA  Gi ‡ÿÎdj wbY©q Ki‡Z n‡e| ,p q  
e¨ewa‡K 0 1 2 3 1, , , ,..., ,n nx p x x x x x q   fzR wewkó n  
msL¨K fv‡M wef³ Kiv n‡jv| Zvn‡j, 0nnh x x   

A_©vr 0 .nx x
h

n


  d‡j †ÿÎwU n msL¨K ÿz ª̀ ÿz`ª 

UªvwcwRqv‡g wef³ n‡jv| aiæb, cÖ‡Z¨K ÿz ª̀ e¨ewai cÖ ’̄ ev 
D”PZv h  A_©vr 0 2 1, ,nx x h x x h      BZ¨vw`| 

1 0 2 1, ,x x h x x h       BZ¨vw`| Zvn‡j,      0 0 1 1 2 2, , ,y f x AB y f x PQ y f x       

 , n ny f x CD  BZ¨vw`| GLv‡b 1g †KvwU 1y AB  , 2q †KvwU 2y PQ  , ... n Zg †KvwU ny CD  
BZ¨vw`| 

cÖ_‡g GKwU ÿz ª̀ UªvwcwRqvg ABPQ  Gi ‡ÿÎdj wbY©q Kiyb| UªvwcwRqvg ABPQ  Gi ‡ÿÎdj = 1

2
mgvšÍivj 

evûØ‡qi ‰`‡N©¨i mgwó D”PZv(G‡`i j¤̂ ~̀iZ¡)  0 1
0 1

1
;

2 2

y y
AQ y y h


     †hLv‡b .AQ h  

ABCDA †ÿÎwUi ‡ÿÎdj         0 1 1 2 2 3 1

1
.

2 n nh y y y y y y y y          

 0 1 2 3 1

1
2 2 2 2

2 n nh y y y y y y       0
1 2 3 12 2

n
n

y y
h y y y y 
        
 

  

myZivs UªvwcwRqv‡gi ‡ÿÎd‡ji m~ÎwU n‡jv 0
1 2 3 12 2

n
n

y y
A h y y y y 

         
  

GLb  
q

p

f x dx  wbw ©̀ó †hvMRwU  y f x  eμ‡iLv X  Aÿ, 0x p Ges nx q Øviv mxgve× †ÿÎwUi 

‡ÿÎdj wb‡ ©̀k K‡i| 

  
q

p

f x dx 0
1 2 3 12 2

n
n

y y
h y y y y 
         

  

†bvU-1: n Gi gvb hZ †ewk n‡e h  Gi gvb ZZ †QvU n‡e d‡j ‡ÿÎd‡ji Avmbœ gvb ZZ ï× n‡e| 
†bvU-2: hZ msL¨K cÖ‡qvRb ZZ msL¨K †KvwUi mvnv‡h¨ ‡ÿÎdj wbY©q m¤¢e| 

†bvU-3: wbw ©̀ó †hvMR  
b

a

f x dx Gi gvb wbY©‡qi GB m~Î‡K UªvwcwRqvg m~Î (Trapezium Rule) ejv nq| 

 

mgm¨v bs 1 Avmbœ gvb wbY©q ZvwiL: 

mgm¨v: Qq †KvwU e¨envi K‡i 
10

2

0

x dx  Gi gvb wbY©q Kiæb| 

mgvavb: aiæb, 
10

2

0

A x dx   

1x
A Q  

nx

ny

D

0y
2y

Y  

X

 y f x  

B

C  
P

0x  2x  1nx  O  

1y
1ny 

h  
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 ZË¡: QqwU †KvwUi Rb¨ UªvwcwRqvg †ÿ‡Îi ‡ÿÎd‡ji m~Î, 0
1 2 3 12 2

n
n

y y
A h y y y y 

         
  e¨envi 

K‡i
10

2

0

x dx  Gi gvb wbY©q Kiæb| 

cÖ‡qvRbxq DcKiY: (i) mv`v MÖvd‡ccvi, (ii) ‡cwÝj, (iii) B‡iRvi, (iv) kvc©bvi, (v) ‡¯‹j, (vi) mv‡qw›UwdK 
K¨vjKz‡jUi, (vii) MÖvwds K¨vjKz‡jUi BZ¨vw`| 
Kvh©c×wZ: 1. 0 10x   e¨ewa‡Z mg ~̀ieZx© QqwU †KvwU 0 1 2 3 4 5, , , , ,y y y y y y  Gi Rb¨ e¨ewai Da©ŸcÖvšÍ I 

wbgœcÖv‡šÍi we‡qvMdj‡K  6 1  ev 5Øviv fvM K‡i cÖ‡Z¨K ÿz ª̀ As‡ki ‰`N©¨ h wbY©q Kiæb | 10 0
2

5
h


    

2. h  Gi gvb †_‡K 1n nh x x    ev, 1n nx x h  m~Î cÖ‡qvM K‡i 1 2 3 4 5, , , ,x x x x x  wbY©q Kiæb 
†hLv‡b, 0 0x   | 
3.   2y f x x   m~Î cÖ‡qvM K‡i 0 1 2 3 4 5, , , , ,y y y y y y  Gi gvb wbY©q Kiæb |  
4. MÖvd KvM‡Ri X  Aÿ eivei †QvU e‡M©i5  evû 1 GKK IY  Aÿ eivei 0.5  evû 1  GKK a‡i 
           0 0 1 1 2 2 3 3 4 4 5 5, , , , , , , , , , ,x y x y x y x y x y x y  cÖvß we› ỳ¸wj MÖvd ‡ccv‡i ’̄vcb K‡i0 10x   
e¨ewa‡Z 2y x - Gi ‡jL wPÎ AsKb Kiæb | 

5. GLb cÖ‡Z¨KwU we› ỳ †_‡K X  A‡ÿi Dci j¤^ †U‡b  
10

2

0

x dx   Gi ‡ÿÎdj wPwýZ Kiæb| 

6. GLb cÖvß QqwU †KvwU‡K X  A‡ÿi mwnZ †¯‹‡ji mvnv‡h¨ mshy³ K‡i5 wU UªvwcwRqvg AvKv‡i cÖKvk Kiæb| 

7. UªvwcwRqvg m~Î,  0 5
1 2 3 42 2

y y
A h y y y y

        
 -G h  I 0 1 2 3 4 5, , , , ,y y y y y y cÖ‡qvM K‡i A  wbY©q 

Kiæb| 
8. Avevi †hvMRxKiY K‡iI A  Gi gvb wbY©q Kiæb| 
 

dj msKjb:  
0

5
nx x

h


  0x  1 0x x h   2 1x x h   3 2x x h   4 3x x h   5 4x x h   

ev,
10 0

2
5

h


   
0  2  4  6  8  10  

 2
0 0y x  2

1 1y x  2
2 2y x  2

3 3y x  2
4 4y x  2

5 5y x  
2y x  0  4  16  36         64  100  

wnmve: UªvwcwRqvg m~Î cÖ‡qvM K‡i QqwU †KvwU e¨envi K‡i 
10

2

0

x dx  Gi ‡ÿÎdj wbY©q: 

 0 5
1 2 3 42 2

y y
A h y y y y

        
eM© GKK  

0 100
2 4 16 36 64

2 2
        

 eM© GKK 340  eM© GKK 

Avevi, †hvMRxKiY K‡i 
10

2

0

x dx  Gi gvb wbY©q t 
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djvdj: wb‡Y©q ‡ÿÎdj, A 
1010 3 3 3

2

0 0

10 0 1000
0 333.33

3 3 3 3

x
x dx

 
      
 

  eM© GKK 

 
†bvU-1: QqwU †KvwU e¨env‡ii d‡j cvuPwU UªvwcwRqvg †ÿÎ ˆZwi nq| 
†bvU-2: n Gi gvb hZ †ewk n‡e h  Gi gvb ZZ †QvU n‡e| d‡j ‡ÿÎd‡ji Avmbœ gvb ZZ ï× n‡e| 
 
mgm¨v bs 2 Avmbœ gvb wbY©q ZvwiL: 

mgm¨v: cvuP †KvwU e¨envi K‡i  
2

0.80

0

xe dx  Gi gvb wbY©q Kiæb| 

mgvavb: aiæb, 
2

0.80

0

xA e dx   

ZË¡: cvuP †KvwUi Rb¨ UªvwcwRqvg †ÿ‡Îi ‡ÿÎd‡ji m~Î, 0
1 2 3 12 2

n
n

y y
A h y y y y 

         
  e¨envi 

K‡i
2

0.80

0

xe dx  Gi gvb wbY©q Kiæb| 

cÖ‡qvRbxq DcKiY: (i) mv`v MÖvd‡ccvi, (ii) ‡cwÝj, (iii) B‡iRvi, (iv) kvc©bvi, (v) ‡¯‹j, (vi) mv‡qw›UwdK 
K¨vjKz‡jUi, (vii) MÖvwds K¨vjKz‡jUi BZ¨vw`| 
Kvh©c×wZ: 1. 0 0.80x   e¨ewa‡Z mg`~ieZx© cvuPwU †KvwU 0 1 2 3 4, , , ,y y y y y  Gi Rb¨ e¨ewai Da©ŸcÖvšÍ I 
wbgœcÖv‡šÍi we‡qvMdj‡K  5 1  ev 4 Øviv fvM K‡i cÖ‡Z¨K ÿz ª̀ As‡ki ‰`N©¨ h wbY©q Kiæb| 

0.80 0
0.20

4
h


    

2. h  Gi gvb †_‡K 1n nh x x    ev, 1n nx x h  m~Î cÖ‡qvM K‡i 1 2 3 4, , ,x x x x  wbY©q Kiæb †hLv‡b, 0 0x  | 

3.   2xy f x e   m~Î  cÖ‡qvM K‡i 0 1 2 3 4, , , ,y y y y y  Gi gvb wbY©q Kiæb|  
4. MÖvd KvM‡Ri X  Aÿ eivei †QvU e‡M©i30  evû 1 GKK IY  Aÿ eivei15  evû 1  GKK a‡i 
         0 0 1 1 2 2 3 3 4 4, , , , , , , , ,x y x y x y x y x y  cÖvß we› ỳ¸wj MÖvd ‡ccv‡i ¯’vcb K‡i0 0.80x   e¨ewa‡Z 

2xy e - Gi ‡jL wPÎ AsKb Kiæb| 

5. GLb cÖ‡Z¨KwU we› ỳ †_‡K X  A‡ÿi Dci j¤^ †U‡b  
2

0.80

0

xe dx   Gi ‡ÿÎdj wPwýZ Kiæb| 

6. GLb cÖvß cvuPwU †KvwU‡K X  A‡ÿi mwnZ †¯‹‡ji mvnv‡h¨ mshy³ K‡i5 wU UªvwcwRqvg AvKv‡i cÖKvk Kiæb| 

7. UªvwcwRqvg m~Î,  0 4
1 2 32 2

y y
A h y y y

       
 -G h  I 0 1 2 3 4, , , ,y y y y y cÖ‡qvM K‡i A  wbY©q Kiæb| 

8. Avevi †hvMRxKiY K‡iI A  Gi gvb wbY©q Kiæb| 
 

dj msKjb:  
0

4
nx x

h


  0x  1 0x x h   2 1x x h   3 2x x h   4 3x x h   

ev,
0.80 0

0.20
4

h


 

 

0  0.20  0.40  0.60  0.80  
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 2
0

0
xy e  

20 0e e 
 

 2.20
1y e  

 2.20 .04e e 
 

2
2

2
xy e  
2(.40) .16e e   

2
3

3
xy e  
 2.60 .36

3y e e 
 

2
4

4
xy e  

 2.80 .64e e 
 

  2xy f x e   1 1.04081 1.17351 1.43332         
1.89648  

 

wnmve: UªvwcwRqvg m~Î cÖ‡qvM K‡i QqwU †KvwU e¨envi K‡i 
2

0.80

0

xe dx  Gi ‡ÿÎdj wbY©q t    

0 4
1 2 32 2

y y
A h y y y

       
eM© GKK 

1 1.89648
0.20 1.04081 1.17351 1.43332

2 2
       

 

eM© GKK 1.019176  eM© GKK 

Avevi, †hvMRxKiY K‡i 
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